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0. BBeneHnue

B nocoOuu pasOupaloTcs 3aJauM IMOBBILIEHHON CIOXHOCTH M3
cOopuukoe EID3  2019. Mamemamuxa. [Ipoguneueii ypoeeHs.
T'omosumca k umoezosoti ammecmauuu. / Ilod pedaxkyueti H.B. Swenko.
M.: Humennexm-ILlenmp, 2019 w  EI3 2020. Mamemamuxa.
IIpodunvheii  yposens. Tunoewvie sapuanmsl  IK3IAMEHAUUOHHDIX
sadaxuii. 50 sapuaxmos. / ITod pedaxyueti H.B. Sujenxo. M.: Ix3amen,
2020. PemieHus 9THUX 3a71a4 MOKHO HaliTH B MHTepHeTe, HO TaM OHU
M3JI0KeHbl HEJOCTATOUHO [eTaJbHO, UTO 3aTpPyIHAeT IMOHMMaHHe.
Hamu niperipuugTa rnoneiTka Gosee g0CTYITHOTO M30MKEHUS .

Hcnonb3yeemble o003HaueHus: N — MHOXKeCTBO HaTypalbHbIX
ymuces, Z — MHOXKECTBO 1e/IbIX uucen, a : b — 1enoe yucio a Halemno
(TO ecTb O€3 OCcTaTKa) Ie/IMTCA Ha 1enoe uncio b.

[IpuBeieM cHauaja BCIMOMOraTesbHbIN MaTepuana, KOTOpbIi
MOKeT ObiTb [10/€3HbIM MpM TIOJITOTOBKE K IJK3aMeHV:
VHUBEPCAJIbHBI aropuTM M3BJIeUeHUS KBaJIPATHOIO KOPHH U3
necaTuuHoit apo0u, TeopeMy o JejleHMM C OCTATKOM M MeTO[
MaTeMaTHueCcKoil MHIYKLIMH.
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VHUBepcalbHBINi aJITOPUTM M3BJIeYeHUA
KBaJIpATHOTO KOPHA U3 JecATUYHOI Jpobu

Ha EI'D uHorma mpMxoguTcs BPYUHYIO M3BJIEKaTb KBaJpaTHbIe
KOPHM M3 JOBOJIbHO OOMBIIMX UMCel, TaK KakK KaJbKyJIATOPOM
MONb30BaThCcsl He  paspemaercda. [lpuBemem  cTaHgapTHBIN
aJITOPUTM.

1) Baeso wu BHpaBo 0T 3ansiToit
OTAeNsSeM TpaHM Mo  JBe  UUpsIL. 413'15'25-44=3?5-2

Bo3moxHO, uTO B 1€/0/ YacTH MOXKeT _5—]gﬂ
OKa3aThecs OJIHA a, a B JpoOHOIi — -469 T
HYJIH. ~ 4476
2) M3BnekaTh HauMHaeM  cJieBa 15044
-15044 2
Harnpago: noadupaem HauGonbiyio Kudpy,
KBaZpaT KOTOpoii He Oojblle 4Mcia, Puc. 0.1

CTofller0 B TMepBoif rpaHM. 3to Oyaer
nepeas umdpa pesynabrata (umdpa 3 Ha puc. 0.1). Bo3soaum ee B
KBaJlpaT ¥ 3alucbiBaeM IM0JI YUMCIOM, CTOAIIMM B MepBOi rpaHuM.

3) BbluMciisieM pa3sHOCTb MEXJIY UYMCJIOM B IepBOil IpaHM M
KBaJipaTom nogoOpaHHoii nepeoit uudpsl (uncio 5 Ha puc. 0.1).

4) K aToli pasHOCTH CHOCUM clieflylollyio rpaHb. [lonyueHHoe
uuciao Oyper genuMmbiM (umcro 515 Ha puc. 0.1). OGpa3soBbiBaeM
neauTenb aaa  genenus yriaom. Jlns atoro nepsyio  uudppy
pe3yibkTaTa YyIBaMBaeM (YMHOXaeM Ha 2), Mojayuaem uMCIO
IecaTKOB genurens (uuMciao 6 Ha puc. 0.1), a B KauyecTBe uMcia
eIMHML, TnondMpaeM TaKyw MaKCMMaIbHYI0 LUudpy, uToObl ee
NnpousgeeHHe Ha BeCh Jle/IuTellb He MPeBOCXOMI0 JIeTMMOro (Ha
puc. 0.1 sta undpa paBHa 7, Tak Kak 7- 67 = 469 < 515, noaTomy
neauTenb nonyuwics paBHbiM 67). IMomoGpanuyio umdpy (210
uudpoii moxer okasatbca M 0) 3anmucbiBaeM B OTBET BTOPOi
umdpoii.

5) Bplumcisiem pasHOCTb MEXIY JI€JIMMbIM M MPOM3BeeHHUeM
neanTens Ha YnMcio ero edMHuil (Ha puc. 0.1 2To pasHOCTb
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515-469=46).

6) K o9Toil pasHOCTM CHOCHM V5 = /5,00'00'00 = 2,236
CAEAYIONIYID TpaHb M BBIMOJIHAEM ji 42
neficTBMA  fanee Mo TOMY  XKe -84 2
anmroputmy. Ecin  cHocumas  rpaHb _1163{]2{} 43
OKaXKeTcsl rpaHblo JApoOHOI YacTu, TO B 27100
OTBETE CTABMM 3aMATYIO. -~ 6

JaHHBbI croco0d Mo3BonseT Puc. 0.2

M3BJIeKaTh KopeHb ¢ M000ji TOUHOCTbIO
(Ha puc.0.2 ¢ TOUHOCTBIO 10 THICAYHBIX),

TED]]EME 0 JeJieHHUHM C OCTaTKOM

KakoBbl Obl HM ObUIM 1IeJI0€ UMCIO a M lejoe uuciao b # 0,
BCErJga BO3MOXHO, M TMPHUTOM eIMHCTBEHHBIM crocobom,
pasfgenuTh a Ha b C OCTATKOM: HAalTH TaKue JIBa LE/bIX YMcIa
q (uacTHoe) M r (ocTaTok), utoa =bg +r, 0 <r < |b|.

Ipumepoi.
=725 b=25 -725=25"29 10 gq=29.r=0.
a=725 b=23. 725=23-31+12.gq=31, r=12.
a=23 b=725 23=02504+23. g=1, r==23.
a=23, b=23. 23=23-1+40. g=1, r=0.
a=-725 b=25.—-725=25-(-29)+0. g =-29, r=0.
a=-725 b=23. -725=23-(-32)+4+11. q=-32, r =11.
(OcTaToK He Jo/ikeH GbITh OTPMLIATEbHBIM M 110 MOV A0/DKeH GbITh MeHbllle
nenuTens, nostomy 725=23-31+12 =

725 = 23-(—31) <12 =23-(-32 $1) =12 = 23-(~32) +11).
a=-725 b=-23. —725=-23-32+11. q=32, r=11.
(725 =23-31+12 =
~725=-23-31-12=-23-(32—-1)—12 = —23-32 + 11).
a=725 b=-23. 725=-23-(-31)+12. q=-31, r =12.
(725 = 23-31+12 = 725 = —=23-(-31) + 12).

a=23, b=-725. 23=-725-0+23. q=0, r=23.
a=-23, b=725 —23=725-(-1)+702. q=-1, r=702.
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(=23 =725-0-23 =
—23=725(-1+1) —23 = 725 (-1) + 702)
a=-23, b=—-725. —23=-725-1+702. q=1, r=702.

MeToa MaTeMaTHUYeCKOi MHAYKUMM
Ipunyun mamemamuyeckoil uHAyKyu

[lycTh MMeeTcqd HeKoTOopoe YTBepxkaeHue A(n), 3aBHUCALLee OT
HaTypajbHOro umciaa n. Eciu 3To yTBepkKaeHWe MCTHMHHO IIpH
n = m ¥ g MNob0ro HaTYpaJbHOTO k = m M3 €ro MICTMHHOCTH TIPU
n =k craegyeT MCTMHHOCTD M Npun=k + 1, TO yTBepKIeHHE
UCTHHHO 11 BCeX HATYPaJIbHBIX n = m.

Memod mamemamuueckoii uHdykyuu

MeTomoM MareMaTMyecKoil MHAYKLMM Ha3bpIBaeTcs Ccrocod
[I0OKa3aTe/JIbCTBA MAaTEMATHMUYECKMX YTBEPKIEHMIT € MOMOILbIO
MPUHIMIIA MaTeMaTHUeCcKoi MHIOYKUMK. ITOT crocod COCTOMT B
CIEeAYIOMEM:

1. TlpoBepseTcs MCTMHHOCTb YTBepXIeHUs A(n) mpun =m —
Oaza uHdykyul.

2. Jing moOoro HaTypajJbHOro 4Mcia k = m JonyckKaeTrcs, UTo
yTBepKIeHue A(n) MCTMHHO NMpM n = k, U JOKa3bIBaeTCHd, UTO
TOrjla YTBepPKJeHUe UCTUHHHO M NIpU n = k + 1 —waz undykyuu.

Ecnu o6Ge uacTy joKa3aTe/lbCTBaA MPOBEIEHbBI, TO HA OCHOBAaHUU
MPUHLMIIA MaTeMaTHUeCKoi MHOYKUMM JefaeTcd BbIBOM, 4TO
YTBEPKIEHME MCTMHHO [JIS BCEX HaTypaibHBIX n = m. B camom
nejie, eciM yTBepXKIeHMe  MCTMHHO TMpM n =m, TO [0
NOKa3aHHOMY B 1are 2 OHO MCTMHHO M mpun =m+ 1. Jlanee,
M3 TOro, UTO OHO MCTMHHO MpM n = m+1 BbITEKAeT e€ro
MCTHHHOCTD Npun =(m+1) +1 =m+ 2. 3ateMm oTn =m + 2
nepexoguMm Kn = m+ 3 M T.J. SlcHO, 4TO NpM 3TOM paHO MM
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MO3AHO Mbl moOepemcs A0 Jaw000Oro HATYpaJbHOrO 4UMCAa n, a
MOTOMY JAHHOE YTBepPXKIeHMe UCTUHHO JIJI BCeX n = m.

Haubonee wuacto 0azo0il MHOVKIMM SBAsSeTcs IpoBepKa
MCTMHHOCTH A(1), TO ecThb JOKa3blBaeTCsi MCTMHHOCTBL A(n) Inpu
Bcex n € N. B atux ciyuasix m = 1.

JlokasaTe/lbCTBO MO MHAYKLMM MOXHO IpeACcTaBUTh HAT/SAJIHO
B BMjle MpPMHLMNA JOMMHO. [TyCTh KOCTAIIKM JOMMHO BbICTaB/IeHbI
B paJi TakKMM o6Gpa3om, UTO Kaxaas KOCTOUKa, najasi, oGa3aTenbHo
OMPOKKIbIBAET CJIeAVIONYIO 3a Hell KOCTOUKY (B 3TOM 3aKaiouaeTcs
mwar MHaykuuu). Torpa, ecau Mbl TOJNKHEM m — 0 KOCTOUKY (3TO
0Oasza MHOYKIMK), TO BCe c/leqyloliMe KOCTOUKM B PAAY YIamgyT.

Ipumep 1. [locnegoeareNbHOCTL (a,) 3ajlaHa PeKypPpPeHTHO:
a,=6,ay, =2a,—3n+2. Jlokazath,uT0a, =2"+3n+1
(y peKkyppeHTHON (BO3BpaTHOM) MocnefoBaTeIbHOCTH Kaablid caeqyroupii
WieH, Ha4MHAaA ¢ HEKOTOPOro, BbipadaeTCcd Mo ofpedeleHHOMY NPpaBUTY Yepes
npeabUIyIHe).

JoKaszaTenbCTRO.

1) npoeepsiem dopmyay npun =1l:a, =2'+3-1+1=6 -
OHa BepHa (0a3a uHdyxkyuu);

2) ponyckaem, uro ¢opmy/aa BepHa INpM n = k: BepHa
dopmynaa , = 2% + 3k + 1, u nokaseiBaeM, uTo Qopmyna BepHa
mpun = k +1: azy, =28 +3(k+ 1)+ 1. Pacnimmem k + 1 — i
uleH MNocaeloBaTe/lbHOCTH [0 PeKyppeHTHol dopMmyne a gy =
2a ; — 3k + 2 ¥ nojcTaBMM 3HaveHue a , 1o dopmyne, BepHoit Mo
NonylieH o, 3aTeM npeodpasyem:

Aper =22 +3k+1) -3k +2=2¥" + 3k +4 =21 +3(k + 1) + 1.
Buaum, uto popmyna sepHa npun = k + 1 (a2 undykyuu).

VenoBus nNpuHUMIA MAaTEMATUUYECKOH MHAYKLUMM BBITIO/IHEHBI,
ciaegoBaTe/ibHO, hpopMy/ia BepHa 15l BCeX HATYPaJibHBIX n.

IIpumep 2. Haiitu Bce neN , A1 KOTOPbBIX MCTMHHO
HepaBeHCTBO 3" = 2(n + 1)2.

Peluenmue.

1) Ilpuy n=1,2,3 HepaBeHCTBO He BbinojaHgeTcd. OHO
BBINOMHAETCS NPU n = 4 (6asa uHdyxkyuu).

2) JIins nwoboro k = 4 gonyckaem, UTO HePaBeHCTBO BepHO MpH

10
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n=k: 3> 2(k + 1)?, M moka3biBa€M, UTO OHO BE€PHO IS n = k + 1:
3K > 2(k + 2)2.
Umeem 3%*1 =3-3% >3(2(k +1)2) = 2(3(k + 1)2).
3nech 3(k+1)>=3(k+1)° - (k+2)+(k+2)?=3k*+6k+3—-
k2 =4k -4+ (k+2)>°=2k*+2k—-1+4+(k+2)’=2-4>+2-4 -
1+ (k+2)?=39+(k+2)* > (k+2)°.
IlokasaHo, uto 3%*1 > 2(k + 2)? (waz uxdyKuutr).
Venopus NpuHUMIIA MaTeMaTHUeCKOH MHAYKIMM BbITIOJIHEHBI,
C/IeI0BATE/IbHO, HEPABEHCTBO BEPHO 1M BCEX HATYPaJbHbIX n = 4.
OTBeT: n = 4.

Ipunyun noaxotli Mamemamu4eckoil uHAYKUUU

CyliecTyeT elle ofHa ¢opMa NpMHIMIA — TIPMHLMIT TOJIHOI
MaTeMATHMUECKON MHIYKIIMM.

Ecan yreepxaenue A(n), B KoTopom n € N, MCTHHHO MpH
n = mu aaga awdoro HaTypajabHOro k = m M3 ero MCTMHHOCTH
npu Beex n < k clieflyeT UCTHHHOCTb U IMPU n = k , TO YTBEePKIeHHe
A(n) MCTMHHO /19 BCEX HATYPAJIbHBIX n = m.

dra (opma MCMONBL3YETCA, KOraa s MPoBEePKU MCTUHHOCTH
yTBepiKaeHuss npu n=k +1 wuHpopmauus o6 MCTHMHHOCTH
Npu n = k HeJOCTaTOUYHAa: HYXKHa MH(popmauugd o0 MCTMHHOCTH
VTBEPKIEHHUA MTPU HEKOTOPBIX MEHBIIMX 3HAUEHHAX n.

IMpumep 3. Ha CKOABKO TpPeyrojlibHMKOB n — YrOJAbHMK
(HeoOsi3aTeNbHO BBIMYKIbIE) MoXeT ObiTh pasOMT CBOMMM
HerepeceKalonMMKucs JIHaroHaasamm?

Peumienne. i TpeyroibHMKa 3TO YMCIIO
paBHO eJIMHUIE (B HeM HeT JuMaroHazei, M
nocjie TONbLITKM pa3dUTh ero ¢ MOMOUIbIO
nuaroHaneii octaerTcs B HeNMPUKOCHOBEHHOCTH
caM  TpPEeYTIbHMK): 1=3-2 ; noma
yeTsipexyroibHuKa (puc. 0.3) 3T0 UMC/I0 paBHo,

KaK BMIMM, ABYM: 2 = 4 — 2. [ing mwo6oro k > 3 Puc. 0.3
NOMYCTUM, YTO KaX[Ibli n — YroJbHMK, TIJe

11
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n < k, pasbMBaercs HenepeceKawIMMMUCA AMaroHaJs MM Han — 2
TPeyrolbHUKa (He3aBMCUMO OT criocoba pasdueHus).

PaccMoTpuMM  TNIpOM3BONBHBIN n — YTOABHMK TIpU n = k (puc.
0.4). Tlyctbs 2TOT k — YrOoJIbHUK KakuM-mbo crnocoboM  pasOMT
HelepeceKanmmmMmcs IHUATOHATIAMM Ha TPeYTroJAbHUKH.
[ogcunraem YUCIIo 3THX
TpeyronbHMKoB. Ilyctb A;A, — ofiHa M3
auaroHaneii a3rtoro paszbueHmus. OHa
JienuT k — yronbHMK A;A; ..Ay Ha p—
yronibHMK A4, .4, un  (k—=p+
2) — YroabHMK Ay ..A,_,AxA, (OBe

Ay BEPLIMHBI A, M A, NIpUHaIIeKaT o0ouM

Ay MHoroyrojbHMKam). Tak Kak p<k m

Puc. 0.4 k-p+2<k , TO, IO JONMYIIEHMIO,

HelepeceKawIiUMUCS TUaroHaJaaM1M OHM

pasbuBawTCH HA p—2 U (k—p+2)—2 TpeyroibHHKa

COOTBETCTBEHHO. 3HAUMT, YMCIO TPeyroJibHMKOB B paszOueHuu
Hallero k —yronbHMKa pasHop -2 +(k—-p+2)-2=k-2.

Hrak,

1) vyTBepxaeHHe A(n)= (JlloGoit n— YroNbHMK CBOMMM
HerepeceKawIMMMCA IMATOHANAMM MoXeT ObITh pasz0MT Ha n-—2
TpeyroabHMUKa) MCTUHHO Npu n = 3: A(3) ucTHHHO (0a3a uHdykyuu);

2) nna nwboro k = 3 M3 gonyuieHus, uTo yTBepikaeHue A(n)
MCTUHHO NP KaKAoM n < k, clefgyeT UCTHHHOCTb A(n) ipu n =k
(taz undykyuu).

Vcnopusi MNpMHUMNOA TMOJHOW MaTeMaTHMuecKoit MHIYKIIMH
BBITOJIHEHB], C/efoBaTe/lbHO, YTBepKiaeHue A(n) BepHO IIpH
n1000M HATYpaJbHOM n = 3.

OTBeT: n — 2 Tpeyro/ibHMKA.

As

Apq

12
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1. 3apauu ¢ mapaMeTpom

1.1. 3apauu nyHKTra 5.3 <«YpaBHeHMA M HepaBeHCTBa
napamerpom» u3 coopuamuka U.B.Slmenko Er3 2019

5.3.1
Haiigute BCce 3HAUeHMA MMapaMeTpa a, IPHU KaKI0M U3 KOTOPBIX
MOJY/1b Pa3HOCTU KOPHeii ypaBHeHUS
x?=15x—14+a*-10a =0
npuHUMaeT Haubo/bliee 3HaUeHe.
Pemenne.
JIMCKpUMMHAHT
D = 225 — 4(a? — 10a — 14) = —4a* + 40a + 281,
Kopuu
%,z = (15 + V=4a? + 40a + 281),
MCKOMAs BeIMUMHA
lx, — x;| = V—4a? + 40a + 281.
Kak M3BecTHO, KBagpaTHbIi TpexuieH At?+Bt+C npmA<0
NMpuMHKMMaeT HauOosblllee 3HaUeHMe MpU = -;E‘ Y Hac A=

—4,B =40, 3HAUMT TIOJKOPEHHOe  BbIpaXeHUe IIPUMHUMAET

40
Haubosblllee 3HauUeHMe MpH a=——=>5. 3T0 3HaueHUe PaBHO

—4-254+ 405+ 281 = 381. HDBT{}M;IIZ — x,| umeer HanbonbIICE
3HaueHue V381 npu a = 5 (He OblI0 HEOGXOAMMOCTH MCCJ/IEIOBAThH
JHAK TMOJKOPEHHOrD BbIpUKEHMsI, TaKk Kak ero HauGonbliee
JHAUeHMe 0Ka3aJ0Ch MOJOKUTEILHBIM).

OrBeT: a = 5.

5.32
HaitnuTe Bce 3HAUEHMA NapaMeTpa a, MPU KaXKI0M M3 KOTOPBIX
ypaBHeHHe
Vv3x—a =x-—3a
MMeeT KOPHM, M VKKUTE KOPHM YpaBHEHMA I8 KaKIoro M3
HaloeHHBIX 3HAUEH M a.

13
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Pemenne.
x25,
Vvi3x—a =x-3a & ix>13aq =
3x —a = (x — 3a)?
X273,
3
x > 3a,

x2—(6a+3)x+9a’+a=0.
VuuThiBas, YTO JMCKPUMMHAHT KBAJIPATHOTO TPEXWIEHA PaBeH
D = (6a + 3)? —4(9a% + a) = 32a + 9,

3dlIMIIEM PABHOCHJIPHYH CHMCTEMY

}ﬂ
X ==
3

x = 3a,
32a+9=0,

1
x =E(6a+3-l_w"32a +9).

[Ipu a = 0 cucTeMa MMeeT BU],

a=0,
x = 3a, az0,
o 9 o x = 3aq,

32’ 1
x=-(6a+3++v32a+9).
x=>(6a+3+V32a+9) 2

1
== + ]
[IpoBepum, yIOBJETBOPAIOT M KOPHM X, » s [ﬁa +3++v32a+9
HEepPaBeHCTBY x = 3a.
Ecam a =0, TO MmMeeM KOPHM X, =%{31 3 =0 =23.
O0a KOpHA YIOB/IETBOPAIOT HEPABEHCTBY x = 3a:0=>3:0, 3>23:0.
Ecma > 0,70 x, =%(6ﬂ+3—w"32a+9] c:%(ﬁa+3—3) =3a, TO
eCcTh HepaBeHCTBY X = 3a He YIOBIeTBOpSeT.
1 1
Xy = E[ﬁﬂ +3++v32a+9) > 5 6a=3a, TO eCTb YIOB/IETBOpSeET
HepaBeHCTBY x = 3a.

Hrak, npu a=0 MMeeM JABa KopHA x; =0, x, =3 ,
nonayueHHsle 1o Gpopmyne
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poes %{ﬁa +3++32a+9), npu a>0 MMeeM OIMWH KOpeHb

x=>(6a+3+32a+9).

[Ipu a < 0 cuctema UMeeT B

a<0, 4
—_
x-“-_’E, 32_:1-:':[],
3 :.ﬂ
9 x=-,
e o =3

32 1
I=%(6ﬂ+3im}. x=5(6a+3iv32a+9}.

IIpoBepuM BBITIOJIHEHME HEPaBEHCTBA X, = %(Em +3—-+32a+9) =
3, OHO PaBHOCH/IBHO HepaBeHCTBY 16a +9 = 3v32a + 9. Tak Kak

l6a+9 = 16 (—-312) +9=45>0, TO BO3BeAs o0e uYACTH B
KBajpar, MOJAyuuM pPaBHOCHIbHOE HepaBeHCTBO

16?a? +2-16-9a+81>9-2-16a+81 < 16?a2 20
— BepHoe HepaBeHCTBO. KopeHb x; YIOB/IeTBOpsieT HepaBeHCTBY
Xz g- Bonbuinii KopeHb x, = %{Ea +3 ++/32a +9) Tem Gonee
€MV YI0B/IeTBOPSET.

9 1
OTper: Hpn-ﬁﬂa E(;naa KOpPHS X —5(6a+3iv'32a +9),
npu a > 0 oauH Kopenb x =~ (6a + 3 +V32a +9).

5.3.3
Hajigure Bce 3HaueHMs mapaMeTpa a, IPU KaKIOM M3 KOTOPbIX
uMeeT e[IMHCTBEHHOe pellieHne cucTeMa ypaBHeHU i
(x=3a-4 +(y-a+2)’=1,
{ (x—4a-37%+(y+3)?%=09.

Pemenne. /—\

Bymem pelaTth rpadpuuecku A
(puc.1.1). Hcnonbsyem  M3BeCTHoOe
ypaBHeHMe OKPYKHOCTH paauyca R c
LEHTPOM C = (Xo; Yo):
(x —x0)* + (¥ — ¥0)* = R%.
Pemienusimu (x; y) JaHHOM CUCTeMbl
ABIAI0TCSA TOUKH nepeceueHus
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OKpY)XHOCTH paamuyca R, =1 ¢ ueHtpom C, =(3a+4,a-2) c
OKPYKHOCTBIO paguyca R, =3 ¢ ueHTpom C, = (4a + 3;-3).
EnuHcTBeHHOe pelleHMe MMeeT MeCTO B C/yuae BHeIIHero Wi
BHYTPEHHEro KacaHusi 3THMX OKpYXKHOcTeill. BHelllHee KacaHue
MPOMCXOMT, KOrIa paccTosHue Mexay ueHtpamu d(Cy; C,) paBHO
CYMMe paJiIMycoB, a BHYTPeHHee — KOTJa OHO PaBHO Pa3sHOCTH
Gosblero U MeHbIlIero pagauycos. YuuTbiBas, uTo
d(Cy; C;) = J((4a+3)-(3a+4))2+ (-3-(a-2))2=v2a?+2,
MMeeM COBOKYITHOCTh YpaBHeHMit
V2a? 4+ 2 = 1+3,=' 2a° +2 =16,
V2aZ+2=3-1 2a% +2 = 4.
OTciona HaxoguM a = +7, a = +1.
OrBer: a=+\7,a = 1.

5.34

HaiiguTe Bce 3HAUeHMA TIapamMeTpa a, IPU KaXKI0M M3 KOTOPBIX

HepaBeHCTBO

x2—a*(a+Dx+a*<0
MMeeT pellleHHsl M MHOXeCTBO pellieHMiT HepaBeHCTBa COIePKUTCS
B MHTepBase (—=9; 4).

Pemenmne.

Kak u3BecTHo, KBaJipaTMUHOE HEepaBeHCTBO Ax*+ Bx+C <0
npu A >0 MmeeT pellleHMs TOrja ¥ TOJAbKO TOI[A, Korja
KBaJIPaTHBII Tpexu/leH uMMeeT JBa pa3/JMuHbIX KopH4. [Ipu stom
MHOMKECTBOM pellleHuii sBAseTcss MHTepBal MeXXIy KOPHSIMM.

V maHHOro KBaJIpaTHOTO TPeXwieHa JUCKPUMMWHAHT

D = (a*(a + 1)]2 —4a* =a*(a-1)>0
Mpu Becex sHaueHMAX a # 0Ma # 1, Takutonpuecexa#0mna #1
dopmyna x=%(a2{a+1)i\a’a“ (a-1)2)=%(a2(a+ 1)+
a’(a— 1)) paer [Ba pasAMuUHBIX KOpHA x =a’ M x=a’.
MHOXecTBOM pellleHMii JaHHOTO HepaBeHCTBA ABJIAeTCS MHTepBal
(a%; a®) npu a > 1 uunHtepsan (a®; a?) npua < 1.
a? > =9, &

[Ipy a>1 pomkHo ObITh (a?; @®) c (-9:4) [ -
a* <4
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a < w.BHa’-IHT, 1<a<?i3.

3 2 ﬂz = "'g,
[Ipy a <1 pomkHO ObBITH (a°; a®) c (-9;4) & { T
3
I a > -9, & —2<a<23HauuT, -2 < a < 1.
—-2<a<?
C vyuetom orpaHuuyeHuss a #= 0 umeemM a € (—2;0)U(0;1)U

(1: ?{."le)
OtBer: a € (—2;0) U (0;1) U (1; V4).

5.3.5

HaiiguTe BCce 3HaueHMs mapameTpa a, MPU KaXKIOM M3 KOTOPBIX

ypaBHeHue
9* —2(a—3)'3"+a’*-8a+7=0
UMeeT eIMHCTBeHHBII1 KOpeHb.

Pemenne.

[Tonoxum 3* = t. Torga mMexIay MHOXECTBOM KOpHeil JaHHOTO
VPABHEHMS M MHOMECTBOM [OJOXKMUTEe/NbHbIX KOpPHeH ypaBHeHUs
t?—2(a—-3)t+a*—-8a+7=0 Oyaer B3aMMHO OJHO3HAUHOE
COOTBETCTBHME: KaXKIOMY KOPHIO X [JIaHHOTO YpaBHEHUH
COOTBETCTBYET OJWH IOMOXKUTENbHBIN KopeHb t = 3% KBaJipaTHOIO
ypaBHEHMSI, a KaXKIOMY MOMOXMTeJIbHOMY KOPHIO t KBaJpaTHOIO
ypaBHeHUd COOTBETCTBYET OJIMH KopeHb x = logst
CnegoBarenbHO, laHHOE ypaBHEeHWe MMeeT eJMHCTBeHHbI KopeHb
TOrJa M TOJMBKO TOTJa, KOrjla KBajipaTHOe ypaBHeHHe MMeeT OfIMH
MOJIOKUTENbHBIN KOPeHb.

KBajpaTHoe ypaBHeHMe MMeeT KOPHM, Korja JUCKPUMHHAHT

4(a-3)>—-4a*-8a+7)=8(a+1)=0.

Eciu D =0, To ecThb a = —1, TO uMeeM YypaBHeHMe t? + 8t +
16 = 0 c eIMHCTBEHHBIM OTPULIATE/TbHBIM KOPHEM t = —4.

Eciu D > 0, TO ecThb a > —1, TO UMeeM [JBa Pas/IMUHbIX KOPHSL.
CornacHo TeopeMe Buera npou3BeleHMe 3THMX KOpPHeil paBHO
a’?—8a +7. Ecim a?—8a+7=0, toa=1 wm a=7. [Ipu
a=1 uMeeM YypaBHeHMe t2+4t=0 , He HMelllee
nofokurenpbHoro KopHa. Ilpu a=7 noayuaem  ypapHeHMue
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t? — 8t = 0 UMelolee OOUH MOJOKUTENbHBINH KOpeHb t = 8.

Ecmm a? — 8a + 7 > 0, To MMeeM JIBa KOPHSI OJIHOTO 3HaKa, 3TO
HaM He MOAXOIMT.

Ecim a® — Ba + 7 < 0, TO JiBa KOPHS pa3HbIX 3HAKOB, M OJIMH U3
HMX TMOJOKMUTe bHbIH. HepaBeHCTBO BBITIONHAETCS B MHTepBaje
MeXIny KOpHAMHM a=1 H a=7 KBaJIpaTHOI0O TpextwieHa
a’*—8a+7.

B pesyabraTe noayuyaem: OJUH TONMOXKMTENbHbII KOpeHb
umeercs npu a € (1; 7).

Orger: a € (1; 7).

5.3.6
HajiguTe BCce 3HaueHMs MapameTpa a, MpY KaXKIOM M3 KOTOPBIX
HauMMeHblllee 3HauUeHue GyHKIMK
f(x) = 2ax + |x* —8x + 7|
Gonbiue 1.
Pemenne.

Pemaem rpaduuecku. VcioBue 3ajauM 03HAYAeT, UTO BCe
sHaueHus QyHKUMM Oosbile 1, TO eCcTb NMpH BeeX x € (—oo; +00)
uMeeM HepaBeHCTBO 2ax+ |x2—8x+7|>1 o [x2-8x+7|>
—2ax+ 1. A 210 O3HauaeT, UTO NnpsaMas y = —2ax + 1 BCA JIEKUT
Hyke rpadmka I' pyHkumm y = |x* — 8x + 7.

padux I' monyuaercs u3 napabonbly = x2 —8x + 7, eciu ee
qacThb MeJLY
KOpHAMMH x=1 ™
x=7 (mexanryto
HMKe ocu abcumcc)
JepKaJbHO OTPa3suUTh
oT ocu abcuucc.

[Ipamag
y=-=2ax+1
uMeeT YITIOBO#M

Koa(ppuument —2a
M MPOXOAMT uepes
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Touky (0; 1). [Ipn Bo3pacTaHumu 3HaAUEHMS a OT —o0 [10 +00 YITIOBOJ
K03 pULMeHT npamoii yObIBaeT oT +o 10 —oo. [Ipu 3TOM npsamas
nmopopauMBaeTcd BOKpyr TOuYkKM (0;1) Mo 4acoBoi CTpenKe oOT
BEPTHKAJIbHOTO TMOJOXKEHUS 110 YIJI0M g K ocu abcumcc 10
BePTHKAJIBHOTO ITOJIOKEeH M 1oJ1 YIJIOM — % . Cynga o puc.1.2, ecau
MpsiMyi0 L TMOBepPHYTb 10 YacoBOM CTpejKe MO0 TMOJKeHus L, ,
KOrJa OHa Mnpoiiner uepes Touky (1;0), To oHa BCcA (KpoMe OJHOM
TOUKHM (1; 0)) Oymer nexathb Hioke rpaduka I'. Ho yGegumcest B 3TOM
AHAIUTHUECKK: MpoBepuM, uto (1; 0) — egMHCTBeHHaa o0las TOUKa
npsamoii L, ¢ rpapukom I'. Ilpsimas L, Hak1oHeHa K ocu adcumcc noj
yrjiom —E. MO3TOMY MMeeT YrjoBoit KoadpduiimeHr —2a = —1; ee
ypaBHeHMe y = —x + 1. JIns HaxoxaeHusi oOLIMX ToueK peliaem

CHCTEeMY
y=—x+1,
[y: |x% — 8x + 7.

y==-x+1,
[Ilpy xe€(-o;1)U(7;=0) HUMeeM it pEin
I y=-x+1, r:mx-"]'
2 e r=1, B oarom ciayvae cucrema
X2 —T7x+6=0 e

y==-x+1,

HecoBMecTHa. Ilpu x €[1;7] umMeeM [y S g e

=-=x+1,

o y
IJ’ x + 1*{51 E: 1, B astom cinyuae ogHo pemenue (1;0).
=8

x?—9x +8
[Tposepeno, uto npsmas L, Bca (KpoMe ofiHO# Touku (1; 0)) NeRUT
Huke rpaguka I. [Ipu gansHejinemM noBopoTe NpAMoii (MonoxeHue
L"), moka He KocHercs rpaduka I' B Touke A (nosioxeHue L,), oHa
Bcs JIeXuT Hwke rpaduka I. Tlocne a3toro mnpsmas Oyger
nepecekatb rpadpuk I

Hrtak, npamag y = —2ax+ 1 Bcs nexXuT Huke rpadguxa T,
KOr4a 3aHMMAET MPOMEXYTOUHbIE TMOJOKeHus L' or Ly 1o L,.
[Ipamasi 3aHMMaeT Mo/loXKeHWe L, ¢ ypaBHeHMeM y = —x + 1 1ipu
a :% (=2a = —1). OcTanoch HaiTH 3HaueHUe a, NMPHU KOTOPOM

[MpAMad 3aHMMaeT IMoJIoKeHne KacaTe/IbHOM LZ-
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[Mycte A = (xg; ¥o). Tak Kak x <1, Toy = |x2 —8Bx+ 7| = x? —
8x + 7. Yool koadpduumeHT KacatenbHoil K rpadpuky I' pasen
¥'(x5) = 2x, — 8. OH paseH yriopomy KoapdpuumeHTY —2a npamoii
Ly: 2xg — 8 = —2a. OTclofia a = 4 — xp. Touka (xy; yp) NEXUT M Ha
rpapure [, M Ha npamoit L,, MoITOMY SB/SeTCS pelleHUeM

= x5 —8x, +7,
CUCTEMBI {}’;ﬂ _ 12ﬂ1u0+ :
x2—8xyg+7=-2(4—xy)xy © x:=6 . BbiOupaem 3HaueHue
xo=—V6 <1. Haxomum, uTO mNpsAMasi 3aHMMAaeT [OJOKEHHe
KacaTenbHol L, mipu a = 4 — (—/6) = 4+ V6.

OrBer:a € G 4 +\fﬁ).

OTcloga TmoayyaeM  ypaBHeHHe

5.3.7

HajiiuTe Bce 3HauUeHMa MapaMeTpa a, TPU KaKIOM M3 KOTOPBIX
(hyHKuMSA

f(x) = x* =2|x — a?| —6x

uMeeT X0Ts Obl OIHY TOUKY MaKCHMMYyMa.

Pemenue.

Bynmem pemars rpaduuecku. Hanuiem BpIpaxkeHue st
(pyHKUMK Ge3 MoLyns:

_(x*+2x—2a*—6x=x*-4x-2a* npux < a?,

f&x) _{x2—2x+ 2a° —6x=x*-8x+2a’ npux= a°.

I'padmk QYyHKIMM COCTOMUT U3 KYCKOB ABYX mapabon. Ilpu
x < a?93T0 KycoK napabonsl y = x? — 4x — 2 a? ¢ BeTBAMMU BBepx C
BepIIMHOI B Touke ¢ abcumccoit x =2, a Npu x = a? — KYCOoK
napaGonbl y =x? —8x+ 2a’ c BeTBAMM BBEpPX C BepIIMHON B
Touke ¢ abcumccoii x = 4, Kycku napabos CTBIKYIOTCS B TOUKe ¢
aGecumccoii x = a?.

Bce BapMaHTbI B3aMMHOTO PaCTONOXKeHUd Touek x = a?, x = 2
M x = 4 MoKasaHbl Ha puc.1.3. [To pUCYHKY BMIMM, UTO NMpH a® < 2
M a* >4 (QyHKUMS He MMeeT Touek Makcumyma. Ilpu 2 < a® < 4
MMeeTCs OJJHA TOUKa MaKcMmyMa. M3 paBHOCMIbHOM CUCTEMBI
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HepaBeHCTB V2 < |a| < 2 monyuaem, uto a € (-2; —VZ) U (V2; 2).

Puc.1.3
Orser: a € (—-2; —V2) U (V2;2).

5.3.8

Haitnure Bce 3HaueHus napameTpa a, MpyM KaRI0oM M3 KOTOPbIX
(yHKLMS

f(x) = x? = 2|x — a?| — 8x

umeeT Oosiee ABYX TOUEK IKCTpeMyMa.

Pemenmne.

Bygem pewmars rpadmuecku. Hanuuiem BbipaxkeHue /s
(pyHkumm Ges moayns:

0 = Lx2+2x-~2a2—8x=x2 —6x—2a® npux < a?,

f_2x+42a*-8x=x*-10x+2a’ npux = a’.

at 3 5 3 a* 5

a?=h

Puc.1.4

I'papuk  ¢PyHKUMM cocTOMT M3 KycKoB JByX napabon. [lpwm
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x < a? aro Kycok mnapabonbl y = x? — 6x — 2 a? ¢ BeTBAMM BBepx
€ BepUIMHOI B Touke ¢ abGcumccoit x =3, Mpu x = a? — KYCOK
napabosnbl y = x2 — 10x + 2a? ¢ BeTBAMM BBepX C BepIIMHON B
ToukKe ¢ abcumccoii x = 5. Kycku napabon cThIKylOTCS Npu x = a?.
Bce BapMaHTbl B3aMMHOTO PacIioyiokeHusi Touek x = a?, x =3
M x = 5 nokasaHbl Ha puc.1.4. Tlo pUCYHKY BMJIMM, UTO NpH a® < 3
Ma®=5 OQYHKIMA MMeeT OOHY TOYKY IKCTpeMyMa — TOUKY
MuHMMyMa. [lpu 3 < a? < 5 uMewTcs TPU TOUKM IKCTPEMyMa —
IBeé TOUKM MMHMMYMa M OJHAa TouKa MakKcumyma. M3

PaBHOCH/IbHOI CHCTeMbI HepaBeHCTB V3 < |a| < V5 noyuaem, uro
aeE [—v‘rg; —vr?_:) u (ﬂ.ﬁ. \fﬁ)
Otget: a € (—V5 —/3)U (V3;V5).

5.3.9
HaiinuTe Bce 3HaUeHUA MapaMeTpa a, NPy KaxIoM M3 KOTOPBbIX

ypaBHEeHMe
5

alx =3 =—
x+2
Ha npoMekyTKe [0; +co) MMeeT POBHO JIBa KOPHA.
Pemenne.
Bynem pemath rpadpudecky. KopHamMU ypaBHeHMS SBJISIOTCSH

abciuecel Touek nepeceueHusi rpadmka QyHKUMM y = alx— 3| 1
5 .
runepbonbl y = — TpeOyeTcsi HAliTH 3HAUEHMS a, TPHU KOTOPBIX

MMEITCHd POBHO JIBe TOUKHM IepeceyeHms.
—a(x—3)npunx <3,
I'paduk pyHKIMM v = a|x — 3| = COCTOMT
paduk yHkmmn y = al I il = 3) fipit 7% 3
W3 JABYX Jyueil ¢ BepuinHoii (3; 0). Tlpasblii 1 JeBblit JIyUn UMeIoT
yriaoebie  Ko3(dUIMEeHTh COOTBETCTBEHHO a M -a . llpu
BO3pacTaHMM a OT —oo 10 + 0o [IPaBbIil JIyu MoBOpauMBaeTcs MPOTHUB

YacoBoii CTPeJIKHM OT BEPTHEAJBHOTO MOJTOMKEHHA TTOO YTTOM —E K
ocu abcumcce 1o BEPTHEAJILHOI'O TIOJMOMKEeHMH I100 YIJIOM g. HPH
9TOM JIeBblIii JIVU MOBOPAUMBAETCH TIO JacoBoji CTpeJlke, OCTABAACh
CHMMETPHYHBIM C TIpaBbiM OTHOCHTEJIbHO T[]]HM'D]';[ x=3 .

['mnepGona ¢ ueHTpom (—2;0) COCTOMT M3 JBYX BeTBel, ofHa M3
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x+.g‘i' T~
- P | y = alx — 3| i
S
Puc.1.5
KOTOpPBLIX pacrnojioxeHa B yrjie x > =2,y > 0, gpyras - B yrie
x<=2y<0.

M3 puc.1.5 (B KoTopom MacimiTabbl Ha OCcaX 1Mo HeoOX0AMMOCTH
MCKayKeHbl) BUAMM, UTO NMPpU a € (—oo;0) BcA «rajikar» y = alx — 3|
pacno/jiokeHa HKe ocu al0ciucc (Kpome BepiiMHbI), JIeBbIi JIyu
nepecekaer runepbomy B OJHOW TOUKe, a TMpaBblii JIyu He
nepecekaeTr — Ha MMpPoMeXXyTKe [0; +co0) HeT KOpHeii.

[Ipu a = 0 ranka coBnajaeT ¢ ocbio adCUMCC U He IepeceKaeT
runepOomy — KOpHeit HeT.

[Ipu a > 0 npaBelif Jyu Beerja nepecekaet runepbosy B OJIHOMI
Touke. Kormga sHaueHMe a HauMHaeT Bo3pacTaTh oT 0, jJeBbiit Jyu,
«OTKABIIMUCh» OT ocu abcuuce, MOBOpauMBaercsl 110 UacoOBO
CTpe/Ke M IPM HEKOTOPOM 3HaueHWM a KacaeTcs runepOonbl B
Touke A. Jlo KacaHu4 JIyu He nepecekaeT runepboay — MMeeM OJIMH
KOpPEeHb Ha MPOMeXYTKe [0; +co) (OT mpaBoro gyya).
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Ecam Touka KacaHus A OKaXKkeTcs IIpaBee OCHM OpPAMHAT, TO
JIeBBI YU MPU COOTBETCTBYIONIEM 3HAUEHUM a JAcT OJWH KOPEHb,
u Oymem MMeTh [1Ba KOPHA Ha MpomeXxyTke [0; +oo).

Haitnem alcuumcey x, TOUKM KacaHMsi A M COOTBeTCTBYWOlee
JHaueHue a. YrioBoit xkoadpuumeHT KacarteabHoit K rumnepOone

paBeH 3HaueHMIO MPOM3BOIHOM y'(xﬂ:—u—iﬂi. C napyroii
L]

CTOPOHBI, OH paBeH YIJIOBOMY KO3((UIMEHTY -a JIeBOro Jiyua:

5
= = —a. Orcoga a = H, MOJACTABME €0 B PABEHCTBO

(xg+2)? (xg+2)2
5 5 (xp—3) 5 1
-a(x; —3) =——, nojayyaeM - = & xp=- . Ilpu
(X0 ) xp+2 (xo+2)2 ~ xo+2 0=, P
5 4

IToMa = t——=-.
{'2'+2_]2 5

Buaum, uTo TOUKAa A HAXOIMTCS MpaBee OCH OpAMHAT, Tak YTO MpU
i = EHMEEM POBHO [IBEA KOPHA JJaHHOTO YPAaBHEHMS Ha MPOMeXyTKe
[0; +00).

[Ipu manpHelinieM Bo3pacTaHUMM a OT 3HaUeHUS g neBblit Jyu
HauMHaeT IepecekaTb runepOoay B JBYX TOUYKax [paBee OCH
OpPOMHAT, TAK YTO ypaBHEeHMe MMeeT TPM KOpPHSA Ha IPOMEXYTKe
[0; 400). 3TO UMEeT MeCTO JI0 TeX IMopP BKIANUMTENbHO, ITIOKa JyY He
npoiiger uepe3 TOUuKy B, B KoTopoii runepOona mnepecekaeT OCb
opauHar. Ilocne 3Toro nyu nepecekaer runep0ony B OQHOM TOuke
Mpagee 0CH OPAMHAT, TaK YTO IMPH COOTBETCTBYIOIIMX 3HAUEHUAX a
OyayT aBa KOpHS VpaBHeHMsl Ha TNpoMexyTke [0; +oo). Haiigem,
MpM KakoM 3HaueHuM a Jyu mpoxoaut uepes Touky B. Touka B
uMeeT KoopauHaThl (0; 2] M JIeXMT Ha Jyde y =-a(x—3),

MO3ITOMY §= —a(0—13). Orcropga nonyyaem a = E. I[lpy a > E
MMeeM JIBa KOPHS ypaBHeHUS Ha npomexyTke [0; +oo).
OTBer: a € {g] U G; -+-c-o).

5.3.10
Hajigure Bce 3HauUeHMs MapameTpa a, IPU KaKIOM M3 KOTOPBIX
ypaBHeHMe
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|22 = 3x - 2| =a—2x% - 8x
nubo He UMeeT pelleHuit, TMOO0 UMeeT eIMHCTBEHHOE pellieHHe.

Pemenmne.

PemaeM rpadmuecku. 3anuiiem ypasHeHMe B Bue |2x? — 3x —
2| + 2x? + 8x = a. KopHsamu ypaBHeHMs 4BJISIOTCH aOCLMCChI TOUEK
nepeceuenns rpaduka Iy QyHkumn y = f(x) = |2x* = 3x = 2| +
2x* 4+ Bx C TropM30HTaABHOI npamMoit y = a. TpeOyercs HailTH
3HauUeHud a, IPpU KOTOpbIX JMOO HeT nepeceueHuit, n1ubo umeercs
eIMHCTBEHHO® NepeceueHne.

KeagpaTHbiii TpexuieH 2x? —3x — 2 MMeeT KOPHM x = —% "

X = 2, TAK UTO

|2x%2 — 3x — 2| = 2x% — 3x — 2 npu xe(—w:—i)u(z: +w) H

122 —3x —2| = —2x% + 3x+ 2npux € [—%;2].

IMoatomy y = f(x) =

2x? —3x—2+4+2x*+8x =4x*+5x—2npux € (—m; —%) U (2; +o0),
—2x*+4+3x+24+2x* +8x=11x+2npuxe [—%;2].

I'padmx I[; cocTOUT M3 IBYX KYCKOB napabonsl y = 4x* + 5x — 2,

1
pacno/ioXeHHbIX Jlepee MpaIMoil x = —3 ¥ npasee NnpamMoif x = 2, U
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KycKa MNpsimMoit y = 11x+ 2 Mexay NpsaMbIMM x = —% Mx=2

5 57
[lapabona ¢ BeTBAMM BBepX MMeeT BeplIMHY M = (_E: e
(AGcumcca BepuiMHBI mapaGonsl ¥y = Ax® + Bx + C BuuMcngerca no dopmyne

B 5 5 5 5 57
ESema L' 1-1|ac e OpavHata v :4{—5}2 +5(_E)_ 2=l
[lp x=—3 M x=2 KycKM napabon CTHIKYWTCSA C OTPe3KOM
MpsamMoit
y=11lx+ 2.

37
U3 puc.1.6 BUIMM, UTO MpAMas y =a Npu a < — - He
57 .
nepecekaer rpapuk Iy, npua = — 1 MEpeceKkaer B OJHON TOUKe
57
(KacaeTcd B TOuke M), npu a > — 1, MEPECeKaeT B JBYX TOUKax.

CnefoBaTe/bHO, JIaHHOe YypaBHeHMe MO0 He MMeeT pelIeHMii,

57
aubo uMeeT eIMHCTBEHHOE pellleHue NpHa < ——.

< 16
7
- = ——,
OrBeT: a < .

5.3.11
Haiigure Bce 3HaYeHUs MapamMeTpa a, PU KaKIOM M3 KOTOPbIX

CUCTEMA YpaBHeHMIi
(y2-xy+3x—y—-6nx+2 _

Vé—x 0,
x+y—a=0
MMeeT POBHO [Ba Pas/iHUHBbIX pelleHu .

Pemenne.

Bynem pemats rpaduuecku. Pemenusmu (x;y) CUCTeMbl
ABJIAI0TCA TOUKM mepeceueHus rpadmra I mepBoro ypaBHeHMS C
npamMoii x + y —a = 0. TpeGyeTcs HaiiTH 3HaUeHUS a, TPU KOTOPBIX
MMEKTCS POBHO [IBa MepeceueHus. [IpeoGpa3zyem nepeoe
ypaBHeHue. Pa3zjokum cKoOKY Ha MHOMXKMTeNM, 3alucas ee B
Bujge y2 — (x + 1)y + (3x — 6) u paccmarpuBasi KaK KBaJpaTHBII
TpexuwieH OTHOCUTeNbHO nepemenHoit yv. [1o popmyne

1
yi2=5(x+1£/x +2x + 1-12x +24)

1 1
-— 2 — -—
_2(x+1+\:’.r 1ﬂx+25)_2(x+1+(x 5))
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HaiileM ero KOpHM x —2 M 3 M 3alMIIeM pa3/iokeHHe TpexuieHa
Ha  MHOXuTeIM: y? —xy+3x—y—6=(y—(x-2))(y-3)
Tenepb NMepBoe ypaBHeHMe MOXKHO 3alMCaTh B PABHOCHJILHOM BUJIE

-— ] = _2'
l[(y—(x—Z))[y—:%):U.ﬁ il
x=-2 X ==2

Otcioga Buaum (puc.1.7), uTo ypaBHeHMe MMeeT COCTABHOIA
rpadmk I': 9TO KYCKM MNpAMBIXY =x—2, ¥y =3, x = —2 B nojnoce
—2<x<6b.

[lpamas L: x+y—a=0 & X+ y = a OTCeKaeT OTPe3KH
BeJIMUMHOI a Ha 00euX ocsix KoopauHart. [lpu BospacTtaHuu a oT
—co 10 40 OHa NapajuleflbHO CJBUraeTcs BBepX (M BIIPaBO).
Haxopsick Hioke Touku A = (—2; —4) ¥ npoxojg uepe3 Hee, OHAa

/\/
T a \ NN

Puc.1.7
nepecekaeT rpadmk I' B 0J1HOI TouKe (MepecekaeT TOMbKO MPSIMYIO
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x = =2) . 3HaueHMe a, NMpPU KOTOPOM MpsAMasi MPOXOLMT uepes
TOUKY A, Haifmem M3 ycaopuss A€l: -2+ (-4)=a = a=-6.
Jllanee po ToukM B =(—2;3) BKIOYUTENbHO MpsAMas L

nepecekaer I' B JOBYX ToOuKax (MmepecekaeTr npaMble x =-—2 ¥
y =x —2). Yepes Touky B npsamasi L npoxomurt npu a = -2+ 3 = 1.
Hanee no ToukM C = (5;3) UMeTCHd TpU MNepeceueHUd (CO BCeMH
Tpems npsaMbiMu). Yepes Touky € npsamasi L TPoOxXoauT rpu
a =5 + 3 = 8. [Ipoxona yepes Touky C, oHa nepecexkaeT rpapuk I' B
OBYX pasMMuHbIX TOUKAX (B TOUKE MmepecevyeHus C MpsamMoii x = =2
U B TOUKe MepeceueHus NpsaMbIX y = x — 2, y = 3). Jlajiee 10 TOUKH
D = (6;3) UMeIoTCA TPH MepeceueHms (Co BceMM TpeMs NMpPAMbIMH).
Yepes Touky D npamas L npoxoguT npua=6+3 =9. I[lpoxona
yepes TOUKy D M Jganee Ao Touku E = (6;4), oHa nepeceKaeT
rpaduk I' B ABYX pas/lMuHBIX TOUKax (repecekaeT INMpsiMble x = —2
My =x-—2). Yepes Touky E npsimasi L MpoOXoauT NMpMa = 6 + 4 = 10.
[Ipoxoad yepes Touky E M Janee oHa nepecekaeT I' B OJHOI TouKe
(nmepecekaeT MNpamMyw x = —2).

Buaum, uTo poBHO JiBa MepeceyeHUss MMeT MeCcTo [IpH
—-6<a<l,a=89<a<10.

OTBeT: -6 <a<1,a=89<a<10.

5.3.12
HaiiguTe BCce 3HAUEHMS MapaMeTpa a, MPU KaXKIOM M3 KOTOPBIX
cHCTEMa ypaBHeHM
(y2-xy-Ty+4x+120W/x+3 24
T ’
a=x+y
MMeeT eIMHCTBeHHOe pellieHue.
Pemenne.
bynem pewars rpaduueckn. PemeHusMM (x;y) CHUCTEMBbI
ABNAIOTCA TOUKM nepeceueHus rpadmka I' mepBoro ypaBHeHMs C
npsAMoii x + v = a. TpeGyeTcas HaliTM 3HaueHMs a, MPM KOTOPLIX
MMeeTCH eJMHCTBEHHOE IepeceueHme. [IpeoGpasyem nepeoe
YPaBEHeEHHE. Pasznoxum CKDﬁK‘}F Ha MHOXMWTeNIM, 3allMCaB €€ B
Buge y2 — (x + 7)y + (4x + 12) u paccmaTpuBasi KakK KBaJpaTHbIi
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TpexuwieH OTHOCUTe/IbHO nepeMeHHoii y. [To dopmyne
Yo =2(x+7 +VxZ+ 1x + 49 — 16x — 48) =

%(x+?i m =§(x+?i(x—1))
HﬂﬁﬂEM ero KopHd x + 3 ¥ 4 M 3anuuem pazioxeHHe TpexujieHa
Ha MHOKHMTEIM
yi—xy—-Ty+4x+12=(y—(x+3))(y — 4).
Teneph Mnepeoe ypaBHeHMe MOMXHO 3allMCaTh B PABHOCHMJIBHOM BH e

y<7, el
— 3,

0=+ o-=0"|PTI]
L= x = —4,

Orciona BMAMM (puc.1.8), uTO YypaBHeHUMEe HMeeT COCTaBHOM
rpadpuk I': 3TO KycKM mpsMbIXx y=x+3, y=4, x = —4 Byrie
x=-4 y<7.

[Ipamas L: x + y = a oTceKaeT OTpe3KM BelIMUMHOIM a Ha 00eux
ocax KoopauHar. IIpu Bo3pacTaHMM a OT —oo 0 +00 OHA
napasjaienbHoO cIBUraeTcs Beepx (1 srnpapo). Haxosice HIDKe TOUKH
A =(—4; —1) u npoxoas uepes Hee, OHa nepecekaeT rpapuk I' B
OJIHOI TOUKe (MepeceKaeT TOJbKO MpAMYIo x = —4). 3HaueHue a,
MpM KOTOPOM MpsaAMasg I[POXOAUT uepes TOUKy A, Haiiiem u3

Puc.1.8
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yoloua A€Ll: -4+ (—-1)=a = a= -5 Jlanee 1m0 TOUKH
B =(1;4) npamasa L nepecekaer I' B [OBYX WIM Tpex ToYKax
(nepecekaeT OBE MAM TPM IpPSAMbIE M3 COBOKYIIHOCTHM Yy =x+
3, y=4,x=-—4). [lpoxons uepes TOUKyY B npMa=1+4 =5,
oHa nepecekaeT I’ B oaHOIi Touke (B KOTOpOii MepeceKaloTcs
npsaMmele y=x+3 u y=4). Jlanee 10 ToukM C = (4; 7) UMeKOTCH
IBa rnepeceueHus (C MpAMbIMKU Yy = x + 3 uy = 4). [Ipoxojs uepes
TOUKY ¢ npu a=44+7=11 H nanee npamas
L nepecekaer rpaduk [' B OIHOM TOUKe (MepeceKaeT MpaMyto y = 4) .

Buaum, uTO POBHO OJHO I[epeceueHue MMeeT MeCcTo IpH
a<-ha=5a>11.

OTBeT: a <-5,a=5,a211.

5.3.13
Haiigure Bce 3HaueHMs NapameTpa a, TP KaKI0M M3 KOTOPBIX
cUcTeMa YpaBHeHU
R gy =gy d gt |
[ y=a(x-=1)
umeeT DoJiee IBYX peleHuii.
Pemenue.
Bynem pemats rpadguuecku. PemeHusamu (x;y) cUCTeMbl
ABAAKTCHA TOUKM [epeceueHmns
rpapuka T mnepBoro ypaBHeHMss ¢ npamoit L: y = a(x —1).
TpebyeTcs HaiTH 3HaUeHMSA a, IPU KOTOPLIX MMeeTcs Oonee IBYX

nepeceveHuii.
[lepsoe ypaBHeHMe PABHOCHJIBHO COBOKYITHOCTH
il Sy L < x+y? <1,
[2x—2y—2=—x2—y2+1, {x2+2x+y2—2}r=3,
e R - = x2+y?>1,
[2x—2y—2=x2+y2—1 [xz—2x+y2+2y=—1
x*+y?<l, { x?+y? <1,
[x2+2x+1+y2-2y+1=3+2, (x+1)2+(y—-1)2=5,

I x2+y?>1, ﬁ{ x2+y?2 21,
(x

x*—2x+1+y*+2y+1=-1+2 ~1)2+ (¥ +1)2=1
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Ero rpadpuk I' (pmc.1.9) cocTOMT M3 KyCKa OKPYKHOCTH C, paauyca
V5 ¢ uentpoMm (=1; 1) BHYTpM OKpYyKHOCTM C, paamyca 1 c
LIEHTPOM B Hauajle KOOPAMHAT M KycKa OKpYXHOCTH C; paguyca 1 ¢
HeHTPOM (1; —1) BHe OKPYXHOCTH C,. Bce TpH OKpPYKHOCTH
nepecexkalTcs B TOUKaX

A=(1;00uB=(0; —-1).

[Ipamasa L umeeT yriaoBoii KoaQ@uUMEHT a ¥ NPOoXoJuUT uepes
Touky A. [Ilpu Bo3pacTaHMM 3HaueHMs a OT —oo O +00 OHA
MOBOPAUMBAETCA TPOTHB YACOBOJ CTPeIKM OT TONOXKEHMS TOf|
yriom —’—; K ocu abcuucc 10 NoJoKeHUs Mo YI/IoM %

—pmm—==—=B

(L,-1)

Puc. 1.9
[Ipu —w0 < a < 0 npamas L nepecekaer rpadguk I' B IByX TOUKax
(B TOUKEe A M B TOUKE MPaBOif MOMYOKPYKHOCTH (5 ).
[Ipy 0<sa<1 , Korga npamas IlOBOpauMBaeTcs OT
TOPM3OHTAIBHOTO TIOJIOXKEHUS (a=0) BKINUATEJIBHO OO
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nonoxkenust AB (a = tg 45° = 1) npamas nepecekaetr rpaduk I B
OJTHOJ TOuKe A.

[Ippa =1 B nonoxeHuu AB npsamas nepecekaeT rpagukK B
IBYX TOUKaxX A u B.

[lopopauMBasicb [ajabllle [0 MOJOKEHMS KacaTeJbHOH K
OKPYXHOCTH C; B TOUKe A, Npamas TepecekaeT [ B Tpex TOUKax
(Touka A 1 ellle Mo OAHOM TOUKe Ha C; U C;). Hailimem 3HaueHue a,
MpM KOTOpoM MNpsMas L Kacaercd OKpyKHocTM C;. B Touke
KacaHufl A yr/1oBoif KoadpUIMeHT a npaMoii L JomKeH paBHATHCA
3HaueHu MnpousBogHoi y'(1) ¢yHkuMM y = y(x), rpadpuxom
KOTOPOI CHYVKMT HMIKHSS TIOJYOKPYKHOCTE C;. M3 ypaBHeHud
(x+1)2+(y—-1)2=5 HaxomuM y=1+./5-(x+1)2, u  miq

HUJKHEHN TOTYOKPY)KHOCTH BbIOMpaeM yix)=1—-/5-(x+1)%

' - x+1 ’ s sy =
CnefoparesibHo, y'(x) = et ¥'(1) = 2. 3HaumuT, a = y'(1) = 2.

Jlenaem BBIBOJ: NP 1 < a < 2 UMEIOT MeCTO TPU NepeceueHus.
[Ipn 2 < a < +oo npamast L nepecekaeT rpapuk I' B ABYX TOUKax (B
TOUKe A M B TOUKE JIeBOI NTOJIYOKPYKHOCTH ().

bBonee 1pyx nepeceueHuit (Tpu) noayuaerca npu 1 < a < 2.

OTBeT: 1 <a<?2.

53.14
Haiigure Bce 3HaueHMs a, IPM KaXKIOM M3 KOTOPBIX CMCTEMaA
ypaBHeH Mt
[ﬂ + 20x + y? =20y + 75 = |x? + y? = 25|,
X=y=a
umeeT OoJee OOHOTO pellleHM .
Pemenue.

bymem pemats rpaduuecku. PeweHmaMM (x;y) CHUCTEMbI
ABNSAIOTCA TOUKM MMepeceueHus rpapmka I' mepBoro ypaBHeHMs C
npsamoit L: x —y=a & y = x —a. Tpebyercas HajiTH 3HaueHMd a,
MPU KOTOPBIX MMeeTcd Oofee 0JIHOro nepecevyeHus.

[lepBoe ypaBHeHMe paBHOCH/IBHO COBOKYITHOCTH
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[ x? +y? <125,
[x2+2(]x+}=2—2[l_}f+?5=-x2-y2+25, -
x* 4+ y? =125,
! [x2+2{lx+y2-2(}y+?5 =x2+y2-25
[ x? +y? < 25, x? + y? < 25,
Ix2 + 10x+y? = 10y = =25, - {x2 + 10x+y? — 10y = =25, -
{xz + y? = 25, [x2 + y? = 25,
! xX—-y=-=5 x—y=-=5
[ x? +y? < 25, x? +y? < 25,
Ix2+1{lx+25+y2—1[}y=ﬂ, {(x+5)2+(y—5)2=25,
[.1'2 +y% = 25, Ixz +y? = 25,
y=x+5 y=x+5.

Ero rpadpuk I' (puc.1.10) cocToMT M3 KycKa OKpYXHOCTH C,
paauyca 5 ¢ HeHTpoM (—5; 5) BHYTPH OKPYXHOCTH C, paauyca 5 ¢
LIEHTPOM B Hauaje KOOpAMHAT M JBYX KYCKOB mpsmoity =x +5
BHE OKpPYKHOCTHM C, . O0e OKpPYXKHOCTM M Ipgmas v =x+5
nepecexkawTcs B Toukax A = (=5;0)u B = (0; 5).

Puc.1.10

[lpamast L @ y=x—a uMeeT YyIIOBOi KoapduumeHt 1
(HaKJIoHeHa K ocu abcumcce noxg yriaom 45°, tg45° = 1) M NpoxoauT
yepes ToUuky (a; 0). I[Ipu Bo3pacTaHMM 3HaUYeHWUS a OT —oo JI0 40

33



B. T'. A6agpaxmaHOB. «3amaud ¢ mapameTpoM U HectaHgapTHble 3amaun EI'D 2019, 2020. [Tocobue mist abUTyprueHTOB»

OHa Napa/ule/ibHO CIBUTaeTcs BIpPaBo.

[Ipn —w0 < a < =5 npamas L He nepecekaeT rpaduk I

[Ipa = —5 oHa coBnajgaer c¢ npsamoi AB:y = x + 5, Tak 4To
HMeeT ¢ rpagukom I OGecKoHeuHOe MHOMXECTBO TOUEK
nepeceueHus: 3TO KYCKM NpsaMoii AB HIoKe TOUKM A 1 Bblllle TOUKH
B. [Ipu manbHejilem Bo3pacTaHUM a NpsAMast L 10 MoloKeHH
KacaTeJabHO K OKPYXHOCTH C; nepecekaeT I’ B JBYX TOUKax
(nepecekaet C,). Haiinem 3HaueHue a, Npu KOTOPOM MPOUCKXOIUT
KacaHue B TouKe K, TO eCcTh OKPYXHOCTBH C; M mnpamas L uMerT
e/IMHCTBEeHHYI0 00lIYI0 TOUKY. ITO MMeeT MeCTO, KOrja cucTema
VpaBHEeHMIi

“x+5f+(y—®?=2& (1)
y=x-a
uMeeT eJMHCTBeHHoe pellleHne (x;y). lloacTaBuep y =x —a B
Mepeoe ypapHeHMe, Iojyuaem KeaJipaTHOe ypaBHeHHe
2x? = 2ax +(a+5)* =0.

Ero puckpumuHaHtT D = —4a’ —80a—200 pasen 0 npwm
a=-10+5V2. BoiOupaem  3HaueHme, Oonbllee —5: 3To
a =52 — 10. Ipu 9TOM 3HAUeHMM KBafipaTHOE ypaBHEHMe UMeeT
eIMHCTBeHHBII KOpeHb x, a cucTeMa (1) - eIMHCTBEHHOE pelleHne
(x; y). UTak, KacaHue poMcXoauT npu a = 5v2 — 10. 3Haumr,

npu =5 < a < 5v2 — 10 npsamas L nepecexkaeT I B IBYX TOYKAX,

npu a = 5v2 — 10 uMeeM olHO NepeceuyeHue (KacaHue),

npu 5vZ — 10 < a < 4o HeT nepeceueHmit.

Bosee ofiHoro penenms nojyyaetcs npu —5 < a < 5v2 — 10.

OTtBer: —5 < a < 5v2 - 10.

5.3.15
Haitigure Bce 3HaueHMd a, TPM KaXKIOM M3 KOTOPBIX CHUCTEMa
ypaBHeHUId
x2—8x+y?+4y+15=4|2x —y - 10|,
{ x+2y=a
umeeT OoJiee IBYX pelleHHii.
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Pemenne.

Bymem pewath rpadguuecku. PeweHuaMM (x;y) CHUCTEMbI
ABASIOTCA TOUKM MepecedyeHus: rpaguka I’ nmepBoro ypasHeHMs C
npaMoi L:x+2y=aey= —%(x —a). TpeGyerca  HaiiTu
3HAUYeHMs a, MPH KOTOPBIX MMeeTcs DoJlee IBYX MepeceueHMI.

[lepBoe ypaBHeHMe paBHOCHJILHO COBOKYITHOCTH

2x-y=-10<0,
{x2—8x+y2+4y+ 15 = —8x + 4y + 40,
2x—y—1020, bl
{x2—8x+y2+4y+ 15=8x—4y—40
y > 2x - 10,
{Jlt'2+_‘1.a*2 =25
y=<ix-10,
[x2—16x+y2+8y=—55
y > 2x - 10,
[x2+y2 = 25,
y = 2x —10,
{xz— 16x + 64 + y> + 8y + 16 = =55 + 80
y > 2x - 10,
Ix2+y2 = 25,
y<2x-10,
{{x - 8)2+ (y+ 4)? = 25.

Ero rpagpuk I' (puc.1.11) cocTOMT M3 KycKa OKPYXHOCTH C,
paaMyca 5 ¢ eHTpPOM B Hauajle KOOpAMHAT PacroioXeHHOro Bhillle
npamoii y = 2x — 10, M KycKa OKpyKHOCTH C, paguyca 5 ¢ LeHTpoM
(8; —4), pacriooKeHHOTO HMXKe TpaMoi y = 2x — 10.

Haitpem ToukM nepeceveHms oKpy:KHocTed C; M C,, pelliuB /14
ITOT0 CUCTEMY

x?4y? = 25, gy =25,
l(x-ﬂ}z +(y+4)?= 25.‘: Lz — 16x + y? 4+ 8y = —=55.
BeluMTasg U3 nepporo ypaBHeHUs BTOpoe, Moayuum 1é6x — 8y = 80
& y=2x —10. 3To 03HAayaeT, UTO Kak7as TOUKa MepeceueHus
JNEeXKUT Ha npaMoit y = 2x — 10. TIpogo/kuM pelaTh CUCTEMY:
x4+ (2x—-10)>=25, orcoga x =3 u x=5. COOTBETCTBEHHO
y=—4u y=0. llonyuunu Touku TmnepeceueHus E = (3; —4) u

=
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Puc.1.11 ~ e =

[Ipsamas L: y = —%(x — @) npoxogut duepe3 TOUKy (a; 0). I1pu
BO3pacTaHMKM 3HAUEeHMI a OT —oo JI0 +oo OHa Iapale/ibHO
casuraercs Brpaso. [Ipu a = 0 oHa NPoXoAUT uepes LEeHTPbl 00eux
OKPYKHOCTe: KOOPAMHATHI Touek (0; 0) wu (8; —4)
VIOBJIETBOPSAIOT  YPaBHEHMWIO y=—%x. A Tak Kak paamychbl
OKpYKHOCTeli OfMHaKoBbl, To TmpsaMass [ Kacaerca obeux
OKPYJKHOCTEH TOJIbKO OIHOBPEMEHHO - MpPM OJHMX M TeX XKe
3HaueHMaX a. Haiigem »TH 3Hauenus. Hcnonbsyem s 3Toro
ypaBHeHHe OKpYKHOCTH C;. [Ipsimad L Kacaercs C;, Korja cucteMa
{y =—>(x-a)

"MMeeT elIMHCTBeHHoe pelieHue. IIOJICTABUB y BO
xi4+y? =25
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BTOpPOE ypaBHeHHe, MOAyUMM KBaJpaTHOe ypaBHeHMe 5x? — 2ax +
a?—100 = 0. Ero #aMckpMMMHaHT D = —16a®+ 2000 =0 npu
a = +5\/5. TIpu 3TMX 3HAUEHMSAX a KBAJPATHOE YpaBHEHWE MMeeT
eIMHCTBeHHbIN KOpPeHb x M MOTOMY CHMCTEMA MMEET eIMHCTBeHHOE
pemenue (x;y).  Wrak, npu a = —5v/5 npsamast L npoxoauT yepes
TOUKM Kacaums Au B, a npu a = 5V5 uepes Touku Kacauus Cu D
(KOOpAMHATBI TOUEK KACAHMA HAM HE HYKHBI).

Haiigem eile sHaueHMs a, TpM KOTOPBIX TpsAMas L MPOXOOUT
yepes TOUKME M F.
B Touke E = (3; —4) wuMeeM paBeHCTBO —4 = —%(3 —-a), M3
KOTOPOIO MnojayyaemM a = —5.
B Touke F = (5; 0) oueBMAHO a = 5.

W3 pucyHka Bugum, uto npu a < —5vV5 u a > 5v/5 npamas L He
nepecekaer rpadpuk I, mpua = +5/5, a Takke npu-5<a<5
nepecexkaer B JIBYX Toukax. [Ipu Bce ocTaJbHBIX 3HAUeHUSAX a, TO
ecth pu —5V5 < a < —5u 5 < a < 5v/5 UMeloTCH YeTbIpe WM TpU
nepeceyeHmns.

OrBeT: —5V5<a<-5u 5<a<5/5.

5.3.16

Haitnure Bce 3HaueHus a, [MIpH Kaxdx oM M3 KOTOpPBIX CHUCTeMa

ypaBHeHMIA
x2+5x+y?—y—|x=5y+5| =52
I y—2=a(x —5)

MMeeT POBHO [Ba pelleHns.

Pemenmne.

Bymem pewath rpadmuuecku. PeweHusaMu (x;y) CHUCTEMbI
SABJISIOTCS TOUKM IepeceueHus rpapmka I' nmepBoro ypaBHeHMSs C
npsamoii L: y — 2 = a(x —5). TpeOGyerca HaiiTH 3HaueHus a, Npu
KOTOPbLIX UMEETCH POBHO [Ba lNepeceueHun .

[lepBoe ypaBHeHMe PaBHOCHJILHO COBOKYITHOCTH
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1
[ x=5y+5<0, { y><(x+5),
x2+5x+y?—y+x-5y+5=52 x? + 6x +y? — 6y = 47,
— = 1
T L y<3(x+5),
2 B — £ —
X“+5x+y*=y=-x+5y-5=52 e
[ y::%(x-i-E].
xX2+6x +9+y?—6y+9 =47 + 18,
1
{ ySz(x+5),
XX +4x+4+y*+4y+4=57+8

{ y >z (x+5),
(x+3)*+ (y—3)* =65,

[ y<z(x+5),

(x+2)2+ (y+2)* =65.
Ero rpaguk I' (puc.1.12) coCTOMT M3 KYyCKa OKPYKHOCTH C, paguyca
V65 ¢ ueHTpom (—3; 3), pACMONOKEHHOro Bbillle MpPSIMOit
y= %(x +5), ¥ KycKa OKpyXHocTH C, paamyca +65 ¢ 1eHTpom
(=2; —2), pacnoNnoXeHHOTo HMXKe IpAMoil y :g(x + 5). Haitnem
TOUKM TepeceueHusi OKpyxHocTei C, M C,, pelliMB g 3TOro
(x+3)2+(y—-3)?=65 x2+6x + y? — 6y = 47,
(x+2)2+(}'+2)2=55ﬁ x?+4x +y?+4y =57
BbluMTass M3 mepeoro ypaBHeHMsi BTopoe, MoayuuMm 2x — 10y =
=10 & y= ;(x 4+5) . 3ITO 03Hauaer, uUTO Kaxaas Touka

CUCTEMY {

nepeceueHus JeXKUT Ha NTPAMOi y = %(x + 5). [Ipogomkum pelatb
CUCTEMY: Xx2+6x + ﬁ{x +5)% - g(x +5)=47, orciofa x =—10 u
x = 5. CoorBeTcTBeHHO y=-1 M y=2 . [lloayuunu TOUKH
nepeceueHus A = (-10; —=1) u B = (5; 2).

[lpamass L: y—2=a(x—5) ¢ YyrJioBbiM KoaduiueHTom a
NpoxXoauT uepes Touky (5; 2). [Ipm Bo3pacTaHmM 3HAUEHMSA a OT —o0
o +co OHa MOBOPAUMBAETCA TIPOTUB YACOBOH CTPENKM BOKPYT
TOUKM (5; 2) OT MonoXKeHMs1 TOH YIJIOM —g K ocu abciuucc [0

n
MOJIKEHHMA 1100 YVIVIOM i Bo Bcex cBOMX IONOMKEHMSX OT
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Puc.1.12

MOJIOJKeHN KacaTeJlbHOM K HWKHell OKpykHocTH €,  JI0
MNoJoKeHUs T KacaTelbHOH K EE[}XHEﬁ OKPYXKHOCTH ﬂ'l OH4a
nepecekaer rpaguMk I' B ABYX TOUKax, a BO BCeX OCTaJbHbIX
MOJIOKeHUAX — B TPeX TOUKaXx.

HHﬁﬂEM JHaAYeHHMA a, IMPpM KOTOPBIX [MPOHCXOOAT KaCaHHA
OKpyKHocTeil. KacaTenbHas K OKpyXHocTM C, B TOuke B
nepreHaAMKyAspHA K paauycy 0,B, MoaTomMy yriioeoi Koadgduument
a KacaTe/lbHOM y=2=a(x-5) no YCIOBHIO
neprneHauKyJIsgapHOCTH ;JHBE'H—%, rjae k — yraopoit Koadpduument

npsiMoit 0,F (yc/lIOBMEM MeprneHIuKY/Isa pHOCTH MPSIMBIX C
yIJIoBbIMM  Koa(pduimenTamMM k; Wk, 9BISeTCHd  PaBeHCTBO

ki -k, = =1). [lyctb npsamas 0,8 umeeT ypaBHeHMe y = kx + b.
[logcTaBuB B Hero KoopJAMHATBI Touek O, =(-2; -2) WM
-2=-2k + b,
B = (5; 2), nomyyaeM CUCTeMY I 2 =5k +b, U3 KOTOPO#
4 7
HaxoaMMm k = = 3HauuT, a = —3 TaK uTO mpsmas L:y-2=
a(x — 5) KacaeTcst HIXKHel OKPY)KHOCTH C, IPU a = —

4
AHANOTMUHO /I OKPYXKHOCTH C; ¢ LIeHTpom 0, = (=3; 3) u3
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3=-3k+b,
2=5k+0b
npamoit 0yB. 3HauuT, a = 8, Tak uTO HmpaAMas L: y —2 = a(x —5)
KacaeTcsl BepxHeif OKpyKHoCTH C, ipu a = 8,

Hrak, npsimast L mnepecekaer rpaguk I' poBHO B BYX TOUKaX

7
npu —ZEaEB.

1

CHCTEMBI { HaXOIMM VYIJIOBOI Ko3(puiMeHT k = =

r
OTBeT: —EEHEB.

5.3.17

Hajigure Bce 3HaUeHMS a, MPU KaXKIOM M3 KOTOPBIX CHCTEMA

Iyz—x—2= [x? — x = 2],
xX—-y=a

umeeT DoJiee IBYX pelleHuii.

Pemenmne.

bymem pemath rpaduuecku. PemeHusamu (x;y) cHUCTEMBbI
ABIAIOTCA TOUKM mepecedueHus rpaduka I' mepBoro ypaBHeHMs C
npsaMoii L: x —y =a & y = x —a. Tpebyerca HaiiTu 3HaueHMS a,
MpM KOTOPbIX MMeeTcs Dosee IBYX MepeceueHMil.
KsampaTHblii TpexwieH x°— x— 2 MMeeT KODHU x = —1M x = 2,
TAK 4TO x> —x—2<0 nmpu —-1<x<2 u x*2—=x—-2=0 npu
x=-1wu x=2. llosromy mneppoe ypaBHeHMEe PaBHOCHJIbHO
COBOKYIHOCTH

[ -1<x<2, I -1<x<2
yl—x—2=—x%4x+42, x2—2x+y? =4,
r=-1, = x<—1, =
I x=2, leZ,
yi—x—-2=x*—x-2 | g
{ -1<x<2, I -1<x<2,
x2=2x+1+y*=4+1, (x—1)*+y?=5,
[xi:—l, & [xﬂ—l,
122, IEZI
y=—x' =—x'
y=X | [y=x

Ero rpaduk I' (puc.1.13) cOCTOMT M3 JBYX KYCKOB OKPYXHOCTH
paguyca V5 ¢ weHtpom (1; 0), pacrnojioXeHHbIX B I0JlOCE
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—1 <x < 2, M KYCKOB IpPSAAMBIX y = —X U ¥ = X, PACIIOJIO}KEHHBIX B
MOJYIUVIOCKOCTAX x < —1 M x =2 2. Ilpamas x = —1 nepecexaer
OKpYXHOCTh B TOYKax A= (-1;1) u B=(-1;-1), a mnpamasa
x=2— B TouKax C=(2;2) u D=(2;-2) . Ilpamaa y=—x
MPOXOAuT uyepes TOUKM A M D, a npamad y = x — uepes TOUKM B u
C. llpamas L: y = x — a napauie/ibHa TIPAMOI y = x M TIPOXOJMT
yepes TOuky (a;0). IIpum Bo3pacTaHuM 3HAYEHMS a OT —oo [0 +
OHa NMapauleNlbHO CJIBUraeTcd BIPaBo.

Haxomsch neBee mnojnokKeHMsI KacaTeJlbHOH K OKPYKHOCTH,
npamas L nepecekaet rpaduk I B 01HOM TOUKe (MmepecekaeT KyCOK
npamoit y = —x). Hajimem 3sHaueHue a, TpM KOTOPOM MPOMCXOJUT

KacaHue, TO ecThb mnpaMasi L U OKPYKHOCTb MMEIOT OIHY oOIIYIO
y=x-a,

(x=1)+y?=5
MMeeT eaMHCTBeHHoe peumeHue (x;y). [logcraBuB y BO BTOpoe
ypaBHeHMe, MOAYUMM KBajpaTHoe ypaBHeHue 2x? —2(a+ 1)x +
a’?—4=0. OHO wMMeeT eOUHCTBEHHBbII KOpeHb X, KOrjJa

TOUKY. JTO O3HauaeT, uUToO CHcTeMa }F]]aBHEHHﬁ{

JOUCKPUMMHAHT D=—-4a’+8a+36=0, a MMEHHO npH

a=1-+v10 4| a=1++10 . [Ip  9TMX 3HaAUEeHMSIX a
y=x-a,

cucTEMaA {(x — 12 $y2 =5 uMeeT eJMHCTBeHHoe peuieHue (x;y),

MPOMCXOAUT KacaHue. JIeByio MOMYOKPYKHOCTb NMpsiMasi L KacaeTcs
Mpy MeHblIeM 3HaueHuu a = 1 —+/10, a npaByio MOMYOKPYKHOCTh
npu a =1++10. Hrak, npu a < 1 —+10 npsMas L nepecexaer
rpadguk I' B 01HO# TOUKe.

Mpn a = 1 — V10 uMeeM JiBe TOUKM MepeceueHus: qo0asaseTcs
TOuKa KacaHus. IlepeMeniasich OT IONOXKEHWUS KacaTelbHOI 10
TOukM A, npsamas L nepecekaer rpapuk I’ B Tpex TouKax
(mepecexkaeT KYCOK IIPSMOil ¥y = —x M JIBa pa3a KYCOK OKPYXHOCTH).
Hajimem 3HaueHMe a, NMpPM KOTOPOM MpsiMasi L NMPOXOOMT uepes
TOUKY A: MOJACTABMB KOOPAMHATHI TOUKM A B YypaBHeHMe NpsAMoii L,
nonyyim l=-1-a =2a=-2(-2>1- V10). Hrak, Tpu
1 =10 < a < —2 umeeM TPy nepeceueHusl.
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[IpM a = -2 umMeeM [Be TOUKM MepeceueHuss (C KYCKOM
OKpyxHocTH). Ilepememiasice OT TOUKM A fanee 10 TOMOKEHUS

Puc.1.13

BC (y =x), rnea =0, npsmas L nepecekaer rpapmuk I' B ofHOI
TOUKe (Ha KyCKe OKPYKHOCTH): nmpu -2 < a <0 uUMeeM OJHO
repeceuveHue.

[Ipu a = 0 npsamas L copnajgaer ¢ NpsAMoi y = x, U TOUKAMM
rnepeceyeHMs ﬂ]JHMEIﬁ Lc I'])ﬁlilHKUM ' ABIAIOTCA BCE TOUKH
npaMoit y = x BHe WuHTepBana (BC). CnepmoBaTelbHO, HMeeM
OeckoHeUHOe MHOXKEeCTBO TouekK nepeceuenus. [lepemeniasco nanee
no Touku D BKAWUMTENbHO, Npamas L nepecekaer rpaguk I' B
OJIHOM TOuKe (Ha KycKe oKpy:xKHocTu). Halimem 3HaueHme a, Impu
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KOTOpOM mpamasi L NpoxoauT uepes ToOuky D : MOICTABMB
KOOPAUHATHI TOUKM [ B ypaBHeHKHe NpAMOIi L, Moayuum
—2=2-a =a=4 (Tak Kak 4 <1410, To Touka D
pacnojioykeHa JieBee KacaTeJbHOM K MpaBoil MOJVOKPYXKHOCTH).
[Ipn 0 < a < 4 umeeM OJJHO NepeceueHme (C KYCKOM OKPYXHOCTH).
[Ipu a > 4 ogHO nepeceuyeHme (C KYyCKOM Npsamoit y = —x).
Ilenaem BbIBOJA: Oojiee JBYX [epeceueHUin uMeeTcss IIpH
1-vVi0<a<-2ua=0.
OtBer: 1-V10<a<-2ua=0.

5.3.18
Hajinute BCce 3HaueHMs a, MPH KaKIOM M3 KOTOPBIX CHCTeMa
ypaBHeHMIA
{|x1m1|+2x—xz= ly? — 1| + 2y — »?,
x+y=a
umeeT OoJiee IBYX pelleHHii.

Pemenme.

Bynem pelaThb
rpadpuuecku. PemeHusmu
(x;y) cucTeMbl SABAAIOTCH
TOUKM nepeceuyeHus
rpaguka T nepeoro
YPaBHEHMS € IPAMOIi
L: x+y=a ®y=-x+a y
TpeGyeTcsa HaliTH 3HAUEHMUSA
a, MpM KOTOPBIX MMeeTcs
Oonee AByX nepeceueHmi. '

3aMeTHM, uTOo Puc.1.14
ypaBHeHHe umeeT
CUMMMETPHIO: eC/H (x,y) — ero peuieHue, To (y, x) TOXe sIBASAETCH
peleHnueM. Ha KoopAMHATHOH IJIOCKOCTH xy (puc.l.14) TOUKH
(x,¥) ¥ (v, x) cCMMMeTpMUYHBI OTHOCMTENbHO TIpAMoOi y = x. (B
NPAMOYTOABHOM paBHOOEIPEHHOM TPEeyro/lbHUKe € BepIIMHAMM
(x.,v), (».¥) u (y,x) oTpe3oK OMCCEKTPMCbI y =x SBJSIETCH

y x
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O/IHOBPEMEHHO BbICOTO M MegMaHOil M TMOTOMY IIpsMas y = x
MPOXOOUT yepes cepeiuHy OTpe3Ka [(x,¥), (v, )]
NeprHeHauKy/JIapHO K HEMY). CnemopatenbHo, rpajpuk T
CMMMeTPHUYeH OTHOCUTEIbHO MPAMOii y = x.

Beuay TOro, uro MMelOTCS ueThipe BapuaHTa pPacKpPbITHUS
moayneit, rpadguk I' Gyer cocToATh U3 4 KYCKOB, PACTIONOXEHHBIX B
yeTbipex o0aacTax Gy, G,, Gy, G4 KOOPAMHATHOM MJIOCKOCTH.

[x < -1,

e o o 3 Gi . i

1 Iyz 1 = y < - — 00BbEeJIMHEHHE YeThipex KpaMHWX
y>1

yriioB. B 2T0it o6nacTu ypaBHeHMe uMeeT B x2 — 142x — x? =
y2-1+42y—y? o y=x. 9T0 Kycku OMcceKTpuchl 1-ro M 3-ro
KBaJIPaHTOB BHe oTpe3Ka [FC].
(s, ~1lsxsl
* {y’f--_:l & I—li:r‘_-‘il
-2+ 14+2x—x2==y2+142y—-y? & Y2 —-xl?4+x-y=0 &

— LIeHTpaJIbHbIN KBajpar. 3[echb

=X,
(v=—x)y+x-1)=0« [y =}'_x +1. 3TO KpecT, CocTaB/IeHHbIi 13
oTpe3Ka [FC] npamoii y = x M u3 oTpe3Ka [AB] npamoii y = —x + 1.
s [x <=1,
Gy I 2 < 1’ = x>1, — o0benguHeHue JIBYX
7= -1<y<1
FOPM30HTA/IbHBIX MPOJO/DKEeHMIT LieHTpalbHOrO KBajipaTta. B aroii
obmactM x* - 142x—x*=—-y*+1+2y—-y* @ x=—-y*+y+1.
3T0 KycoK mnapabosibl ¢ BeTBAMM BJIeBO € BepLUMHON E = G: %).
npoxojsuei uepes Touku B u C.

o n ~1<x<1
Gy: [ 2; 1' = 1 [}" <=1, — obbeguHeHHe JIBYX
Y y>1

BEPTUKAJIBHBIX TPONO/DKeHMIT LIeHTpaJbHOrO KBajpaTta. B aToii
obnactn —x*+ 142x—x*=y?—-142y—-y* & y=—x*+x+1.
3T0 Kycok mapaGonbl ¢ BETBAMM BHM3 € BEpIIMHOI D = (%; i‘),

npoxoasaueii uyepes Touku A u C (3ra napabona cMMMETpPUYHA C
npeabiayei napadonoit OTHOCHTE/NIBHO MPAMOI x).
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Ha puc.1.15 rpajpuk I' uzobpakeH CIVIOMHBIMM JIMHUSIMM.
e

Puc.1.15

OTmeTHM, UTO B TOUKe IepeceveHus C rnapabonbl MMeoT o0y
KacaTenbHyl. B camom fiene, yrioBoii KoadpUIMEHT KacaTelbHOid
K mapaGoney = —x*+x+ 1B Touke C = (1;1) paBeH 3HAUEHMIO
npou3BogHoi y'(x) =—2x+ 1B Touke x=1: k=y'(1)=-1.
YpaBHeHMe KacaTe/lbHOI MOXHO HaifiTM B BMIe y = kx + b.V Hac
k=-1,x=1,y=1 TaKk uro umeem 1l=-1-14+b =2b=2.
IToaTomy KacaTe/lbHas MMeeT YypaBHeHMe y =-x+2 . OHa
neprneHgMKy/IsipHa  npsaMoit y=x (cornacHo  YCIOBMIO
nepreHAMKYJASPHOCTH: NpPoU3BeleHne YIJOBLIX KoddduumeHTOB
paBHo —1). B cuay cummeTpMuHOCTM mnapadon OTHOCHTENbHO
NpAMO¥i y=x 23Ta Xe nqpaMas y =-—x+ 2 ABIAeTCH
KacaTelbHOIt K mapaGone x = —y? + y + 1.

[lpamasa L: y=—-x+a NpoxoauT uepes TOuKy (a;0)
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napauie/lbHo npaMoil AB: y = —x 4+ 1 M KacaTelJlbHOM y = —x + 2.
[Ipu BO3pacTaHUM 3HAUEHUS a OT —oo [0 +co OHa Mapajule/IbHO
CIBHMraeTcs BIPaBo.

[To pMCYHKY BMIMM, UTO JIBUTAsICh BIIPaBO JI0 TMOJIOKeHUS AB,
oHa nepecekaeT rpadpuk I' B ofHOl TouKe (IepecekaeTr MPAMYIO
y = x). [Ipamasa AB npoxoauTt uepes Touky (1;0), Tak uto npsamas L
coBMajaer ¢ Heil mpu a=1. B 3arom nojdoxeHun npamas L
nepecekaer rpapuk I' B 0GECKOHEUHOM MHOXECTBE TOUeK (3TO
MHOKeCTBO TOUeK oTpesKa [AB]).

[Ipy 1< a <2 npamag L, HaxoOdach MeXOy INpsaAMoil AB M
KacaTe/bHOM, nepecekaeT rpaguk I' B Tpex Toukax (mepecexkaer
npaMyro y = x u 00e napabossr).

[Ipm a = 2, B noniokeHUH KacaTelbHOM M Jajbllle MMeeTCs OTHO
nepeceueHune.

3HauuT, Oosee ABYX nepecedeHuit MMeeM npu 1 < a < 2.

OrBeT: 1 <a <2

5.3.19
Hajinure BCce 3HauUeHMA a, IPM KaXKIOM M3 KOTOPBIX CHMCTEMA
ypaBHeHUId
x? + |x* —2x| = y* +|y? - 2y|,
{ xX+y=a
uMmeeT 0oJiee IBYX pelleHMil.

Pemenmne.

Bygem  pewarb  rpadmuecku. sy
PeleHMAMM (x:y) CHCTEMBI g
SIBJISIKOTCS TOUKH nepeceueHus 0:.x) /
rpapuka I' mepBoro ypaBHeHUS C \ _/
npamoit L: x+y=a ey=—x+a.
TpebGyeTcss HaiiTM 3HaueHust a, IpM
KOTOpeIX MMmeerTcs Oosnee  JIBYX £
nepecevyeHuii. T 3

3aMeTUM, UTO ypaBHeHHe MMeeT Puc.1.16

A ¥) (x.¥)

L
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cMMMeTpHIo: ecau (x,¥) — ero peiieHue, To (y, x) TOXe SBJISIETCS
peiieHeM. Ha KoopauHaTHOM NNOCKOCTH xy (puc.l.16) TOUKM
(x,%) 1 (v,x) cMMMeTpMUHBI OTHOCHMTeNbLHO mnpsaAmMoit y=x. (B
MPSIMOYTOJIbHOM paBHOOeIpeHHOM TpeyroibHMKe ¢ BepiiMHAMM
(x,v),(y,y)u(y,x) oTpe3oK OMCCEKTPMCbI y =x SBJISIeTCH
OJIHOBPEMEHHO BBICOTOM M MeJMaHOI M IMOTOMY IMpsiMasiy = x
MPOXOJUT yepes cepeauHy OoTpe3Ka [ ). (v. )]
NeprneHauKyIsipHO K HeMy). CnenoBaTelbHO, rpapuk T
CMMMeTpHUYeH OTHOCUMTE/bHO NIpAMOit y = x.

BBuay TOro, uTo MMEKTCS YETbIpe BapMaHTA PACKPBLITHSI
mopayneit, rpacduk I 6yer cocTosATh U3 4 KYCKOB, PACIONOKeHHBIX B
uyeTbipex oOsmactax G,,G,, G, G, KOOpAMHATHOI muockoctu. Ha
puc.1.17 rpaduk I u3o06paxkeH CIIOMIHBIMM JTMHUSAMHM. OTMETHM,
UTO B TOUKe nepeceveHus 0 napadosbl MMeIOT 001YI0

x <0,
- (x?=2x>0, > 2, -
1 Iyz Dy * 11y <0, ‘bEJMHEHUE UETbIpex
y>2
KpaitHuX yrioB. B aToit oGnactu ypaBHeHMe umeeT BUI x2+x? —
2x=yi+yi-2y & (x=-y)x+y-1)=0& [y:—_xx-;-l. . 310

KycKM OucceKTpuchbl 1-ro M 3-T0 KBaJpaHTOB BHE oTpe3ka [0C]u
KYCKM MpamMoit y = —x + 1 BHe oTpeska [AB].
i {xZ—ZxEU. {UExEE.
2 y2=2y<0 0=sy=s2
3nech x? — x* +2x =y’ —y?+2y & y=x. 310 0Tpe3oK [0C]
MpaMoi y = x.

0

x2=2x>0 -
: 5 > 2, -

GE {sz _ 2}" <0 = [ UﬁbEﬂHHEHHE JBYX

0O<sy=<2
FOPU3OHTAIBHBIX TIPOJIO/DKeHMI eHTPalbHOro KBajpaTta. B artoit
obmacth x?+x2—-2x=y?—y?+2y & y=2x%—x. ITO KyCOK

" 1 1
[A0] napaGonbl ¢ BeTBAMM BBepX ¢ BepUIMHOM (;:-;).

npoxopgauiei yepes Touky € = (2;2). npooo/skeHUi 1IeHTPaJbHOro
KBajpara. B oroit obmactu x*+x*—-2x=y*-y*+2y &

— LEeHTPaIbHBIN KBajpar.
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y=x2—x. 310 KycoK [A0] mapaGonbl ¢ BeTBIMM BBEpPX C
BePIIMHOMI G —f), npoxosuiei uepes Touky C = (2; 2).
0=x<2
2 s { —_ —
Gy: [xz A0y y<0, — oObeguHeHMe JBYX
yc=2y>0 y>2

BEPTUKAJBHBIX TMPOJIOJDKEHMWIT 1eHTpaJbHOrO KBajapaTa. B aToii
obmact x?— x?+2x=y?+y* -2y & x=y*—y. 3TO KycoK

- 11
[OB] mapabosibl ¢ BeTBAMM BIIpABO C BepUIMHOI [-;: E) y

npoxopsuleii uyepes Touky € (M CUMMETPMUHON| ¢ TMpeablayiLei
napabo/0ii OTHOCUTENBHO NIPAMOIL y = Xx).

Ha pwuc.1.17 rpapmk I' u3o0paxkeH CIVIOIWHBIMM JIMHUSMU.
OTmeTHM, UTO B TOUKe mepeceueHus 0 mapaboibl UMelOT 00LIYIO
Kacate/JbHylo. B camoM fiene, yrioBoi KoadduiimeHT KacaTe/lbHOM
K mapaGome y=x*—x B Touke O = (0;0) paBeH 3HAUEHMIO
npou3sBofHoif y'(x)=2x—-1 B Touke x=0: k=y'(0)=-1.
[loosromy KacaTelbHast MMeeT YypaBHeHMe y =-x . OHa
neprneHguKyJIsapHa npsaMoii y=x  (corjacHO YCIIOBHIO
NeprneHANKYISPHOCTH: TMPOM3BeJleHHMe YI/IOBbIX KO3(pULMEeHTOB
paBHO -—1). B cwiy cMMMeTpMUHOCTM Mapaboj OTHOCHMTEeIbHO
MpAMOIf y = x 3Ta Ke [paMasi y = —x SBJIIeTCSd KacaTelbHOi K
napaGone x = y? — y.

[Ipamass L: y=-x+a npoxoaut uepes Touky (a;0)
napamienbHo npsmoit AB:y=-x+1 M KacarelpHoii y = —x.
IIpu Bo3pacTaHUM 3HAUEHUS a OT —oo JI0 +00 OHA Mapajule/IbHO
CIIBUTaeTCs BIIPaBo.

[lo pMCYHKY BMAMM, UTO JABWrafgch BIIPaBO [0 TOJOXKEHUS
KacaTe/lIbHOM BKIIOUMTENbHO, OHA NepecekaeT rpaduk I' B ojiHOI
TOUKe ([epecekaeT IMpsaMylo y = x). KacaHue npomucxoaurt npu
a = 0, cnepoBaTenbHo, NpM a < 0 npsamas L nepecekaet rpaduk I' B
OJTHOM TOUKe.

[lepememiasice [fganee o monoxeHusa AB:y=—x+1, npu
KOTOpOM a = 1, oHa nepecekaeT [' B Tpex TouKax (IMepecekaeTr
npsamy y = x u obe mapabonsl). CnegopatenbHo, npul<a <1
UMeeM TPH NepeceueHusl.
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Puc. 1.17

B nonoxenuu AB npu a = 1 npsamas L nepecekaer rpadpuxk I' B
OecKOHeUHOM MHOXeCTBe TOYeK (3TO MHOXECTBO TOUeK MNpAMoii
y = —x+ 1 BHe uHTepeana (AB)).

[Ipua > 1 umeem ojiHO NepeceueHmne (¢ NPAMOi y = x).

Oteer: 0 <a<1.

5.3.20

Hajinure Bce 3HaueHMd a, MPM KaXKJOM M3 KOTOPBIX CUCTEMa
ypaBHeHMIt
|x# = 2x| —x% = |y* = 2y| =32,
[ x+y=a
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umeeT DoJiee IBYX pelieHMit.

Pemenne.

bygem pemats rpaduueckm.
PeluneHMsIMM (x;y) CUCTEMDBI ha)
SABJISIOTCS  TOUKM  MepeceueHmus ! /
rpapuka I' mepsoro ypaBHeHMs C /
npaMoit L:x+y=a ©y=-x+a. e
TpeGyeTcs HalTHM 3HAUeHMA a, IPpU Aon» "n._m
KOTOPBIX uMeeTca Oojiee [BYX / x
rnepecevueHuit. . ‘

3aMeTMM, UTO YypaBHeHMe Puc.1.18
MMeeT CMMMeTpuio: ecim (x,y) —
ero pemenne, TO (y,x) TOKe sABasgerca peleHneM. Ha
KOOPAMHATHON IIOCKOCTH xy (puc.1.18) Touku (x,y) u (v, x)
CMMMETPMUYHbI OTHOCHTE/IbHO MpsaMoit y = x. (B nmpsimoyroibHOM
paBHOOeIlpeHHOM TpeyroJbHUKe ¢ BepluMHaMu (x, y), (v, ¥) u (v, x)
OTpe30K OMCCeKTPMChbI y = x ABJSeTcd OOHOBPEMeHHO BbICOTONH M
MeUaHOi M TMoToMy IMpsaMasi y = x MPOXOJAMT uepes cepeanHy
orpe3ka [(x,v),(y,x)] neprneHIMKYIAPHO K HEMY).
CnepoBatensHo, rpapuk I CMMMETPMUEH  OTHOCHMTENIbLHO
npsaMoit y = x.

Beuay TOro, uto MMeIOTCA ueThipe BapMaHTa PacKpbITHUS
mogayaneit, rpaduk I GyaeT cocTosATh 13 4 KYCKOB, Paclo/io’KeHHBIX B
yeTbipex 00aacTiax Gy, G, Gz, Gy KOOPAMHATHOM IVIOCKOCTH.

x<0,
) 112—2?”’{}* - x> 2, o0beIMHEHME UeTbIpex
Yolyr-2y>0 y <0, § ’
p g

KpailHUX YI/IoB. B 3T0ii 0oGnacTi ypapHeHue umeeT BU x? — 2x —
x2=y?2=2y—y? e y=x. 210 KycKku GucceKkTpucol 1-ro u 3-ro
KBaJIpaHTOB BHe oTpe3Ka [0C].
i {x2—2x50, {USXEE._
Z y?r=-2y<o0 0<sy=s2
3mech —x?+2x—x?=—y?+2y—-y? e (y-x)y+x-1)=0&

HEeHTPATbHBIA  KBaJipar.
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[y A 1 JTO KpecT, COCTaBJ€HHbIi M3 oTpe3ka [0C] npsamoii
= x M M3 oTpe3Ka [AB] npsamoii y = —x + 1.
x<0
Ga: [xz PN >2, — o0beMHEeHWE [BYX
Y=l 0<y<2

rOPU3OHTAIBHBIX TTPOAO/IKeHHH LeHTpasbHOro KBaapara. B aToit
obnmactm x* —2x —x*=-y?*+2y—y? & x=y?—y. 3T0 KyCcOK

[A0] mapaGonbi ¢  BeTBAMM  BIpPaBO C  BepuMHON
(—i; %}, npoxojfuiei uepes Touky € = (2;2).
X —2x <0, Osxs2
T4t 5 y<y, — o0beiMHeHWe [ByX
y-=2y>0 y>2

BepPTHKAJbHBIX MPOJ0O/DKeHMIt lleHTpaibHOoro Keagparta. B aToii
obnacTu

- x2 4 2x — x?

=y?-2y-y? @ y=x?-nx.

1 1
310 KycoK [0B] napabonbl ¢ BeTBAMM BBEpPX C BepLIMHOMA ot
npoxoasiieii uvepes Touky C (3Ta napabona cMMMeTpMUHa C
npeablayuei napadonoit OTHOCHTEJIbHO NMPAMOIi y = x).

Ha puc.1.19 rpapmuk I' usoOpaykeH CIUIOMIHBIMM JIMHUSIMM.
OTMeTHM, UTO B TOUKe IepeceueHus O napabosbl UMeOT 0OLLYIO
KacaTe/lbHyl0. B camom fienie, yrioBoii KoagpuLMeHT KacaTelbHOM
K mapaGone y=x>—x B Touke O = (0;0) paBeH 3HaUEHWIO
npousBogHoi y'(x) = 2x — 1 B Touke x =0: k=y'(0) =-1.
[lootomy  KacaTeinbHas  MmeeT  ypaBHeHue y =-—x. OHa
neprneHauKy/IapHa npAMoit y=x  (coriaacHo YCIOBHIO
neprneHAMKYASIPHOCTH: MpoM3BeeHHe YIOBbIX KoahduiimeHToB
paBHo —1). B cuiny cummeTpuuHOCTH Mapabo/l OTHOCHTENbHO
MpAMOJi y = x 3Ta Xe MnpsaMas y = —x ABJIfSeTca KacareJabHOi K
napabone x = y? — y.

[Ipamass L: y=—x+a npoxogutr uepes Touky (a;0)
napajuielbHO TNpsAMoi AB:y=-x+1 M KacaTelbHOH y = —x.
[Ipu Bo3pacTaHMM 3HAUEHMS a OT —oo 10 +00 OHA MapaulesibHO
CIBMTaeTcs BIIPaBo.
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[lo pMCYHKY BMIMM, UTO [BMIasiCb BIIPABO JIO IMOJIOXKEHMS
KacaTeJbHOI BKIIOUMUTENBHO, OHa nepecekaeT rpagmk I' B ofHOI
TOUuKe (mepecekaeT nMpaMyl y = x). KacaHue nmpoMcxomguT mpu
a = 0, cnefoBaTenbHo, Npu a < 0 npsimas L nepecekaet rpaduk I' B

Puc.1.19

OJHOM TOUKE.

[lepemenjasice fganee o TMnoaokeHus AB:y=-—-x+1, npu
KOTOpOM a = 1, oHa nepecekaeT I’ B Tpex Toukax (mepecekaeTr
npamyio y = x 1 o0e mnapaboiasl). ChnegosaresbHo, NMpu 0 <a <1
UMEeeM TPH TMepeceueHns.

B nonoxeHnuu AB npu a = 1 npsamas L nepecekaer rpadpuk I' B
GeCKOHEUHOM MHOJECTBE TOUEK (ITO MHOXKECTBO TOUEK OTpe3Ka
[AB] npsiMoii y = —x + 1).

[Ipu a > 1 umeem ofiHO NepeceueHue (C IPAMOIL y = x).

OtBer: 0 <a<1.
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1.2. 18-a 3apaua u3 coopumka U.B.flmenko
ET3 2020

BapuanT 1
HaiiguTe Bce sHaueHMA a, IPU KOTOPbIX YpaBHEHME
x*=2x —4x?+10x-5-2ax+6a—-a’=0
MMeeT He MeHee Tpex KOpHeit.

Pemenmne.
bypem pemats rpadmuecku,
paccmaTpuBas NaHHOe

ypaBHEHME KaK VpaBHeHHe
Buga f(x,a)=0 ¢ pgByms
HEeM3BECTHBIMM X M a.
MHoOXecTBO ero peueHmi (x,a)
Ha KOOPIMHATHOM IUIOCKOCTH
Oxa  mnpeacrasiaser coboii
rpamk ypaBHEeHMS. [Tpn
(pukcupoBaHHOM YHCTOBOM Puc.1.20
3HAaUeHMM a =k TMoOIy4yaeTcs
ypaBHeHMe f(x,k) =0 ¢ OOHMM HeM3BeCTHBIM x. Ero KopHsAMM
ABJISIOTCA TepBble  KOOpOMHAThl peureHuit (x,k) ypaBHeHMS
f(x,a) = 0.Ha puc.1.20 nokasaHbl KOPHM X;, X,, X3. KoamuecTso
KOpHeli paBHO KOIMUECTBY NepeceueHuii rpadmka ¢ npsamoiia = k.

I'paduk maHHOro ypasHeHMs UeTBepPTOii cTereHH ronpobyem
MOAYUMTh KaK oObeauHeHMe rpadMKOB YpaBHEHMII MeHBbIIMX
creneHeli. C 9Toi Le/bl0 JIEBYI0 YacTh YPaBHEHUS PaslokKMM Ha
MHOKMUTENIU. Mbl YBUIMM, UTO 3TO BO3MOXHO, €C/IM IEepenuiiem
ypaBHeHMe B BUJIE:

a’+(2x—6)a— (x* = 2x* —4x? + 10x =5) =0

M 3aMeTHMM, YTO JIeBasd YacTh eCTbhb KBaJpaTHBbIH TpexuwieH
OHOCHUTe/IbHO NepemMeHHoM a. Ero kopuu

a,,=3—-x%/(B—-x)2+x*—2x3 —4x2 + 10x -5 =
3—x+xt—2x3—3x2 +4x + 4.
3nech TMOJAKOpPeHHOe BblpakeHHe Mo¥eT ObITb KBaJpaTom
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HEKOTOPOTO KBaJPaTHOTO TPpexwieHa x? + px + q Mpu NoAXoseM
BbIOOpe KOI()(DULIMEHTOR p M q. ITOT KBaJipaT paBeH
(x* +px+q)? =x* +2px® + (p? + 29)x” + 2pgx + ¢°
M OTCI0fa BMIHO, UTO il p M g JO/DKHBI BBITIOJIHATBCA YCAOBUS
2p=-2,
pZ4+2q=-3,
2pq=4,
qé=4.
3HauMT,

JTa cucTeMa MMeeT pelleHHe p=-1, q=-2.

¥t =27 =3x? +A4x + 4= (x? —x-2)?
TaK uTo
a,=3—-xt+J(x?—x-2)2=3—-x+t|x*—x-2|
=3—x+(x*=-x-2),
ay=3-x—-x*+x+2=5-x%} a;=3—-x+x*—-x-2=(x—-1)%

r -
Puc.1.21

B pe3y/ibTaTe padloxeHHA JIEBOI1 YaCcTH HAa MHOXMTEIN YpaBHEHHe

NpUHUMaeT BMJ (a—(5-x%))(a—(x—1)%) =0u notromy
PABHOCH/IBHO COBOKYITHOCTHM JIBYX YPaBHeHMI BTOPOI cTeneHu
a=5—x%
a=(x-—1)2
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a ero rpadmk gpasercsa oObeguHeHneM rpaMKoB 3TUX YpaBHe HMit
— o0beauHeHueM AByX napatdod. [TapaGonsl umeror BepumHsl (0, 5)
1 (1, 0) u nepecekaroTca B Toukax (—1,4) u (2, 1).

[Ipu pasHbpIX 3HaueHusX k npsmMas a = k nepecekaer rpadmk
pasHoe YMC/I0 pa3 M COOTBEeTCTBEHHO MMeeM pasHoe UMc/Io KopHeii.

HU3 puc.1l.21 BuauM, UTo He MeHee Tpex KOpHeill MMeeM IIpH
k € [0, 5].

OTtBer: 0 <a<5.

Bapuanr 2

Haitnure Bce 3HaueHMS a, TIPU KOTOPLIX YpaBHeHHe

x*—4x}—-6x2+4ax+6a—a?=0
MMeeT He MeHee TpexX KOpHe.
Pemenmne.

Bynem pematb rpaduuecku,
paccMaTpuBas JaHHOe
ypapHeHMe KakK ypaBHeHMe BMa
flx,a)=0 c TIBYMSI
HeM3BeCTHbIMMU x " a.
MHOXecTBO ero peleHuii (x, a)
Ha KOOPOMHATHONH TJIOCKOCTH

Oxa npeacTapnseT co0oii
rpadgmk ypaBHeHus. [Tpu
(puKcHpoBaHHOM UMCTIOBOM

Puc.1.22

JHAuUeHMM a =k Tmoay4yaeTcs
ypaeHeHMe f(x, k) =0 ¢ OogHMM HeM3BeCTHBIM x. Ero KopHAMH
SBASIOTCA TepBbie  KoOpOMHAaTbhl pelneHuit (x, k) ypaBHeHMs
f(x,a) = 0.Ha puc.1.22 nokasaHbl KOPHHM X;, X;, X3. KoJHuecTso
KOpHEeJi paBHO KO/IMUeCTBY NnepeceueHui rpagmka ¢ npamoii a = k.

Ipaduk Hawero ypaBHeHMsl UeTBepTOil cTeneHu mnomnpodyem
MOJIYUMTh KaK oObeauHeHue rpaduKoOB ypaBHEHMIT MEHBIIMX
creneHeii. Jlisg aToro neByl 4acTh YpaBHEHMS pPa3oXMM Ha
MHOXMTeau. CrpynnupyeM B CKOOKM WieHbl € OJMHAKOBBIMM
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YMCIOBBIMM  Koa(puiIMeHTaMM, pas/loKMM KAyl cKoOKy Ha
MHOKMTEU M 00LIMIT MHOKUTEIb BbIHECeM 3a CKOOKHM

(x* — a?) + (4ax — 4x3®) + (6a — 6x2) =

(x?=a)(x?+a)+4x(a—x?)+6(a—x%) =
(x? —a)(x* +a—4x — 6).
Hrak, 1aHHOe ypaBpHeHWe MPUHUMAaeT BU]
(x*—a)(x*+a—4x—6) =0
M MOTOMY PaBHOCHJIBHO COBOKYITHOCTH JIBYX YPaBHeHMIT BTOPOi
a=x?,

—x2+4x+6,
a ero rpauk (puc.1.23) asnserca o0begMHeHMeM rpa)MKoB 3THX
ypaBHeHMiI — o0benuHeHMeM AByX napabon. [lapaGonbl mMmeloT
BepiuuHbI (0,0) 1 (2, 10) 1 nepecekaloTcs B Toukax (—=1,1) u (3, 9).
/

CTeneHy [ﬂ=

el

Puc.1.23

[Ipu pasHbBIX 3HaueHuaX k npamMas a = k nepecekaer rpadux
pa3HOe YMCII0 pa3 M COOTBETCTBEHHO MMEeM Pas’HOe UMC/I0 KOPHEI.
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M3 pucyHKA BMIMM, UTO He MeHee Tpex KOpHei MMeeM MpH
k € [0, 10].
OteBer: 0 <a < 10.

Bapuanr 3

Haiigure Bce 3HaueHMs a, MIPU KOTOPBIX YPaBHEHUE

x*+4x* +4ax —16x — 16 +8a—a’ =0
MMeeT He MeHee Tpex KopHeli.

Pemenne.

Bygem pewars rpadguuecku, paccMaTpuBas JaHHOe YpaBHeHUe
Kak ypaBHeHue Buaa f(x,a) =0 c gBymMsi HeM3BeCTHBIMM X M a.
MHoKecTBO ero peueHuii (x,a) Ha KOOpAMHATHOM MuockocT Oxa
npeactaenger coboit rpadmxk ypapHenms. Ilpm (puKcupoBaHHOM
UMCIOBOM 3HaueHMM a = k moaydaercs ypasHeHMe f(x, k)= 0 c
OIHUM Heu3BecTHbIM x . Ero KopHsSMM SIBASIOTCH I[epBbie
KOOpAMHATBI  pelueHuit  (x, k)
ypaBHeHus f(x,a)=0. Ha “%
puc.1.24 moKasaHbl KOPHM Xy, X5,
x5 . KonmMuecTBO KOpHeil paBHO
KOJIMUECTBY nepeceueHuii k
rpadgmKa c npamoit a = k.

[padmuk Hawmero ypaBHeHUS
yeTBepTOit cTeneHu Iornpobyem
MOJAYINUTD Kak oObeuHeHne 0
rpaMKOB ypaBHeHM MeHbLIMX Puc.1.24
creneHeii. C aToii 1ebio JIeBYIO
YaCTh YpaBHEHMS Pa3/IoKUM Ha MHOXKMTeau. Mbl YBMIMM, UTO 3TO
BO3MOXHO, eC/IM ITepenuiiemM ypapHeHue B Buje:

a’—(4x+8)a— (x*+4x> —16x—16) =0
M 3aMeTHMM, UTO JieBas# uacThb MNpeaTasaser co0oii KBaJpaTHBIH
TpexuieH OHOCUTeNbHO MepemMeHHoit a. Ero kopHu

Ay, = 2x+4+/(2x +4)2 +x* + 4x3 — 16x — 16
=2x + 4 £ /x* + 4x% + 4x?
=2x +4+x*+4x3 + 4x2 = 2x + 4 + [x2(x + 2)?
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=2x+4+|x2+ 2x| =2x + 4 + (22 + 2x),
TaK UTO
a, =2x+4—x*-2x=4-x% a,=2x+4+x*+2x=(x+2)%.
Ilocne pasnokeHMsl JeBOil uUacTM HA MHOXHTENM YpaBHeHMe
npuaumaetr Bua  (a—(4—x?))(a—(x+2)?)=0 u mnoTomy
PaBHOCW/IBHO COBOKYITHOCTM [BYX YpPaBHeHMii BTOpOii cTerneHu
a=4-x2

a=(x+2)?
THMX ypaBHeHMIi - oObeguHeHuem JApyx napabon. [lapabonbi
nepecekawTcsa B sepuinHax (0,4) u (=2,0).

a ero rpapuk sapagercs oObeguHeHMeM TpaduKoB

Puc.1.25

[Ipu pasHbpIX 3HaueHusax k npamas a = k nepecekaer rpadmk
pasHoe YMCII0 pas M COOTBETCTBEHHO MMeeM pasHoe YMC/I0 KOpHeil.

H3 puc.1.25 BMAMM, UTO He MeHee Tpex KOpHei (4deTbipe)
umeeM npu k € (0, 4).

Oteer: 0 <a < 4.

IMpumeuanue. B cGopHMEE B OTEETE OMNEYATKA: a < 4.

Bapuanr 4
Haiigure Bce 3HaueHMs a, TIPU KOTOPbIX YpaBHEHME
x*—8x* -9+ 10a—a’*=0
UMeeT He MeHee TpeX KOpHeit.
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Pemenne.

Bymem  pewats  rpaduuecku,
paccMaTpuBasi JaHHOe ypaBHeHMe KakK
ypasHeHue Buaa f(x,a) =0 ¢ asyms
HEeM3BECTHBIMHM x M a. MHOKecTBO ero
pelieHuit (x,a) Ha KOOpPAMHATHOM
MI0CKOCTH Oxa mpencTtapaser coboit

rpajpmk YpaBHeH M. ITpu
(pMKCHpPOBaHHOM UMCIOBOM
3HAUeHUM a=k nosyJaercs Puc.1.26

ypasHenue f(x,k) =0 ¢ ogHMM HeM3BecTHbIM x. Ero KopHaAMM
ABNFIOTCA TepBble  KOOpPAMHAThl peweHuii (x,k) ypaBHeHUS
f(x,a) = 0.Ha puc.1.26 nokasaHbl KOpHM x;, X5, X3. KonuuecTso
KOpHeit paBHO KOJIMUEeCTBY MepeceueHuii rpaduka ¢ npsamoit a = k.

I'pahmk Halero ypaBHeHMsI YeTBepTOi cTerneHM mnornpodyem
MOAYUUTh KaK oObeguHeHMe rpadMKOB ypaBHEHUiIT MeHbIIMX
creneHeil. [l 3Toro 7eByw 4YacTh YpaBHEHMS pas/joKMM Ha
MHOKMTeNM. [lepBbie [Ba caraeMbiX SBJSAIOTCA YacTbio OT
(x?—4)2=x*-8x2+ 16, a moolegHMe [Ba — YaCTbI0 OT

Puc.1.27
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-(a—"5)? = —a? + 10a — 25. Ilpeacraeus —9 B BuIe 16— 25 ,
roJiyuaem JieBy10 UacThb YpaBHeHUs B Bue
(x2—4)%-(a-5)>°=@x*—4—-a+5)(x*—4+a-5)=
(x% +1-a)(a— (9 - x?)),
M MOTOMY JaHHOE YpaBHEHMEe PABHOCMIBHO COBOKYITHOCTHM JIBYX
ypaBHeHMI1 BTOPOII cTeneHu
a=x>+1,
a=9-x2
a ero rpaduk (puc.1.27) apngerca oObeguHeHUeM rpaMKOB 3TUX
ypasHeHuit — oObeauHeHueM JaByxX napaOoa. [lapabGonbl uMewoT
BepuiuHbI (0, 1) u (0, 9) u nepecekawTcs B Toukax (—2,5) u (2, 5).
[Ipu pasHbIX 3HauUeHMAX k npsMas a = k nepecekaer rpadux
pasHoe UMCJI0 pa3 U COOTBETCTBEHHO MMeeM pa3Hoe UMC/I0 KOpHeid.
M3 pucyHKa BMIMM, UTO He MeHee Tpex KOpHeil uMmeeM Ipu
k €[1, 5)u(5,9].
OTBeT: 1<a<5 5<a<9.
”ﬂimf‘-‘!ﬂﬁilf. B EﬁDFHHKE B OTBETE HE YUTEHO HCKAKMEHHE 3HAYCHHWA a = B

Bapuanr 5
HaiiguTe Bce 3HaueHUs a, PU KOTOPBIX YpaBHEHME
x*—2x3—-12x? +20x+ 20— 2ax+8a—a? =0
MMeeT He MeHee TpeX KOpHeii.

PemeHnne.

Bynem pemarth rpaduuecku,
paccMaTpuBasi JaHHOe ypaBHeHMe
Kak ypasHeHue Buja f(x,a) =0c
NIBYMSI HEM3BeCTHBIMM Xx M a.
MHOXecTBO ero peumeHuii (x,a)
Ha KOOPAMHATHOM IU1OCKOCTH Dxa
npeacTtasnser coboii  rpadgmk
ypasHenms. [Ipu dukcupoBaHHOM =
YMCIOBOM  3HaueHmu a=k O * ® *s x
rnoayuaeTcs ypasHeHue f(x, k) = 0 Puc.1.28
C OOHMM HeM3BeCTHbIM x . Ero KOpHSMM HBISIIOTCS IepBble
KOOpAMHATBl pewieHuii (x, k) ypaBHeHus f(x,a) = 0.Ha pwuc.1.28
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MoKa3aHbl KOPHM X, X5, X;. KONMUECTBO KOpHeli paBHO KOJTMUECTBY
nepeceueHuii rpaduxa c npamoii a = k.

['paduk Hamero ypapHeHMsl UeTBepTOil cTenmeHM mnomnpobyem
NonyuMTh Kak oObeuHeHMe rpadMKOB YpaBHeHMIT MeHbIIMX
creneHei. [l 3Toro 7eByw 4YacTh ypaBHEHMS pas/jioKMM Ha
MHOXMTENMM. MBI YBMIMM, UTO 3TO BO3MOXKHO, €C/M Iepenuiiem
ypaBHeHMe B BUe:

a?+(2x—8)a—(x*—2x*—-12x2 +20x +20) =0
M 3aMeTHM, UTO JieBasi yacThb MpejcTasasier coboii KBaJapaTHbIi
TPeXwI1eHOM OHOCUTEILHO NepeMeHHoi a. Ero KopHu
A, =4—x+J(4—x)2 +x*—2x3 - 12x2 + 20x + 20 =
4 —x +xt —2x3 — 11x2 + 12x + 36.
[lonkopeHHOe BbIpakeHMe MOXKeT ObITh KBaJpaToM HEKOTOpOro
KBaJlPpaTHOTO TpexwieHa x2 4 px + g NMpu ToAXofsfieM Bbibope
KoadgduimenTos p u q. ITor KBagpart paseH (x?+px+q)? = x* +
2px® + (p? + 2q)x* + 2pgx + q* M oTClOAA BUAHO, UTO VIS p U q

2p = =2,
p? +2q =-11,
JOJKHBI  BBIMOJHATLCA  YCIOBUS Jra cucrema
2niy =12,
a%* =136,
MMeeT pelieHue p = —1, g = —6. 3HauuT,

xt=2xF = 11x* +12x + 36 = (x* = x — 6)7,
TaK UTO
a=4—-x+J(xP-x-6)72=4—x+|x*—x—6|
=4—-x+(x?-x-6),

a,=4—-x—-x>+x+6=10-x?%

a, =4—-x+x2—-x—-6=x*-2x-2.
Ilocne pasnokeHus JeBOMl UAacTM HAa MHOXUTENIM YypaBHeHMe
npurnmaet Buj (a — (10 — x?))(a — (x* = 2x—2)) =0 ¥ noTomy
PABHOCWUJIBHO COBOKYITHOCTH JIBYX YpaBHeHMIi BTOPOJ cTelieHn

a=10-x?,
a=x2—=2x-—2,

a ero rpauk (puc.1.29) apnserca o0beMHeHMeM rpapMKoB 3THX
ypaBHeHMil — o0beuHeHueM Apyx napabon. [lapaGonbl MmeloT
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pepmuHbl (0; 10) u (1; =3 ) M nepecekawTcss B TOUKaxX
(3; 1) u(-2; 6).

[Ipu pasHbiXx 3HaueHusX k npsmas a = k nepecekaeT rpadmk
pasHOe UMCI0 pas M COOTBETCTBEHHO MMeeM pasHoe UMC/I0 KopHeii.

Puc.1.29
M3 pucyHKa BMAMM, UTO He MeHee Tpex KopHel uMMeeM IpH
k € [-3, 10].
OtBer: —3 <a < 10.

Bapuanr 6

Haiigure Bce sHaueHus a, TIPH KOTOPBIX YpaBHEHMUE

(P +x+2a2+1)2=8a°(x*+x+1)

MMeeT POBHO OMH KOPEeHb.

Pemenne.

OGosHauum t = x? + x + 1. Toraga
(t+2a?)? =8a%t ot +4ad’t +4a* =8a’t = t? — 4a’t + 4a* =0
it 20% 2 = et =2a%,
[Tonyumnu paBHOCH/IbHOE KBAJIPATHOE YpaBHEHME

2+x+1=2a2ax*+x+(1-2a*)=0.

OHO MMEeT POBHO OJIMH KOPEHb, KOIJIA €0 JAUCKPUMMHAHT
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D=1-4(1-2a% =8a2-3=0,
TO €CTb NpH a = iﬁ = i%’. Haijinem sToTr KopeHb. [Ipua = iﬁ

umeeM x? + x + 1 =§ e (2x+1)* =0 #.‘r:—i.

2vE o

Mpumeuanue. B cGopHMKe 0aH MepeBepHYTHIT OTBeT: a = + 5

+2,

v
Bapuantelt 7, 8, 9, 10 (noBropsierca BapMaHT 6 C JAPYTMMM
YMCAOBBIMM JJAHHBIMM, C 3aMeHOii COOTBETCTBEHHO

t=2x24+x+5x—x+1, x2—x+3, x2=x+1)

Bapuanr 11
Haiigure Bee 3HaUeHMS a, NIPU KKIOM M3 KOTOPBIX YpaBHeHMe
log,-35(4x? + 9) = log,-3s(4(a —3)x + 8)
MMeeT POBHO JIBa PasiMUHbIX KOPHS.

Pemenne.

JlaHHOoe ypaBHeHMe PABHOCWIBHO CUCTEME
a-35>0,
a—35=#1,

4(a=3)x+8>0,
4x2+9=4(a—3)x +8.

4(a-3)x+8>0,
4x*+9=4(a—3)x+ 8
OJIHOMY ypaBHeHMI0 4x? + 9 = 4(a — 3)x + 8. B camom Jene, eciu
HEPaBEHCTBO M PABEHCTBO MOJICHCTEMbI BBINOIHEHbI, TO PABEHCTBO
4x? + 9 = 4(a — 3)x + 8 BpinonHeHo. OGPATHO, €C/IM 3TO PABEHCTBO
BBITIOJIHEHO, TO BMECTE C HMM BEpPHO M HepaBeHCTBO 4(a — 3)x +
8 > 0, Tak Kak 4x? + 9 > 0 npu BCex x.

B cuiy sToro sameuaHusi JaHHOE YpaBHeHMe PaBHOCHIBLHO

cUCTEME

SHMETHM, UTO MoAgcucTEMA { PaBHOCH/IEHA

9—3.5}{}, 0}3151
a—35=%1, = a #+ 4,5,
4x? +9=4(a-3)x+8 WUxZ-4(a-3)x+1=0.
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KBE‘I,[I,[JRTHDE VpaBHeHHe UMeeT POBHO JEA PAa3JIMUHBIX KOPHHA, KOTIAa
ero IMCKPpMMHMHAHT

D=16(a—3)*-16>0,Toectbnipn (a—3)*’>1& [zz;}
C yueTom orpaHMueHmii a > 3,5, a # 4,5 noayuaem 4 :f g ‘: :'5*

OTrBeT: 4 <a <45, a>4,5.

BapuanTer 12, 13, 14, 15 (nmosTropsercsa BapuaHT 11 ¢ gpyrumu
YMCTOBBIMM JaHHBIMM)

Bapuanr 16
Hajipure Bce 3HaUeHUA k, MPU KayKIOM M3 KOTOPLIX YpaBHEHKe
1+(2-2k)sint
o] il el GO
cost-=sint
uMeeT X0Ta Obl 0JIHO pellleHue Ha MHTepBaJje (ﬂ; ;—r)

Pemenne.
Ilput = E = (ﬂ; g) 3HaMeHaTelb o0pallaeTcs B HYJ/b, MO3TOMY

YTOUHMM 3ajauy: HajJo HaliTM Bce 3HaueHus k, MpH KaKAOM M3
1+(2=2k)sint
cost—sint
pewieHne Ha MHoxecTBe (0; ;—T) U (f - E) [IpeoGpaszyem paHHoe

KOTOPBIX YpaBHeHHe = 2k umeetr xoTsi Obl OHO

[JEBHEHHEZ
1+ 2sint — 2ksint = 2kcost — 2ksint & k = %
U chopmMyIMpyeM 3ajJauy MHaue: HalTH Bce 3HaueHMs k, Kakpoe

1+2sint
M3 KOTOPBIX siBAsieTcss sHaueHueM (yHkimm f(t) = e
Obl MPU OHOM 3HAUEHWUM t € (I}; E) U E; g) APYTUMM CJIOBAMM,
1+2sint
HaliTu MHOXecTBO 3HaueHMit dyHrumu k = f(t) = y—

T mom
MHOXEeCTEe (D; I)U I; -E) 3Ta q}YHKI.[HH olpenejieHa Ha BCeM

n
HHTEpPEBAaJIE (ﬂ: 5) M BO3PACTAET H4 3TOM MHTEpPBaJe, TaK KaK ee
2+s5int 1+2 sint 1

> 0. Iockonbky lim; ,,———— =-
2Zcos2t ¥ t=0 5 cost 2

npousBogHas k' =
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1+2sint

u llmt_)g = +00, TO MHOX€CTBOM 3HaueHuii QpyHKUMM Ha

2cost
w 1
HHTEpEBAJIEe (Ur; E) ABMAETCA MHTEPBa (E' +m) . I/I{‘K,II,}DT-]HB

sHaueHue k = f (E) = l}f = Z?E

MHOKECTBO 3HaueHHUit GYHKIMU Ha MHOXecTBe (0; 7) U G E) 310

(__w)u(zwz 400 )
2442

,  TIoJIyuaeM  MCKOMoOe

2+1.""

ﬂTBET.—{k'i , k>

BapuanT 17

Haiinute Bce HeoTpullaTeNbHbIe 3HAUEHMS a, MPU KaKIOM U3
KOTOPBIX MHOMKECTBO pellleH it HepaBeHCTBa

2a+x?-4log, /5(4a®—4a+9)
- 5m+2a+4+lﬂg§ﬂ{4uz-4a+9}
COCTOMT M3 OJIHOI TOUKM, M HaliIuTe 3TO pellieHue.

Pemenmne.

CHauajia oTMeTMM, uTo 4a’—-4a+9>0, TaKk Kak
MUCKPMMMHAHT  TpexwieHa 16 — 144 < 0, Tak uTo Jorapudm
onpefeneH npM BceX a. [IpM HeoTpMuaTe/NbHBIX 3HAUEHMSIX a
3HaMeHaTe/lb MoJIOXUTeNIeH (He MeHblle 4).

2a+x*-4log, ;3(4a*—4a+9)
5m+2a+4+lﬂgf;3{4az-4a+9}
3aMETHM, YTO B C/IyUae eqMHCTBEHHOID pPellieHHs X = X,
HepaBeHCTBO f(x) = 1 Oymer paBeHcTBOM f(x,) = 1. 3TOo crnemyer
M3 TOro, 4YTO IpH KaxKIOoM A
az=0 byukuma  f(x) y y=f(x)
HernpepbiBHA Ha
MpOMeKyTKe (—oo; +w). B s

ObGozHaumm  f(x) =

camoM jene, eciu Obl OblIO 1
f(xo) >1 Kak Ha JeBoM y=f(x)

puc.1.30, To B JOCTATOUHOI ’
OMM30CTH K X, HalIach Obl
Touka x', B KoTopoi Obl
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TOXKE BBIMOJHANOCH HepapBeHCTBO f(x') > 1, a 2T0 03Hauaso Obl
HaJMuue JIBYX pa3/IMUHbIX pelleHMit x, M x'. PeallbHYI0 CUTYalMIO
nosicHsieT npasblit pyuc.1.30 (Tak Kak Mpu BCeX x # x, BbIMOJIHIETCSH
HepaBeHCTBO f(x) <1, To npsmaa y = 1 Kacaerca rpadmka
dyukiMu ceepxy). Utak, Ha gefle BMecTO JaHHOTO HepaBeHCTBA

uMeeM ypaBHeHue
2a+x*-4log, ;3(4a*-4a+9)

5V1Bx*+7x2+2a+4+log? ,(4a?—4a+9) - @)
HE]JEMEHHHH X COOEPHMTCA B YPABHEHHMH B UETHBIX CTEIIEHAX,
[MMoaToMy eciM  x — pelleHne ypaBHeHUH, TO -x TOXe HABNAeTCH
pelreHMeM. Tak Kak pelieHMe x JOJDKHO OBITh €¢IHHCTBEHHbBIM, TO
OHO He MoeT ObIThb OTJIMUHBIM OT HYIS, MHaue ObUiM OBl J1BA
PAa3/IMUHBIX pelleHHud x U - x. BHR'-IHT, pelreHMeM MOMKeT OBITH
Toabko x = 0. JonycTum, uTo x=0 - pemwenue. Torga
2a-4log; ;3(4a*-4a+9)
2ﬂ+4+10g:§l‘;3(402-4ﬂ+9]
MOHO HalTH COOTBETCTBYIOLIME pelleHul x = 0 sHaueHHA a.
Hmeem
—4logy/s(4a® —4a+9) = 4 +logi ;(4a’ —4a+9) &
log3,s(4a” — 4a +9) + 4log,/3(4a* —4a+9)+4=0e
(log,3(4a* —4a+9) + 2)) = 0 & log,3(4a* —4a+9)=-2 &
12 -4a+9=9= "=

a=1.
PaccmoTpum oba ciryuasi.

BBEITIOJIHAETCA PABEHCTBO = 1, H3 KOTOpOro

x*-4log ;39
5u‘15x4+?x2+4+|og§”9
x2 +8 =5V18x* + 7x2 + 8 & x* = 25(18x* + 7x?)

& (449x? + 175)x? = 0 = eIMHCTBEHHO® peleHue x = 0.

[Ipu a = 1 ypaBHeHue (1) uMeeT BUJ

2+.1'2—4]Dgll|,-'3 9 2 -
= i = Tyl —
NTe TRt tlogs 0 L X F10=5VI8x 4+ 7xE+10

x*=25(18x* +7x?) & (449 x> +175)x* =0 = eQUHCTBEHHOE
peweHue x = (.
OrBer:a=0ua= 1. [I[pyatomx = 0.

[Ipu a = 0 ypaBHenue (1) umeeT B, =le
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Bapuanr 18
Hajinure Bce 3HaUeHMA a, MPU KajKIOM M3 KOTOPBIX CUCTEMa
lx? —x-6l=(y-1+x-7,
{ 3y=2x+a
MMeeT POBHO OIMH MK JBA KOPHH.
Pemenmne.
Bynem pematb rpaguuecku. YUMTbiBas, uTo x> —x —6 >0 npu
x<-2ux>3 x2—x-6<0npu-2 < x < 3, nepenuiinem
nepBoe ypaBHeHMWe B BUJIE COBOKYITHOCTH YpaBHe HMii
X —-x—-6=(y-1) +x—-7npux<-2ux>3,
[—x2+x+6={y-1]2+x—?npn -2<x<3
y-1)°=x-1)’?npux<-2ux>3
xX4+(y—-1)2=13nmpu —2<x <3.

y =X,
[yzz_xnp}{x-::—ZHx}?r,
y=1+413-x2

y=1-—+13 —x?

Buaum, uto rpaduk nepsoro ypaBHenuss (Ha puc.l.31
CIVIOLIHAA JMHUSA) COCTOMT M3 KYCKOB JBYX MPAMBIX y =X M
¥y =2 —XxBHe MoJochkl —2 < x < 3 M JOBYX KyCKOBy = 1+ V13 —x?
My =1-—v13 = x2 okpykHocT x2 + (y — 1)? = 13 (c ueHtpom (0;
1) u paguycom v13) B nomoce —-2<x<3. OTM KYCKM
nepecekalTcss B TOUKax E=(-2:4), D=(3;3),
C=(-2; -2), B=(3; -1).

I'padMk BTOpOro ypaBHeHMs (HA PUCYHKe HITPUXOBAs JTMHUS) —
npaMas y = Ex + 5:; ¢ yraoBeIM  Ko3pduimeHTOM % M HavyaabHO
OpAMHATOJ % Ee yrnoBoii Koag@duUUMeHT OTIMUaeTcs OT YITIOBBIX

Koa(ppuimeHToB 1 M —1 NpIMBIX Yy = x My = 2 — x, TIO3TOMY IIpH
KayKJI0M 3HaU€eHWM a OHa nepecexaeT o0e 3TH npsiMble (YaCThb TOUEK
nepeceyeHMs HAXOOMTCH B rojioce —2 < x < 3).

2 a
H]]H BO3pacTaHMM a OT -—co [0 <o npamMas y = Ex+;
napajsie/lbHO IepeMeIlaeTCa BBEPX. l'Ipu ITOM KOJHYECTBO TOUEK

npu —2<x<3.
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ee JepeceyeHMd C I'[:)H.[l)]-'IKDM Mnepeoro ypaeHeHMA — KOIHMUECTBO
peleHnii CUCTeMbI — MeHSIeTCS TIPH TIepexojie uepes TOUKK ee
KacaHMs C KYCKaMM OKPYKHOCTM M TOUKM  [epeceueHus] KyCKOB
MPSAMBIX € KYCKaMM OKPYKHOCTEI].

Haiimem ToOukKM KacaHust mnpaMoil y = gx +§ C KyCKaMu
OKpPYXHOCTH y = 1 + Vi3 —xZu y=1- V13 —x2. Ecim (xo; Vo) —
TOUKA KacaHu#, TO yrioeoit KoadgduimeHnT KacaTeabHoM K rpaduky
(yHKIMKM y = y(x) paBeH 3HAUEHUIO MPOU3BOIHOI y'(x,).

Ins HUKHEeH MOMYOKPYKHOCTH y=1-—-+v13—x?
umeeM y'(x)) = —2—=2 2 x,=2, y,=1-VI3-4=-2
TOYKa KacaHufa A = (2; —2).

IIna BepxHeit mnoayokpyxHocty y=1++vV13 —x? umeem

¥ (%) = — =2 =§ Sxy=—-2,¥%=14++V13 -4 =4>TouKa
13-x3

KacaHus cOBNajaeT ¢ Toukoit E = (=2;4).

JIBurasicb Mo pPUCYHKY CHM3Y BBepx, IpsgMas y = zx +§
nepecekaer rpaguk nepBoro ypaBHeHusi 0 TOuku A — 2 pasa,
Mpoxojs uepes TOUKY A — 3 pasa, oT TOUKM A 10 TOUKH B — 4 pasa,
Mpoxojif uepes Touky B — 3 pa3sa, oT Touku B o Touku C — 2 pasa,
npoxojs yepes ToukM Cu D — 1o 1 pa3sy, Bblllle Touku D — 2 pasa.
OT ToukM C 10 TOuKM D HeT mepeceueHMs. 3HAUMT, POBHO OIHO

WIM JiBa pelleHus cucTeMa MMeeT, Korjia npsamas y = zx +§
MPOXOJAUT HMKE TOUKH A, MeXIy TOUKaMu B M € M Bbillle TOUKK D.
Halimem 3HaueHMs apameTpa a, MIPM KOTOPBIX MpsAMas y = §x + E
MpoXoJauT uepes Touku A, B,C u D.

Ilna Touku A = (2; =-2): -2 =§-2+§ = a=-10.

Insa Toukn B =(3; =1): -1 = g 3 +§=;. a=-9.

Ilng Toukm € = (=25 =2): =2 = § (-2)+5=a=-2

Insatouku D = (3;3): 3 =§-3+§ — 1 S
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Puc.1.31

Ilenaem BBIBOJI: CUCTEMA UMeeT POBHO OJTHO WJIH B4 pelleHMud MpH
a<-10,-9<a=-2,az3.
OrBeT: a € (—o0; —10) U (=9; =2] U [3; +).
Hpumeuanue, B cGopHKMEKe B OTBETE He YKa3aH MHTepBa (—oo; —10),
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Bapwuanr 19

HaiiguTe Bce 3HaueHMs a, TPU KaKIAOM M3 KOTOPBIX MOJY/b
Pa3HOCTH KOpHeil ypaBHeHus

x2—6x+12+a’—4a=0

npMHMMaeT HanOoJiblliee 3HaUeHue.

Pemenne.

x,=3+V9-12-a?+4a=3+V-a?+4a-3;
|x; = x4| = 2V—a? + 4a - 3.

KBajgpatHblit TpexwieH —a”+ 4a—3 npuHMMaeT HauOo/bllee
3HaUeHue fnocepeauHe MeXOy KOpHAMM a=1Ma=3,npua = 2.
3HAUMT, |x, — x;| IpuHMMaeT HauOonblllee 3HaueHWe TNpH a = 2.
ITO 3HaAUeHUe PaBHO 2.

OtBeT: a = 2.

Bapuanr 20

Haitinure Bce 3HaueHUd a, MpPH KaKI0M M3 KOTOPBIX CHMCTeMa

{|2x2+y2v- 1|+ y*+4y =0,
y=05x+a

MMeeT [Ba WK TPH KOPHS.

Pemenmne.
bypnem pewarp rpadpuuecku. aga noctpoenus rpadmika nepsoro
VPaBHEHMS BOCIOAb3yeMcsl TeM, UTO YpaBHeHMe Buaa |f| =g

{g =0,
PAaBHOCHJIBHO COBOKYIHOCTHM JIBYX CHCTEM g :==-HI] B Hamem
==
ciyyae  ypaBHeHMe  [2x*4y? — 1| = —y® —4y  paBHOCW/IbHO
{ -y -4y 20,
2 - PR, Bt
COBOKYITHOCTH ¥ 5 , Y=
=y,
2x2 4yt —1=y? +4y.
[lepernuiiem Nnepeyio cCMCTEMY B BUIe
B — —45}*5&3
[2x2+2y2+4y+2 =37 |x2+ (y + 1) =3
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Ee rpadMK — KyCOK OKpYXHOCTH ¢ LieHTpoM (0; —1) 1 paauycom \E
HMXKe npamoii y = 0.
Bropyio cucTeMy nepenuiieM B Buje

_1 2 1
y=zxt—o.

Ee rpadmk — Kycok napabonbl HuzKe nipamoit y = 0. OKpy:KHOCTb M
napabona nepecekaloTcss Ha ocu Ox B Toukax C = (?: 0) u

[z
D= (—"?; {}). O0begMHeHMe OSTMX [JBYX TrpaduKoB SBISeTCA
rpaMKoM MepBoro ypasHeHUs JaHHOI CUCTeMBI.

_12 1 : 1 -
¥=2%"1

Puc.1.52

I'padmk BTOpOro ypapHeHus (Ha puc.1.32 wrpuxosas TMHMA) —
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npamas v =05x+a ¢ yroBsM Ko3dhuiMeHTOM 0,5 M
Haya/bHOM opauHaToM a. IIpM Bo3pacTaHMM a OT —oo JI0 400
npamMas y = 0,5x +a napaiienbHo Iepemelaerca BBepx. [Ipu
9TOM KOJIMYeCTBO TOYeK ee repeceueHuss ¢ rpamkoM nepBoro
VPaBHEHMS — KOJIMUECTBO pelIeHMil CUCTeMbl — MeHseTcs IMpH
nepexone vepes TOUKM €€ KacaHMA ¢ KYCKaMM OKPYXHOCTH M
napabo/ibl M TOUKM MepeceueHns KYCKOB OKPYKHOCTH M napaboJibl.

Hajigem  ToukM  KacaHuss 1npsMoii y=05x+a ¢

3

OKPYKHOCTBIO.  OKpYyXHOCTb 2 +(y+1)7% = 3 SABJSAETCH

3

o0benuHeHueM rpa¢mkoB AByX (QyHKRuMIE y=-1-— E—xz

(HIDKHAST  TONYOKPYKHOCTB) M y=-1+4+ E—xz (BepXHAA
MOJYOKPYKHOCTD).

Ecmu (x,: ¥o) — TOUKa KacaHMd, TO YI/IOBOI Ko3a(duimeHT
KacateabHoW K rpaduky ¢yHKUMM y = y(x) paBeH 3HAUeHMIO
MPOMU3BOIAHON y'(xp).

Jins HWKHel MOMYyOKpPYKHOCTH uMMeeM y'(x,) = 0 =05 =

V30

Xo == (yuTreHo, UTO xo =0 B uUMUIMTeNe JIeBOi  vacTu),
_ 3 3 _ 5+/3D _ 30 5+/30
Yo=-1-— i e T{)’L!KHKEIE':‘IHHHA—{N;— - ).
Jlns BepxHeil MONYOKPYKHOCTH uMeeM y' (xp) = — :‘“ = 05=
7 0
V30 5
Xo =~ (yureHo, 4TO X, <0 B uMCAMTENSE JIEBOH 4YaCTH),
3 3 /30-5
Yo=—14 [F==== >0, MO3TOMY  TOUKAa  KacaHUA

2 10 5
V30 +30-5
(=55 —5— ) He NIPMHAIEXUT rPadyKy HALIero ypaBHeHus.
Haiigem TOuky KacaHms mipsmoii y = 0,5x +a ¢ mnapabomnoii.

Hins nee y'{x{,)zé'z.rﬂ:ﬂ,ﬁ =x,=05, yp=-'-—- === =

TOUKA KacaHus B = (1: —lj.
2 a8
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JIlpurasicc Mo PpMCYHKY CHM3Y BBepx, npsamasa y = 0,5x+a
nepecekaer rpa()MK nepBoro ypapHeHus nepeblii pas B Touke A — 1
pa3, oT TOUkM A 10 TOUukKM B — 2 pa3sa, npoxoas dyepe3 TOUKY B — 3
pasa, oT TOUKM B 10 TOUKM C — 4 pasa, NpoxoJis uepes TOUKY C — 3
pasa, oT ToOukM C 1o Touku D — 2 pasa, npoxojs yepes Touky D — 1
nocieiHUi pas. 3HAUMT, POBHO JIBa WJIM TPM pellleHUs cUCTeMa
MMeeT, Korjga npamMas y = 0,5x + a NpoxoauT MeXIy TOUKaMH A 1
B, 3aTem Mexay Toukamu C u D. Haiiiem sHaueHusl a, P KOTOPBIX
npamad y = 0,5x + a npoxoaut uepes Touku A, B, C, D.

ﬂ,ﬂ.ﬂT‘D‘l[ﬂ-‘[A:(%;—5+Tvrﬁ.):—5—+;rﬁ=ﬂ;5-%+ﬂ=ba=_"+:r3_""_
S s Ll 8

Onatoukm B = (5; —=3)i—;=05-5+a 2a=-_.

ﬂMTOqKHC:(%:ﬂ}:ﬂ:ﬂ,5-§+a=ba=-¥,

Jins Touku D = (—?;{]): 0= []_5-(_?}4.& :.a=?_

Jlenaem BbIBOI: cMCTeMa MMeeT POBHO B4 WM TPH pelleHHA

npu

4430 vz V2

3
<ag-5 -“<a<-—
8 4 4

OTBer: a € (—“TJT:: il u[—i—i- ?)

Bapuanr 21
Hajigure BCce 3HaueHMsd a, TNPU KaXKIOM M3 KOTOPBIX
ypaBHEHUE
ax?+2(a+3)x+(a+4) =0
MMeeT [IBa KOPHSA, PacCTOSHUE MeXIy KOTopbiMM Donbiie 2.
Pemenne.
[Ipu a = 0 ypaBHeHMe 6x + 4 = 0 MMeeT TOJbKO OJIMH KOpPEeHb,

MoaTomy 3HaueHue a =0 #HCKIWOUYaeM. H]Jl{ a#0 KopHH
x,=2(=(a+3) £ J@a+37 —a(@+4)=>(-(a+3)*

V2a+9). JlBa pasnuMuHbIX KOpPHS 1pn 2a+9>0 & a> —4,5.
Paccrosinue MeXIy KOPHSMM PaBHO |x, — x,| = % VZa + 9. Hmeem

CUCTEMY HEPABEHCTB

73



B. T'. A6agpaxmaHOB. «3amaud ¢ mapameTpoM U HectaHgapTHble 3amaun EI'D 2019, 2020. [Tocobue mist abUTyprueHTOB»

a0,
a > —4,5,

|2T| VZa+9 > 2.
|

Tak Kak |a| > 0, nocnegHee HepaBeHCTBO MOMKHO YMHOXMTb Ha =
Monyuum vV2a + 9 > |a| & a? —2a —9 < 0. ITOT TPeXWIEH HMMEeT
KopHM 1—V10 1 1 410, mo3TOMy MHOKECTBO pelleHH i CHUCTeMbl
umeet Bz (1-v10; 0)u (0; 1 + V10).

Orser: a € (1-+v10;0) U (0; 1 ++10).

[Mpumeuarie. B KoHUe cGOPHMKA OTBET HENMPaBWIbHBII.

BapuaunT 22 (nosropsiercs BapuMaHT 21 ¢ OpyrMMu UYUCIOBBIMMU
IAHHBIMM)

Bapuanr 23
Hajigure Bce 3HaUeHUd a, NPU KaXKIOM M3 KOTOPBIX CMCTeMaA
[x+}?+22: 4x? + y?,
2x+y+3z=aq
MMeeT eMHCTBeHHOEe pellleHHe.
Pemenne.

3anuiiemM paBHOCHJIbHYIO CUCTEMY

|
z=§(4x2+yz-x-y].

2x+}*+§(4x2+_}'2 -x—-y)=a.
HPEGGPHSYEM BTOpoe ypaBHeHMe, BbIIE/IMB ITOJIHBIE KBapaThkl M3
CJIaraeMbIX, COOePAKAIIMX X, M M3 cJIaTdeMBIX, COOEPXKAILIMX V.

(12x* +x)+ 3y?’—-y)=2a= 12(x* + x - é)+3 (},z —y-%) = 2a
o 120 +20-2+ S -Dy3(y2 -2y lel-D=ne
12(x +2—1)21—4—2 +3(y : ;1_)2 - 1—12 =52a <
2(x+3)2+3(y—-2)2=2a+

Ecim 2a +& <0, To peumenuii Her. Ecau 2a + % >0, TO
MMeeTcs OeCKOHeUHOe MHOMXKEeCTBO ]JE'UIEHHﬁ (,[[ﬂﬂ KaXxIoro M3
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0ecKOHEUHOro MHOMXEeCTBAa 3HAaueHMit x, VIOBIeTBOPSIOIIMX
HEPABEHCTBY 2a +% >2(x+ 2—14)2, M3 paBeHcTBa 3(y — %]2 =2a+
% — 22+ ﬁ}z MOMKHO MTOJIVUMTD [IBA 3HAUEHHA V).

Ecin 2a + % =0 & a= —%, TO MWMeeTcd eJIWHCTBEeHHOe

1 1
pemenme: (x,y) = (—5: =

yepes x My, TO JdHHAdA CUCTeMa MMeeT elMHCTBEHHOe pelleHHe.

). Tak Kak z ofHO3HAUYHO BBRIPAXKAETCH

2 2
" 1 1 1
MoHO HalTH 3TO pelleHue, BbI‘-lH{‘JIHEZ=E(4 _E) +(E) +

5. A% .. A8
~ 288’

2= (-7 5 ~ 738)
3
OTBeT: a0 = ——.
96
BapuanTtel 24, 25, 26, 27 (nosTopgeTcs BapMaHT 23 ¢ APYyrMMM
YMCTOBBIMM JIAHHBIMH)

Bapuanr 28
HaitguTte Bce 3HaUeHMS a, MPU KayKIOM M3 KOTOPBIX YpaBHeHMe
110-0,21% — a| — |5* + 2a| = 0,04™*
MMeeT POBHO JIBa HEOTPULIATEIbHBIX pelleHm s .

Pemenne.
VuureiBag, uro 10-0,217% = 2.5%, 0,047 = 52%, MOJIOXUM
SE=f >0 : Torpga |2t —a| — |t + 2a| = t*. TlocKoAbKY

NMNoKasaTe/IbHad C]]y’HK].IHSI DﬁpﬂTHMH (MGHDTDHHH Ha MpoOMeEXYyTKe
(—o0; +w0)), TO NpU KaKIAOM 3HAUEHUM a MeXJY MHOXecTBaMM
KD]JHEﬁ ODaHHOTO YpaBHEHMA W HOBOIO MMeeTCcd B3aMMHO
OJHO3HaAUHOE COOTBETCTBHUE: KA JJOMY KOpHWO X JaHHOIO
ypaBHEeHMSI COOTBETCTBYET OJJMH KOpeHb t = 5% HOBOTO ypaBHEHMS,
M KOKJIOMY KOPHIO t HOBOI'O YpaBHeHMs] COOTBETCTBYET OJMH
KOpeHb x = logs t JaHHOTO YPaBHEeHUA.
Takkak x = 0 = 5" = 1, To HAC MHTEPeECYIOT KOpHU Tt = 1

YpaBHEeHMA
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|2t — a] = |t + 2a| = t2 (1)
CnenoBaresibHO, HAal0 HailTM BCe 3HAUEHMS a, MPU KaKIOM U3
KOTOPBIX 3TO YpaBHEHME MMeeT POBHO [Ba pPa3/IMUHBIX KOPHSA
t =1,

bygem pewars rpadmueckn,
paccMaTpMBasi JJaHHOe YypaBHeHue
Kak ypaBHeHue Buaa f(t,a) =0 c
IOBYMS HeM3BeCTHbBIMM t M a.
MHokecTBO ero pemeHuii (t,a) Ha
KOOpPAMHATHOI  IIOCKOoCcTH  Ota
npeacTaBiasgeT coboit rpaduk
ypagHenus. Ilpu durcuposaHHoOM
YHCIOBOM 3HAUeHUH a=k Puc.1.33
nojayvaercs ypasHeuue f(t, k) =0c¢
OIHUM HeusBecTHbIM t . Ero KopHsAMM SBASIOTCH TepBbie
KOOpJAMHaTLl peuleHuit (t, k) ypasHeHus f(t,a) =0.Ha puc.1.33
MOKa3aHbl KOPHMU ty, t,, t;. KOMMUeCcTBO KOPHEii paBHO KOMMYECTBY
nepeceueHuii rpaguka ¢ npsamoit a = k.

HmeroTed 4 BapMaHTa pacKpbITHA MOLY/IEHN B ypaBHeHUH (1).

V. [Et—ﬂzﬂ,‘:} aEEt; — YTOJI, coJiepyKalliuii MoJM0XKUTeNbH

0 Ly b i t

a= i
noayoch Ot.
2t—a<0, [(@>2t
v,. ' g{ _t = YTOJ, ColePXKaLUii MMONOKUTETbHYIO
[t +2a=20 ae -3
nojayoch Oa.
o a > 2t,
Vs, [ztt+ 2?1 i [EI' #{a < —% ~ YO, CONEPRAIUA OTPUUATENBHYIO
2
nojayoch Ot.
{Zt —az=0, -~ [a = 2t§ YToJ1, CofepiKaliMii oTpUMLATEeNbHYIO
4- - '
t+2a<0 a<-—s
noayoch Oa.

3anuuem ypapHeHue (1) Oe3 Moay/neii B Kaxa0i obaacTu.
Vi2t—a—t-2a=t?@a=—(t2-t),
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Vye=2t+a—-t—-2a=t? @a=-t?-3t
Vi —2t+a+t+2a=t?ea=-(t?+1),
Vp2t—a+t+2a=t? @a=t>-73t

'paduk vypaBHenus (1) npu t >0 npeacrtapiasetr coboit
o0be/IMHEeHMe IBYX KYCKOB napabo:

napabonbl a = —%(EZ —t) ¢ BepuMHOI D = {%; é) B 0o0nacTu
V, mapabonsl a = t? — 3t ¢ BepluMHOi A = {E; - 42) B oOnacTu V.
ITU KYCKM [epecekaloTcsi B Hauale KOOPAMHAT M B TOUKe
C=(; —7)Ha npsmMoii a = —=. TIpsmasi t = 1 MepecekaeT UX B
Toukax E =(1; 0)uB = (1; —-2).

[Ipn pasHbIXx 3HaueHMsX k npsMmas a = k nepecekaeT rpadMk
pasHoe YMCI0 pas M COOTBETCTBEHHO MMeeM pasHoe UMC/I0 KOpHeii.

W aa 1

13 puc.1.34 Buaum, uto npsamas a = k nepecexkaet rpaguk npu
t=1 POBHO [IBa pa3d, KOTOa OHa MpoXoIUT MeXKIY TOUKaAMH AuEB
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(mpoxoas yepes caMy TOUKY A — OAMH pas3, uepe3 TOUKY B — [Ba
pasa). llo koopauHaTtam Touek A M B BMAMM, uTO Nnpamasdg a =k

9
yepes TOUKM A M B NpoxXoauT COOTBETCTBEHHO IpH k=-— = u-=-2.
CJIE'I[GBHTEJ’I]:HD, POBHO [OBa KOPHA t =1 uUMeeM [pH ae
9
- %-2.

9
Orser: — - < < -2

Bapuanr 29

Haﬁ,[[HTE‘ BCe TIONMOXMTENIbHBIE 3HAUEeHMHA a, MpPpH KaKIoOM M3
KOTOPBEIX MHOMXECTBO pEIlIEHHﬁ HepaBeHCTEA

1< a+x®+2logs(a’—4a+5)
= 30V17x*+5x% +a+1+logi(al-4a+5)

COCTOMT M3 'D,[LHGﬁ TOUKH, U HEIFI,I],HTE‘ ITO pelneHHe.

Pemenue (Kak B BapuaHTe 17, HO MCK/UaeTcs 3HaueHue
a =0).

BapuanT 30

Haiigure Bce 3HaueHUd k, MPU KaKI0OM M3 KOTOPIX YpaBHeHHe
6k=(2=3k)cost 2

sint—cost .
uMeeT X0TA Obl 0JIHO peleHue Ha oTpeske [0; 5].

PemeHnmne.
[Iput = E € [0; 5]7 3HaMeHarenb oOpalaeTcss B HY/Ib, MIO3TOMY

YTOUHSAEM 3aJiauy: HaJlo HaliTH Bce 3HAUeHus k, TMpHU KaKIOM M3
6k—(2-3k)cost

KOTOpPBIX YpaBHeHHE = 2 umeeT XoTsi Obl OJHO

sint-cost

m T m
pellieHKMe Ha MHOXecTBe [0; :) U (:; E]' [lpeoGpasyem ypaBHeHMe:
Z2sint

643 cost
M Cq)UpMYﬂHpYEM 3aflauy MHaue: HalTH Bce 3HaAUeHMs k, KaKaoe 13

2sint

KOTOPBIX ABIsieTcs 3HaueHueM (yHrumu [ (t) = e XOTH Obl
Cos

MY OJIHOM 3HaueHmn t € [0; T) U (5; 7], APYIMMM CIIOBAMM, HAliTH

6k —2cost + 3kcost = 2sint —2cost = k =

2sint
MHO¥XeCcTBO SHaueHMH um k= t)=—— Ha
li)‘fHKll f( ) 6+3cost
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. T m
MHOXecTBe [0; :) U (;; E]‘

: | HEIIMA OIIpelese d BCeM OTpe ;E M BO3pacTaeT Ha
Jta QyHKIL npejaeneda Ha BceM OT 3:-:9(}2

12 cost+6

(6+3 cost)?

IMockonbky f(0) =0, f G) = %, MHOXKeCTBOM 3HaueHMit (PyHKIMM Ha

3TOM OTpe3Ke, TaK Kak ee MpousBoaHas k' =

m 1
oTpeske [0; E] aBnsierca ortpesok [0; 5]. Hckaloune 3HaueHue

T Mnz-z
sz(;): ——» TOyuaeM MCKOMOE MHOXeCTBO HaueHUit

dynKm Ha MHOXKecTBe [0; 7) U (5 7] . 9TO MHOKeCTBO
A2-2 #wz-2 1
[U, 21 )U( 21 '8

WI-2 4fZ-2
OtBer: 0 <k < “21 3 ";

{kﬂl.
3

Bapuanr 31
HaiiguTte Bce 3HaUeHMS a, IPU KaXKJI0M M3 KOTOPBIX ypaBHeHKe
64x° +4x? = (3x+a)* +3x+a
He MMeeT KOpHeii.

PemeHnne.

OGosHaumm 4x?=t,, 3x+a=t,. Torma vypaBHeHM e
sanMieTcs B BMIE t) +t; =t +t,. ITO PaBEHCTBO MOXHO
paccMaTpMBaTh KaK PaBeHCTBO 3HaueHMit QyHkumm f(t) =t +t
nput =t; ut = t, ITa QyHKUMA HA IPOMEKYTKe (—o0; +00) UMeeT
MONOKMUTENbHYI0  Npou3BogHyio f'(t)=3t*+1 wu  noromy
BoapacraeT. CnemnopartensHo, f(t;) = f(t;) TOrga M TOABKO TOTAA,
Korjgat, = t,, TaKk UTOtj +t, =t +t, © t; = t,. 3HAUUT, JIAaHHOE
ypaBHeHMe PaBHOCHJIBHO YypaBHeHMI0 4x? = 3x +a. [lepenucas
KBaJlpaTHOe ypaBHeHMe B BUJIe

4x2 =3x—-—a=0,
HaXO0OMM, YTO €ro AUCKPMMMHHAHT D =9+ lba<0npua < — %.
IlenaeM BBIBOJ: NpU a < —-I?E 9TO ypaBHEHME M PaBHOCHILHOE eMy

IaHHOE YpaBHEeHHEe He MMEIT KOPHEe.

OTBeT: —0 <a < _I?E‘
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BapuanT 32
HajiguTe Bce 3HaUeHWA a, MPH KayKIOM M3 KOTOPLIX YpaBHeHKe
27x° + (a — 2x)* + 9x? + 3a = 6x
HE MMeeT KOpHei.

Pemenmne.
[lepeHeceM c/araemble, cofiepkalue a , B MpPaBYl0 uacThb
YpaBHEHMSA: 27x% + 9x%2 = (2x —a)? + 6x — 3a. ObGparniaem

BHMMAaHHe Ha TO, UTO BO BTOPOM C/IaraeMoM NpPaBoii UacTH MOXHO

BBIHECTM 3a CKOOKM 3 M 3amucaTh ee B Buae (2x —a)® + 3(2x —a)

KaK Ky0 uMc/ia Ioc YTPOeHHOoe 3T0 UYMCI0. 3aMeuaeM, UTO U JIeBYIO

YacTh MOXHO TPeiCcTaBUTh KaK KyO uucia 3x? mooc yTpoeHHoe
umcno 3x2. Urak, 3anuiem JaHHOe ypaBHeHue B BUJIe
(3x%)® + 3(3x%) = (2x — a)® + 3(2x — a).

OGosHauum 3x* = t,, 2x — a = t,. Toria ypaBHeHMe 3aMUIIETCs

B BUIE t; + 3t, = t3 + 3t, U pellieHne 3aKaHUMBaeM KaK B BapuaHTe
7 8

Bapuanr 33
Hajigure Bce mnojouTe/bHbIE 3HAUEHMS a, MPU KaKIOM M3
KOTOPBIX CMCTeMa ypasBHeHMId
(x = 2a+3)% + (y—a)? = 2,25,
[(x+3)2+{yua}2 =a’+2a+1
MMeeT e[IMHCTBeHHOoe pellleHue.
Pemenne.
(- (a-3)+@-aP=0Q>2
(x—(-3))+(—-a)=(a+1),
Mepeoil CTPOKe Yy3HaeM YpaBHeHWe OKPYKHOCTM € LEeHTPOM
C;=(2a-3;a) u paguycom R; = % a4 BO BTOpPOM CTpPOKE -
YpaBHEHHE OKPYKHOCTH C LEHTPOM Co=(=3;a) m
paguycoMR, = |a + 1| (B cucteme koopauHaT Oxy). I'padmuecku
pelieHUAMM (x; ¥) NaHHOH CUCTeMbI ABJISIOTCA TOUKHM MepeceueHms
ITUX OKPYKHOCTeiH. ENMHCTBEHHOE pellleHue MMeeT MeCTo IIpu
BHYTPeHHEeM MJIM BHelllHeM KacaHMM oKpyxkHoctei (puc.1.35). [Ipu
BHYTPEHHEM KacaHWMM paccTogHMe Mexny LeHTpamu d(C,,C,)

Janucas CHUCTEMY B Bl"[.I[E[

80



B. T'. A6agpaxmaHOB. «3amaud ¢ mapameTpoM U HectaHgapTHble 3amaun EI'D 2019, 2020. [Tocobue mist abUTyprueHTOB»

PAaBHO MOIV/II0 PAasHOCTM PAJMYCOB, a MPU BHELIHEeM KacaHMM —
CyMMe paauyCcoB, IIO3TOMY MMeeM COBOKYITHOCTD

d(Cy,C;) = |Ry — Ry,

d(C,,C;) = R, + R,.
3nech d(C,,C,) =+/(2a -3 — (=3))2 + (@ —a)2 = 2lal, IR, —R,|=

3
|E—|ﬂ+ ll
BMJ

3
» Rit+ Ry =5+ la + 1], TaK UTO COBOKYMNHOCTb MMeEeT

2lal = [ —la+1l],

mm=§+m+1L

PaccMoTpuM TiepBoe ypaBHeHMe
npu a € (0; +w):

. 2Za==-—-a-1,
2a=|-—-:‘1-1‘4=~ il =
" 2a=->+a+1
1
a=-, "
°, Pemenne a =-.
a ==z Puc.1.35
Bropoe ypaBHeHMe mpu

a € (0; +G0):2ﬂ=§+ﬂ+11=a =§. PeweHue a =§..
Oreer: é, 2,5.

Bapuanr 34
Hajinure Bce 3HaUeHUs a, TIPHM KasKIOM M3 KOTOPBIX YpaBHeHHe
|logs(x?) — a| — |logs x + 2a| = (logs x)?
MMeeT POBHO UeThIpe pelieHms.

Pemenne.

[Tonoxum logs x = t. Torga |2t — a| = |t + 2a| = t2. [TocKo/IbKY
norapudpm — obOpatumass QyHKIMA (MOHOTOHHA Ha NPOMEKYTKE
(0; +0)), TO NpPM KaKIOM 3HAUEHMM a MeXIy MHOXKecTBaMM
KOpHeili [JaHHOro YypaBHEHMS M HOBOTO MMeeTcd B3aMMHO
OIHO3HAUHOE COOTBETCTBME: KaKIAOMY KOPHK x JaHHOTO
YpaBHEHUS COOTBETCTBYET OJMH KopeHb t =logsx HOBOro
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ypaBHeHMS, M KOKIOMY KOPHIO t HOBOTO ypaBHEeHMS COOTBETCTBYeT
OAMH KOpeHb x = 5 maHHoro ypaBHeHuda. ClefoBaTe/lbHO, HaJl0
HaiiTK Bce 3HAUeHMs a, MPH KaXKI0M M3 KOTOPBIX ypaBHeHue
|12t — al - It + 2a] = t* (1)

MMEEeT POBHO YeThipe KOPHA. e

bynem peuarb rpaduueckm, 1
paccMaTpMBad [aHHOE YpaBHEHME Kak
ypaBHeHue Buaa f(t,a) =0 c ngByms &
HeM3BeCTHBIMM t M a. MHOKecTBO ero
pewenuii  (t,a) Ha  KOOPAMHATHOI
wiockoctu  Ota mnpepcrapasger coboit
rpadux YpPaBHEHUS. ITpn Puic.1.36
(pMKCHMpOBAHHOM UMC/IIOBOM 3HaueHMMH
a = k noayvaercs ypapHeHme f(t,k) = 0 ¢ OOHMM HeM3BECTHBIM t.
Ero KopHSIMM SBASIOTCS IlepBble KOOpPAMHATLI pelneHuit (t, k)
ypaeHeHus f(t,a) = 0. Ha puc.1.36 mokasaHbl KOPHM i, tp, l3.
KonuuecTBO KOpHe# paBHO KOJMUeCTBY IepeceueHuii rpaduka c
npamoit a = k.

HmeroTca 4 BapuaHTa pacKpbITHA MOIy/Iei B ypaBHEHMH (1).

Et -1 E []' a E zt;
Vi [t +2a >0 { t — YTOJI, CoflepKalluii MoJoKUTeIbHYIO

a= =
noayochk Ot.
2t—a<0, [a>2t
2 [t +2a>0 :’{ﬂ > _% — Yo/, COAepKaluii MoI0KUTENbHYIO
noayock Oa.
2t—a<0, [2>2
Vs. [ t+2a<0 { a< _% — YTOJI, COiePIKAIIMIi OTPULIATEIbHYIO
nojayoch Ot.
2t —=a >0 a<i2t,
\ SR — YTroJi, cogepKaliuii oTpULATEeNbH
‘{t+2a<ﬂ [a{-é y AEPmail P i
noiayoch Oa.

3anuuem ypapHeHue (1) 6e3 moayneii B Kaxgoit o6macTu.
Vi2t—a—t-2a=t>@a=—(t2-t),
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Vo:=2t+a—-t—-2a=t? @a=-t?-3t,
Vst =2t+a+t+2a=t2@a=3(t2 +1),
Vye2t—a+t+2a=t? @ a=t?-3t

A a
W, e A S AR Vi -
o
I A O, WS RS I
oy *
i &
& ™y
™ ™
o %
HANEE - - e e o T e <
i
|'II Py
/ i a=k
ARRLARRRRAREA B = = =
’} H"‘-\H
/ T
| D
'H iy e T, t
— — e e 9 G, 3
i T i O adrre
C ~
LA Q
r ( Q%\ &
// 2
s e o
b
]| L L iy T T g TPy
b ¥ -1
1] / W o
A L s B e = )
' i e
k / ..
{ /
i w
’ / )
Vﬂ- = Il.Jq-n. bt b IIII_- _____________ A = & I":‘ -
T 1 / a=12—
AT M == Puc.1.37 "7 = =

lpaduk ypaBHeHusa (1) npexacrasnger coboii o0beguHeHUe

yeThipeX KycKoB napaGon ¢ sepmmHamu D =(=; —) B V,, F=

2' 12
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(-3 DBV C=(-3i—5)BVaUA=(i— BV,
KyckM nepeceKkaloTcs B Hauajle KOOPJMHAT M B TOUKaX B = (;; -;)
ME= (—g; i) Ha MpaMoif a = —%.
[Ipu pasHbIX 3HaueHusiX k npsiMast a = k nepecekaet rpaguk
pasHoe YMC/I0 pas M COOTBETCTBEHHO MMeeM pasHoe YMC/I0 KOpHe.
H3 puc.1.37 Bugum, uto npsmas a = k nepecekaet rpadmxk
POBHO YeThIpe pasa, KOrja OHa MPOXOOMUT MEeXAY TOUKoi C M
HauaJom KOOpPAMHAT, a 3aTemM MeXIy HauaJoM KOOpAMHAT M
TouKkoi D (npoxoasa uepes caMmM TOUKM C M D M HAYA/I0O KOOpPAMHAT
nepecekaer Tpu pasa). Ilo koopauHaTtam Touek C M D BMAMM, 4TO
npamas a = k npoxogMT yepes TOUKHU C U D COOTBETCTBEHHO MPH

1
k=- = = CnepoBarenbHo, POBHO 4 KOpPHA MMeeM IIpH

ae(-50)u(65)

OTBeT: — ~<a<0wm0<a<-=
12 12

Bapuanur 35
Haiigure Bce 3HaUeHMA a, MPM KaJKIOM M3 KOTOPBIX ypaBHEHMe
|logos(x?) — a| = |loges x + 2a| = (logy 5 x)*
uMeeT XoTs Obl OJJHO pellleHue, MeHbllee 2.
Pemenne.
lMonoxkum loggsx =t . Toraa |2t —a| = |t + 2a| = t2.

ITockonbky norapudm — obGpatumass ¢GyHKUMSA (MOHOTOHHA Ha
npoMmexyTke (0; +o) ), TO TNpM KKIOM 3HAUEHUM a MeXTy
MHOKeCTBAMM KOpHeil JaHHOTO ypaBHEHMSI M HOBOTO MMeeTcs
B3aMMHO OJJHO3HAUHOE COOTBETCTBME: KAKIOMY KOPHIO X JaHHOIO
YPaBHEHMSI COOTBETCTBYET OAMH KOpeHb t =logosx HOBOrO
YPaBHEHMS, M KOUKIOMY KOPHIO t HOBOTO YPaBHEHMS COOTBETCTBYET
OJIMH KopeHb x = 0,5 IaHHOro ypaBHeHMS.
KopHw x <2 [aHHOTO YpaBHEHMS! COOTBETCTBYET KOPeHb
t =logysx > logps2 =—1 HoBoro ypaepHeHus. CrenoBarelbHO,
HaJl0 HalTH BCe 3HAUEHMS a, TIPM KaXKJIOM M3 KOTOPBIX YpaBHEeHHe
|2t — a| = |t + 2a] = t? (1)
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MMeeT XOoTs Obl OJIMH KOpeHb t > —1.

Pemaem rpadguuecky,
paccMaTpMBad [aHHOEe YpaBHeHMe
Kak ypasHeHMe Buaa f(t,a) =0 c
OBYMS  HEM3BECTHBIMM t M a.
MHoxecTBO ero peueHuit (t,a) Ha
KOOPIAMHATHOM mwiockoct  Ota
apngeTcqa rpadgukom ypasHeHus. ITpu
(pukcMpoBaHHOM  3HaueHMM a =k
noayuaercs ypasHenue f(t,k) =0 c Puc.1.38
ONHMM HeM3BecTHbIM t. Ero KopHAMM SBAAKTCS MNepBble
KOOpAMHATHl peulenuii (t, k) ypaBHenus f(t,a) =0.Ha puc.1.38
MoKa3aHbl KOPHU ty, 5, t5. KOMMuecTBO KopHeii paBHO KOIMUECTBY
nepeceueHnii rpaduka c npsamoit a = k.

HmetoTcst 4 BapuaHTa pacKpbITHs Moayieit B ypasHeHuu (1).

[zt—aaﬂ, {ﬂiztr

5

t  — YTOJq, Cﬂ,[[E]J}KHLI.[Hﬁ NoOJOXHUTEeNBEHYIO

t+2a20 < laz->
noayocoe Ot.

2t—a<0, _[2>2L
Vs. [t +2a>0 f:{ﬂ > _g — YToJ, coJiepiKaluii mMoloKUTeIbHYIO
nojayoch Oa.

T I W
Vs. 4 — YTOJI, coflepKaluii oTpULaTelIbHYI0
3[z+2a<:n {a{—g T R Ko W
nojayoch Ot.
V. {ZI_Q::D' HEZIE — YIroJi, cogepKallmii oTpMLATEeNbH
4 t+2ﬂ‘:[} ﬂ"‘:-; 1_|'I’ ' -ﬂ-p HI Pu Ylﬂ
noJjiyoch Oa.

3anuem ypapHeHue (1) Ges Mmoayneit B Kaxaoii ob1acTu.
Vi2t—a—t—2a=t’ea= —%{tz—t),
Voi=2t+a—t—-2a=t>ea=-t?-3t,
Vy:=2t+a+t+2a=t’ea= %(£2+t),
Vi2t—a+t+2a=t?ea=t?-3t
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iph i -..#_I_ _____ e __.azz s

Tt 4 '
Puc.1.39

I'paduk ypasHenus (1) npexacrasngeT coboil oObeauHeHHe
yeTblpex KYycKoB mnapabon ¢ BepmiMHamu D = (%: é} BV, F=

3 9 1 1 B 3
(=5:9)BV, C=(=5i—5)BVs u A=(;— ) BV,

VE — {-- L ..-I’ ______ EagEas. o e e e V4 =
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Kycku mnepecekaioTcss B Hauale KOOPOMHAT M B TOUYKax
B = (g; —3} UE = (—g: E] Ha IpAMOM a = —%. [Ipamas t = -1
nepeceKaeT [1Ba JieBbIX KycKa B TOUKax G = (=1; 2) u H= (-1; 0).

[Ipu pasHbIXx 3HaueHMsX k npsMas a = k nepecekaeT rpadMkK
pasHoe YUMo pa3 M COOTBETCTBEHHO UMeeM pasHoe YUMo KopHeii.

13 puc.1.39 Buaum, uto npamas a = k nepecexkaeT rpadpux npu
t > —1 xoTrsi Obl OJIMH pa3, KOIjia OHa TMPOXOIMUT MeXIY TOUKoM A
M TOYKO# G (NMpoxo/js yepes camy TOUKY G, He IepecekaeT).

[To KoopauHaTaMm Touek A M G BUIMM, UTO NMpsMas a = k
MPOXOAUT Uuepes TOUKM A U G COOTBETCTBEHHO NMpU k = — E M 2.
CnefjoBaresibHO, XOTS Obl OIMH KOpPeHb t > —1 MMeeM Mpu
ae[- E: 2).

Drne'r:—zsaciz.

BapuaHr 36
Haitgure Bce 3HaUeHUs a, NPU KOKIOM M3 KOTOPBIX YpaBHeHUe
a? + 11|x + 2| + 3Vx? + 4x + 13 = 5a + 2|x — 2a + 2|
uMeeT XoTs Obl OJIMH KOpPeHb.
Pemenne.
[Tonoxkum x + 2 = t. [lonyuum ypaBHeHUe
a? + 11|t] + 3VtZ + 9 = 5a + 2|t — 2a).
[IpM KaxkaoMm 3HaAUeHMM a MeXKIy MHOMKecTBaMM KOpHeil JaHHOro
YpaBHeHMS M HOBOrO  MMeeTcs  B3aMMHO  OJIHO3HAuHOe
COOTBETCTBME:  KaKJIOMY KOPHIO x [JaHHOTO  ypaBHeHMs
COOTBETCTBYET OJIMH KOPeHb
t =x+2 HOBOTO YypaBHEHMSl, M KaXKIOMY KOPHIO t HOBOro
YpaBHeHMS COOTBETCTBYeT OJMH KOpeHb x =t—2 JAHHOIO
ypasHeHus. I[losromy sagmaua chopMynIMpyeTcss Tak: HaWTH Bce
3HAUEHMSA a, IPM KOKIOM M3 KOTOpbIX YypaBHeHue a’ + 11|t] +
3vVtZ + 9 = 5a + 2|t — 2a| umeet XoTa Obl OAMH KOpeHb. OTMETHM
cpasy, uto npu a =0 HeT KopHeii: 9|t| +3vViZ+ 9 # 0, n panee
cuutaem a # 0. [lepenuiiemM ypasHeHMe B BUjle
3Vt2 +9 = 2|t — 2a| — 11]|t| + 5a — a*.
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OHO O3HAuaeT paBeHCTBO (PYHKILIMIA

f()=3Vt2+9 u g(t) = 2|t — 2a| = 11|t| + 5a — a?.
[Mpoussomunas f'(t) = % oTpMuaTelbHa Tnpu t<0 M

nonoxkurenbHa 1nipu t>0 . Ilostomy f(0)=9 sapasgercd
HaMMEeHbIIMM 3HaueHueM QyHKIMM Ha MPOMEKYTKe (—oo; +00).

Paccmotpum  dyHkumiwo g(t) mpu t <0 u t> 0. Bymem
MHTepecoBaThCs ee Bo3pacTaHueM M yObIBaHMEM.

llpu t<0 wumeem g(t)=2|t—2al+1lt+5a—a® . B
3aBUCMMOCTM OT 3HaueHuq a OymerT t—2a <0 umam t—2a =0,
CootBeTcTBeHHO Oymer g(t) = -2t +4a+ 11t +5a—a? =9t +
9a — a? WIH gt)=2t—4a+ 11t +5a—a? = 13t + a — a?.
3nauur, rpaduk npexacrtasnser coboii uvacTh TpAMOi  C
MOJOKUTEIbHBIM YI/IOBBIM KO3 duumenTom k = 9 wnm k = 13, Tak
uTto PpyHKLUMA g(t) Ha MPpoMeXYyTKe (—co; 0) Bo3pacTaeT (npu Jodom
3HAYEHHH a).

lpu t>0 wumeem g(t)=2|t—2al-11t+5a—-a®> . B
3aBMCMMOCTM OT 3HaueHus a OyaeT t—2a<0 man t—2a =0.
CooTBeTCTBeHHO OyfeT g(t) = =2t + 4a — 11t + 5a — a® = —13t +
9q — a? WIN gt)=2t—4a—- 11t +5a —a? = -9t +a — a?.
JHAUMT, rpapuk mnpexpcrasager coboit uacTh npAMOIl ¢
OTpULIATEILHBIM YIIOBBIM KoadduumueHTom k = =9 umm k = —13,
Tak uTo (QyHKuUMA g(t) Ha npomexyTke (0;+co) yObiBaeT (npu
nwbom a).

Jenaem BBeIBOA: g(0) = 4|a| + 5a — a® asngercs HauOOABLIKUM
JHaueHneM QyHKIMK g(t) HA MPOMEXYTKE (—co; +00).

VpaBHeHue umeeT XoTd OGbl OJMH KOpeHb, Korja rpaduku
yuxumit f(t) u g(t) nepecekarorcs xorsa Obl B OJHOMH TOUKE, a 3TO
MMeeT MeCcTO Torjga M ToNbKO Torga, Korga g(0) = f(0), To ecThb
Korja 4la] +5a—a? =9 . 3TO0 HEPaBEeHCTBO PABHOCHJIBLHO
COBOKYITHOCTH

a<0,
{az—a+9£-ﬂ.
[ a >0,
a?—-9a+9<0.
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[lepeasi cucTeMa He MMeeT pellleHMil (IMCKPMMMHAHT KBaJIpPaTHOro
TpexwieHa oTpuuareneH). Bropag cucremMa MMeeT penieHMS

9— 3{' 9+345
ac=—r=—"l.
ﬂTBET ae [9 35 -:r+zu"'_].
BapuanTt 37

Haiinute Bce 3HaueHMsl a, TNPM KAKIOM M3  KOTOPBIX
Haubosblllee 3HaUeHHe QYHKLMHK

f(x)=|x—al -
He MeHblle 1.
Pemenne.
Bynem pematb rpaduuecku. Ecmmx < a, 10 f(x)=a—x —x?
=—x’—x+a, aemmx=aT0 f(x)=x-a—-x?=-x*+x—-a.

CnefjoparesibHo, TpM  (UMKCUPOBAHHOM 3HAYeHMM a Tpapuk
¢y npexacrapnger coboii o0beguMHeHMe KycKa Napabosibl
y=-x*—x+a Ha NPOMEKYTKe (—o0;a] ¢ KycKoM mapabo’bl
y = —x? + x — a Ha NPOMEXYTKe [a; +00). ITH KYCKM CTHIKYIOTCS B
Touke (a; —a?) . Kak M3BecTHO, Ha MpPOMeXyTKe (—oo;+o0)
KBaZpaTHbIit TpexwieH f(x)=Ax*+Bx+C npu A <0 umeer

B
Haubosbllee 3HaUeHKe MnpH x = =37 H 3THMM 3HaYdeHHeM ABJIAETCH

OopIMHaTa BeplnHbl apadonst y = Ax? + Bx + C.

Ecau Ha rpadmke NpuCYTCTBYeT OJHA BeplIMHA KaKoii-11bo
napabonbl, TO ee opAMHATa M ABJASeTCS HauOOMBIIMM 3HaUeHMEM
dyurumMu f(x) Ecam npucyTCTBYIOT JiBe BepUIMHBI, TO HauboabILIMM
JHaueHueM (yHKUMM sBasercs Ooablias M3 MX OpAMHAT (CM.
puc.1.40).

Haiimem Bepmmubl mnapaGon. [na y = —x? — x +a uMeeM

A=-1,B =-1, aGcuucca BeplIMHbl M paBHa —% = —%, opAMHAaTa

paeHa —(—1) —{——}+a——+a. [omyumnamn M:(_E E+a).

Inay =—=x*+x—a umeem A = —1,B =1, abcumcca BepiimHb N
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B
paBHa _ﬁ = %, OopAMHaTa pasHa - (i]2 + % -—a= 45 —a. [oayuuan
1
N=(;3i-a) 1 o
PaceMoTpum clydan a < —-, —-<a <, a> -

=X

Puc.1.40

1

IIpu a < -5 Ha rpadMKe MNPUCYTCTBYET OJIHA BepIIMHA

1 1 1
N = (5: = a), noatomy Haubosblliee 3HaueHue f(x) paBHO ;-a
1 3
HEPHBEHCTBD 3~ @ = 1 BbIMOMHSETCS TPH a < — 7.
[pn —- -=: a< E Ha rpaduke MpPUCYTCTBYIOT 00e Bepmm{h[

1

(—-* —+ )u N= (—- = a) TaK UTO OJHO M3 UMCe -+a 7
Z — a aBngeTcsa HauOoAbIIMM 3HaUeHHeM f (x). Ho o0a OHM MeHbllle

o < =
= +2-'-':1,a_2:>

1. B camom Jene, _E‘—:” = —a 55 :’I_a <
1 1 1
=g~ = L
4 4 zl
llp a> > Ha rpapuKe TPUCYTCTBYET OJHA BepliMHa M =

i
(—5' = a) Mo3ToMy HauOosbllee 3HaueHue f(x) paBHO sta
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HE‘pﬁBEH(’TBDi + a = 1 BbINOJHSETCS NP a =
OtBer: a < -0,75, a = 0,75.

& |

Bapuanr 38
Hajigure Bce 3HaUeHMS a, MPU KKIOM U3 KOTOPBIX YpaBHeHUe
a’?+7|x+ 1| +5Vx2 + 2x+ 5= 2a + 3|x — 4a + 1|
umeeT XoTs Obl OJIMH KOpeHb.
PemeHne (Kak B BapuaHTe 36, HO 3ameHa x + 1 = t).

Bapuanr 39
HajiiuTe Bce 3HaUeHUS a, MPH KaKIOM M3 KOTOPBIX YpaBHeH1e
Ix=a?2+4a=2|+|x=a?+2a+3|=2a-5
umeeT X0TA Obl OIMH KOPeHb Ha oTpe3ke [5; 23].

Pemenne.

Byaem pelaThb rpaduuecku,
paccMaTpuMBasi JaHHOe ypaBHeHMe KakK
ypaBHeHMe Buaa f(x,a) =0 ¢ paBymsa
HEeM3BECTHBIMM x M a. MHOXecTBO ero
pelieHmit  (x,a) Ha  KOOpIMHATHOI
nnockoctu Oxa npencrapaser coboit
rpadgmxk ypaBHeHMS. ITpwm
(pMKCHpPOBAHHOM UMCIOBOM 3HaUeHWM a Prc.1.41
nonyuaercsas ypasHeHue f(x,a)=0 c
OAHMM HEM3BeCTHbIM x. Ero KOpHAMM SBJASKTCA TepBble
KoopAauHaThel pelnedmit (x,a) ypaHeHms f(x,a) = 0. Ha puc.1.41
MOKa3aHbl KOPHU X, X5, X3.

[lepsoe 1 BTOpOE MOAMO/IY/IbHbIE BhIpaKeHUs obpalaioTcs B
HY/Ib B TOUKaX (x, a), ie3KalllMX COOTBETCTBEHHO Ha mapalose
x = a* — 4a + 2 ¢ BepumHoit A(—2; 2) u Ha napabone x = a? —
2a = 3 c BepmuHoOii B(—4;1).

(Kak W3BECTHO, OPAMHATA BePIIMHDI Napabonsl x = Aa® + Ba + C paBHa —%. Hnsa nepsoii
napafonsl —i = —ﬁ =2, abcumcca 22 —-4:-2+2=-2. Takum xe obpasom
BBIUMCIAKTCA KOOPIHHATH BEPUIMHE BTOPOii napabonst ).

OGe mapaOGonbl oOpallleHbl BeTBAMM BIPABO M MepecekalwTcs B
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Touke C = (-1,75; 2,5).

Tak Kak mo ycaoBuio 2a—520 & a=25, TOo rpaduk
YPaBHEHMS pacIo/ioXKeH Bbillle MpsaMoii a = 2,5. [loaynnaockocTb
a = 2,5 pasduBaeTcs Kyckamu rnapabos Ha Tpu odacTu:

[ a =25 { az= 2,5, { a=2Z5
x<a’?-4a+2'la>-4a+2<x<a’-2a-3 W>a’-2a-3

[paduk pmaHHOrO ypaBHeHMs MOJyuaemM KakK o0beJMHeHue
KYCKOB rpadgMKa B 3THx 00/1acTaX.

B nepBoii 06nacTi B cUIy TOro, uto a’ —4a+2 <a’-2a-3=
x < a®? —2a — 3, ypaBHeHHe umeeT BUI —-x+a’—-4a+2-—x+
a’*—2a-3=2a-5&e —x+a’—-4a+2=0ex=a’-4a+2.
JTO ypaBHeHMe He MMeeT pelleHMii, TaK KaK BO BCeX TOUuKax (x,a)
00nacTH HaIMIO CTPOroe HepaBeHCTBO. 3HAUMT, 3Ta 00/acTh He
COMIEPXKUT ToueK rpaduka JaHHOTO YpaBHEHMS.

Bo Bropoii obnactu Bce ee  TOUKM (x,a) SABAAIOTCSH
peleHMaMM JaHHOTO YpaBHeHusi:x —a’+4a—2—x +a’ - 2a —
3=2a-5« 0=0. 3HauuT, BcA BTOpas o0JaCTL TpejcTaBiseT
coboit wacTh rpadMKa [AHHOTO YpaBHEHMUS (3TO  pelKo
BCTpeualluiics cayuaii, korga rpa)MKoM ypaBHeHUS ABISETCH He
JIMHMS, a Lenas o0/1acTh MJIOCKOCTH).

s S @ —4a+2( 23’ —2a -3

Se e Puc.1.42 x

B TpeTbeii 061acTH B cHITy TOTO, UTo @’ —2a—3 =2 a’ —4a+ 2>

x > a? — 4a + 2, ypaBHeHMe UMeeT BU]L
x—a*+4a-2+x—-a*+2a+3=2a-5&
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x—a’+2a+3=0=x=a’-2a-3.

ITO ypaBHeHMe He MMeeT pellleHuii, TaK KaK BO BceX TouKax (x,a)
00/1aCcTH HA/IMLIO CTPOroe HepaBeHCTBO. 3HAuMT, 3Ta 00AacTh He
COJIEPAKUT TOUeK rpadmKa JaHHOrO ypaBHeHUs.

Hrak, rpadMKoM JaHHOTO YpaBHeHMS ABISeTCH BTopas 00/1acThb

az2s,

Ia2—4a+2£x£n2—2a
HeoOxogumocT  Macwtal Ha ocu  Ox  uckaxeH). [lpu
(pMKCMpPOBAHHOM  3HAUeHUMM a = 2,5 MHOXKECTBOM KOpHeil x
MAHHOTO YpaBHEeHMs fABJAsSeTCH OTpe3oK [a? — 4a + 2; a? — 2a — 3).
Xora Obl OIMH KOpeHb Ha oTpe3ke [5; 23] comepKMTCH, KOra oH
MepeceKkaeTcs ¢ OTPe3KOM KOpHeii, To ecTb Korga

_3 (Ha puc.1.42 oHa 3akpaueHa. [lo

az25, az2b, _;f z'i'?
1232a2—4a+2,=} a*—4a-21<0,& ﬂ-::ﬂ—E 'ed<a<T.
5<a’?-2a-3 al-2a-8=0 a_:-‘nt'

OTBeT: 4 <ac<7.

BapuanT 40
HajiguTe Bce 3HaueHMs a, NP KaKIOM M3 KOTOPBIX YpaBHeHUe
lx—a’+a+2|+|x—-a’+3a—-1|=2a-3
MMeeT KOPHM, HO HM OJMH M3 HMX He NMPUHAWIERUT MHTepBaly
(4; 19).
PemeHne.

Bygem pewarb rpaduueckm,
paccMaTpMBasi 9TO YpaBHeHMe Kak
ypaeHeHue Buaa f(x,a)=0 c
NIBYMSI HEM3BECTHBIMM X U a.
MHoOXecTBO ero peueHuii (x,a) Ha a|
KOOpAMHATHOI maocKocTH Oxa
npejcrapaser  coboii  rpaduk 1
ypasHeHus. [Ipu ¢ukcuposaHHOM 0 X, X -
YKMCIOBOM 3HAUEHUM a MoJydaeTcs

Puc.1.43
ypaBHeHue f(x,a)=0 c oOgHUM
HeM3BeCTHBIM x. Er0 KOpHSMM SBASIOTCS TepBbie KOOPAMHATHI

o &

f(x.a)=0
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pemenuit (x,a) ypaBHeuus f(x,a)=0. Ha pwuc.1.43 nokasaHbl
KOPHH Xy, X5, X3.

[lepsoe u BTOpoe Moamomy/ibHble BhipakeHus o0OpallalTcs B
HYJIb B Toukax (x,a), JeXauMx cooTBeTCTBeHHO Ha mnapabose
x=a?’-3a+1 ¢ BepmumHoit A=(-125;15) u Ha mnapaboie
x =a*—a-—2c BepunHoit B = (—2,25; 0,5) (Kak u3secTHo, opaMHaTa
BeplIMHbl napaGonbl x = Aa® + Ba + C paBHa —%. Ilna neppoii napaGobl
—% = —;% =15, aGcumcca 1,5°-3-15+1=-125 Takum ke obpasom
BBIYHCIAIOTCA KOOPIMHATH Be PUIMHBI BTOPOI Napabosibi).

O0e nmapaGonbl o0palieHbl BETBAMM BIPABO U MepeceKkanTcs B
Touke A.

Tak kak no yciaouio 2a—320 & a=15, 10 rpadux
ypaBHEeHM pacroioxeH Bbilme npamoii a = 1,5. [loaynaockocTtb

a = 1,5 pasOuBaeTcs KycKamu napa0o Ha Tpu o0acT:

[ az=1.5, { azl1,5, { az=1,5,
x<a’-3a+1'la*-3a+1 <x<a*-a-2" W>a’-a-2
I'padmK JaHHOrO ypaBHeHMS IMOJydaeM Kak o0belMHeHUe KYCKOB
rpaduka B 3THX 00/1aCTIX.

B niepBoii o6nacTu B cuiy Toro, utoa’ —3a+1 <a’—-a-2=
x < a? —a — 2, ypaBHeHne umeer B —-x+a’—-a—-2—-x+a’—-
3a+1l=2a-3 & -x+a’-3a+1=0 x=a’-3a+1. 310
ypaBHeHMe He MMeeT pellleHMii, TaKk KaK BO BceX ToOuKax (x,a)
00J1aCTH HAIMIO CTPOroe HepapeHCTBO. 3HAUMT, 3Ta O0NACTh He
COJIEP’KMUT TOUEK rpadMKa JaHHOTo YpaBHEHMS.

Bo Bropoif obnactu Bce ee TOUKM (x, a) ABJAIOTCA pelleHUAMH
NAHHOTO ypaBHeHMs:: —x+a’ —a—2+x—a’+3a-1=2a-3 &
0 = 0. 3HaumMT, Bca BTopad obsacTb npeacTasiaser coboil vacTb
rpaduKa 1aHHOTO YpaBHEHMs (3TO pPefIKO BCTpeualouuiics cayuaii,
Korjaa rpapMKoM ypaBHeHUS SBAsieTcsl He JIMHMS, a lenas o01acTb
TUIOCKOCTH).

B Tperbeit obnacTu B cuay Toro, uto a’ —a—-2=za’*-3a+1 =
x > a’ — 3a + 1, ypaBHeHue uMeeT BUA x—a’+a+2+x—a’+
3a-1=2a-3ex—a’+a+2=0ex=a’-a-2.910
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ypaBHeHME He MMeeT pellleHMii, TAK KaK BO BceX Toukax (x,a)
00nacTH HaIMIIO CTPOroe HepaBeHCTBO. 3HAUMT, 3Ta 001acTh He
COJepPKUT ToueK rpaduKa JaHHOTO ypaBHeHMS.

Hrak, rpadMKoM JaHHOIO ypaBHeHUS iB/sieTcs BTopas o01acTb
a= L5
Ia2—3ﬂ+1 <x<a*-a-2

HeoGxoauMocTH MaciiTal Ha ocH Ox MCKaXKeH).
[Tpu ¢puKcHMpoBaHHOM 3HAUeHMM a = 1,5 MHOXKECTBOM KOpHeii x
A

(Ha puc.1.44 sakpawena. Ilo

a

i
4
g
i

.,
el s e s e e i

¢

0 ~_4 19

- b= o—d >
W a’—3a+1-__ a

Puc.1.44

IaHHOTO YpaBHEHMA HABIAETCH OTPE3OK [a.r:e2 -3a+1;a>—a- 21
Hu oiMH U3 KOpHe# He NpUHAIJIeXUT MHTepBay (4; 19), Korja oH
He MepeceKaeTcd ¢ OTpeskomM KDpHEﬁ, TO eCTh KOT'Ia
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az 15, az 15, az15,
I[ﬂ2—3ﬂ +1=19, & ![ﬂz —3a-1820, = [aﬂi}'?', =
a?—a-2<4 a>—a-6<0 _25'{1:__._.3
[ a=h,
16 <a< 3

OrBer:15<a<3uaz=6.

Bapuanr 41
Hajinure Bce 3HaUeHUA a, IIPH KaKIOM M3 KOTOPBIX YpaBHEHUE
sin2vmax — x2 —sinvmax —x2 =10
MMeeT POBHO JiBa pellieHMs.

Pemenne.

[Ipu a = 0 ypaBpHeHHe HMeeT BHM], sin 2V=xZ —sinV=xZ2=0#u
UMeeT eJMHCTBeHHbI KopeHb x = 0. [loatomy ganee cuuraem, UTo
a=0.

Bynem pemath rpadguuecku. CHauana Haitnem OJ13: max — x? =
0 @x? —max < 0. 3TO HepaBeHCTBO BbIMOJHAETCS Ha OTpe3Ke
MEXIY KOpPHSIMM KBajJipaTHOro TpexuwileHa x = 0ux = ma. [Ipu
a > 0 Ha otpe3ke [0; ma], a npu a < 0 Ha oTpe3Ke [ma; 0].

Cayuaii a > 0. O6o3HaunM Vrax — x2 = t. Torza

sinr =0
2t—-t 20+t = X
[}ﬁ[ £

sin2t —sint = 0= EsinT cos—— = 3t =

2 cos— =0
t=2mk, k=0,1,2,..
Ir = g+%’rn, h=0.1,2..

(k,n=0,Takkak t = 0).

J1151 MCXOIHOTO YPaBHEHMS TIOMY UMM PABHOCHIBHYIO
vrax — x2 = 2nk,
Vrax — x? = l_; + Efn'
[lpy (UMKCMPOBAHHOM 3HAUEHUM a KOPHSIMM 3TMX YpaBHeHMit
ABNAIOTCA  abCcUMcchl TOueK mepecevyeHus rpaduKoB  (QyHKLMI
y =Vmax —xZu y = b, rie b npuHUMaeT Bce 3HAUCHUS

2nk (k=0,1,2,..), 3+Zn(n=012..).

COBOKYITHOCTE YpdaB HEHM
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MHOXeCcTBO KOpPHeil MCXOMHOro ypaBHEHMS ToayuMm, coOpas
alcuyccsl Touek nepeceueHus rpadura pyHxkuum y = vmax — x? co
BceMM npsameiMu y = b. [loaToMy cemeiicTBO MpAMbIX y = b BMecTe
¢ rpadmkom y = Vvrax — x? MOXKHO pasMecTUTh Ha OJJHOM PUCYHKe
(puc.1.45).

IIpu y = 0 ypaBHeHMe y = Vrax — x2 paBHOCH/IbHO YPaBHEHUIO
yi=nax-x? @ X’ -nmax+y’=0 &
B=B—+CV Y= S R-PEr =GR
A 3TO — ypaBHeHMe OKPYXHOCTH paguyca R = ? C LIEHTPOM {”—:: 0),
Tak uto rpadMk y = Vmax — x* npepactasasier co0oii BepxHIOW

MOAOBUHY 3TOI OKPYKHOCTH.

Ha pucyHke wm3o0paxeHbl nNpamMble y = b IIpM BO3pacTarIMX
JHauUeHusIx b = 0, g 7, KOTOpBIE MOAYUaloTCsl COOTBETCTBEHHO TIPU
k=0n=0n=1 . OrMerMM, UTO KOHLB JMaMeTpa
MOJYOKPYKHOCTH COBNAJaT ¢ KoHuamu O/13.

[Ipu mwoGom 3HaueHMM a > 0 MOJYOKPYKHOCTb [epecekaeT
npamyo y =08 1aByX Toukax (0;0) u (ma;0). Iloka pagmyc
MeHbIlIe E, MOMYOKPYXKHOCTh (1) He mepeceKaeT APYTMX MPAMBIX
cemeiictea y = b. Korma paguyc npu Bo3pacTaHMM 3HAUeHMs a
CTaHeT paBHbIM ’—;, MOJIVOKPYKHOCTD (2) KOCHeTCcsl BTOPOil MpaMoii

m
¥ =§ ceMeiicTea y=b, 1 Touek [epecevyeHuss OKpPYXHOCTH C

ceMelCTBOM TPAMBIX CTaHeT TPU.

[Ipu panbHeiileM BO3pacTaHMM a TMOMYOKPYXRHOCTH (3), (4)
OymeT nepecekarb MNpAMyK y = ;—r B JIBYX TOUKax, M TOUYeK
nepecevyeHus MOJIYOKPYKHOCTH € CeMeiCTBOM MPSMbIX CTaHeT yiKe
yeTsipe. [Ipu nmepeceueHuM cliefyiolMX MpSMbIX cemeiicTBay = b
YMCI0 TOUEK nepeceyeHns HeorpaHMUueHHo YBeJIMUMBAeTCS.

JlenaeMm BBIBOJI: POBHO JiIBe TOUKM [epeceueHHs MMeeM, Korja
paguyc R € (0; E],mec*rb 0 ‘:ﬂ—;{gﬁ{] <a {E.

UTak, npu a > 0 poBHO [iBa KOPHSA MCXOJHOE YPaBHEHMUE UMEET

NnpMa € (ﬂ: g)
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Z Puc.1.45

Cnyuaii a < 0. O6paTMM BHMMAaHMe Ha TO, UTO eC/IM Mapa uMce
(x; a) siBJIsieTCst pellleHMeM JaHHOTO ypaBHeHMsI KaK ypaBHeHMS C
IBYMS] HEM3BECTHBIMM, TO Mapa (—x; —a) TOXe ABIAAeTCA pellleHeM
(tak  Kak w(=a)(=x)=(=x)? =max—x* ). Ecim 1ipu
(pyKcHMpoBaHHOM 3HAU€HMM a ITaHHOe ypaBHeHMe KaK ypaBHeHMe C
OJIHMM HEM3BECTHBIM x MMEeT [IBa KOPHA X; M X;, TO 3TO O03HAUAET,
UTO OHO KaK ypaBHEHME € JIBYMS HEM3BECTHBIMM X M a UMEeT [Ba
peuieHus (x;;a) U (xp;a). Ho Torma (— xy;—a) u ( —x,;—a) TOXe
ABJIAIOTCS pPelleHUsIMM. A 9TO 03HauaeT, uTo Npu PUKCMPOBAHHOM
JHAUYEHMM -a [JaHHOe YpaBHEeHMEe KakK YypaBHeHMe ¢ OJHUM
HEeM3BEeCTHBIM X MMeeT [Ba KOPHA —x; M —X,. 3HAUMT, eciu
ypaBHEeHMEe MMeeT pOBHO J[Ba KOpHA Mpu (PUKCHpOBAaHHOM
3HAUYEHMH a, TO OHO UMeeT POBHO JIBA KOPHA M MPHU 3HAUEHHMH - a.
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OTcioga ciegyeT, uTo MpM a < (0 POBHO JBa KOPHA MCXOOHOE
2
ypaBHEeHMe UMeeT NPy a € (—;; I]).

2 2
OTBeT: —;f:ac:[l, ﬂ{a{;.

BapuanT 42
HajiguTe Bce 3HaUeHMS a, TP KaXKIOM M3 KOTOPBIX YpaBHeHHe

2 2
sinZJEmc—xZ+%+cosJ2nx—x2+“T=ﬂ

MMeeT POBHO [IBa pellleHus.
Pemenue.

bypem peiwars rpaduueckn. CHauana Haitgem OJ13:
a? a?
2mx — 1'24'—:-"'(.'!*::-1‘2 ZTTX——‘-'-'[]ﬁ

’rrz+—-=:x-=::rr+ 'rr?+—

O6o3Hauum Jzﬂx —x2 + — =t.Torga

cost =0,

sin2t + cost = 0 <cost(2sint +1)=0 & sdnt=—1%
2

r=’—2’+nk. k=0,1,2,..
t =—%+21rm, m=12..

t=-Z+2m, n=12,..
(k =20,m,n= 1, Tak kak t = 0).
JI151 MCXOAHOTO YpaBHEHUS MOMYYM/IM PABHOCH/IBHYIO
COBOKYITHOCTh YpaBHEHHﬁ

2
J?,rrx—xz +%:§+1ﬂf, =012

2
JEHx—x2+ﬂT= —g+2mn, mM=%2 .-

JZm-—xz +%z= -Z42m, n=12,.

[Ipn ¢uKcupoBaHHOM 3HAUEHUM a KOPHSMM OTMX YypaBHeHM
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aBngi0TCa abcuucchl TOUeK MepeceueHMs rpa@MrkoB  yHKLMI

y= Jznx —x2 4+ ETZ M y=b, rae b npMHUMaeT Bce 3HaUeHMS
g +mk (k=0,1,2,..),
T
_E+ 2rm(m=1,2,..),

5t
—?+21m (n=12..).

MHOXeCTBO KOpHei MCXOJHOro ypaBHEHMsl Moayuum, coOpas
abcumccnl TOUeK nepeceueHmus rpaguka yHKIIMM

a2
y= JErrx — x? + = co Beemu npsaMbiMu y = b. [ToaTomy cemeiicTBo

2
= = [2mx —x2 +< MOXHO
npsAMbIX y = b BMecTe ¢ Tpadukom y = [2 e

PasMeCcTHTE Ha OTHOM PUCYHEKe (puc.1.46).

Puc.1.46

2
[I[pp y=0 vypasHeHue y= Jzﬂx . 158 ﬂT PABHOCHIBHO
2 2
YPaBHEHMIO y2 = 2mx — x% + “T e x2=-2mx+y’= “T =

2 2
x2—2xn+ﬂ2+y2=n2+%=&(x—n)2+y2=rr2+nT. A 310 -

ypaBHEeHMe OKPYKHOCTM paguyca R = ‘H‘Z + ‘:—2 C HeHTpom (m; 0),
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TaK uTo rpadmk

2

= (2 2+(I
y= mxX—Xx 2

npejacTtasiageT coboif BepxXHIOW TOJMOBMHY 3TOI OKpy:KHocTH. Ha
PUCYHKe u300pakeHbl TMpsAMble y =b MNpM  BO3pacTawUMX

T 7m 3m
IHAUEHUAX b = - = , KOTOpBIE TMOIYUAKTCH COOTBETCTBCHHO

2% gk 3

npu k=0, n=1 k=1. OrTMeTMM, UTO KOHLBI JMaMeTpa
MOJYOKPYKHOCTH coBMnajalT ¢ KoHuamu OJ13. [Tpu mobom

3HAUEHUM a TIOMYOKPYKHOCTh TepeceKkaeT MNpAMYo y = 523 B JIBYX

Toukax. [loka paguyc MeHbile ? MOJIYOKPYKHOCTb HE TepeceKaer
NPYTUX NpAMBIX ceMeiicTBa y = b. Korgia paauyc npu BospactaHuu
3HaueHMsi |a| cTaHeT paBHBIM -%r, MOJIYOKPYKHOCTb KOCHeTCH
BTOPOIi mnpamMoit y = %’ ceMmeicrea y = b, U TOUEK MepeceueHus
OKPYXHOCTH € ceMeiicTBOM NpsAMbIX cTaHeT Tpu. IIpu ganbHelilem
BO3pacTaHuu |a| momyokpyKHocTh OyaeT nepecekaTb IIPAMYIO
y =%"B JIIBYX TOUKax, M TOUEK MepeceueHus I0JYOKPYKHOCTH C
cemMejiicTBOM IIpSIMbIX cTaHeT yxKe ueTbipe. [Ipu mnepeceueHum
cAeAyIONMX NMPAMBIX ceMeiicTBa y = b uMc/Iio TOUeK rnepeceyeHus
HeOrpaHWUeHHO YBenMuuBaeTcs. [lenaem BhIBOJ: POBHO JIBE TOUKH

w

7T a2
nepeceueHmMs MMeeM, Korjga paguyc R < T' TO eCTh ':"l‘z + T < ?

13 13 Vi3
ﬂdﬂz{?ﬁzﬁ —\IT?T{H{TJT.

Hrak, poBHO [iBa KOpPHS MCXOJHOe ypaBHeHMe MMeeT IpH
vid _ 13
ae (—Trr, - ﬂ‘).

V13 V13

OTBeT: —Tﬂ.' << Tﬂ'

Bapuanr 43
Hajigure Bce 3HaueHUs a, NMPU KaJKIOM M3 KOTOPBIX ypaBHEHHe

sinVmax —x2 + cos2 Vmax —x2 =0

MMeeT POBHO [IBa pelleHM.
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Pemenne.

IIpu a = 0 ypaBHeHue umeeT B sinV—x2 4 cos2 V—xZ=0wu
He umeeT KopHeit (OJI3 coctoMT M3 ogHoro 3HaueHusa x =0,
KOTopoe KopHeM He siBjisieTcst) . [loaTomy ganee cumuraeMm, uto a # 0.

Bymem pewmats rpaduuecku. CHauana Haitnem OJ13: max — x? =
0 ©x? —max <0. 3TO HEPaBEHCTBO BbIMOJHAETCS Ha OTpesKe
MeXJIy KOPHSAMM KBaapaTHOro TpexuieHa x =0 u x =ma. [lpu
a > 0 Ha oTpesKe [0; ma], anpu a < 0 Ha oTpeske [ma; 0].

Cnyuaii a > 0. O6o3Hauum vmrax — x% = t. Torga
sint +cos2t =0 & sint + 1 —2sin’t = 0 & 2sin’t —sint—1=0

t= -% +2mm, m=1,2,..

. 1
g smt——z. - t:_s?"+2m:. n=12,..

sint =1, »
r=z+2n-k, k=012
(mnz=1k =0, Takkakt = 0).

JIns  MCXOMHOTO  ypaBHeHMS  IMOJYUWIM  PABHOCWIbBHYIO
COBOKYIHOCTDb YpaBHeHWI

Vrax —x2 = ~E+ 2w, = 1,2, .
Virax — x2 = ~—%ﬂ+ 2rneon=12 ...
vmax — x2 = % +2nk, k=0,1.2,..

[Ipu duKcHpOBAaHHOM 3HAUEHMM a KOPHAMM 3TMX YpaBHeHMil
apnsoTess abcumccbl Touek mnepeceueHMss rpadmrkoB QyHKUMIA
y=vVmax —x? Wy = b, rie b npuHUMaeT Bce 3HaAUeHUA

_E+ 21mTm (n] — 1,2, ),

5m
—?+ rnin=1,2...)
Z+2rk (k=0,12,..).
MHO¥KecTEO KD]}HEﬁ MCXOOHOTO VPpaBHEHHMSA ITOJTYUHM, CDﬁpHB

abGcuuccnl Touek nepecevueHus rpadpuka QyHKUMM y = Vrax — x? co
BCeMM NpAMbIMY y = b. [loaTomy cemeiicTBO nNpsaMBbIX y = b BMecTe
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'l

2 Puc.1.47
¢ rpapMKoM y = Vmax — x? MOJKHO pasMecTHTb Ha OJJHOM PUCYHKe
(puc.1.47).
Ilpu y = 0 ypasHeHue y = Vmax — x2 paBHOCH/ILHO YPaBHeHMIO
y? = max — x? ﬁxz—rmx+y2:ﬂﬁxz—zx?+(“—:)2+}!2=

(”2—“}2 m(x—?)z +y2= (”—2")2. A 9TO — ypaBHeHMe OKPYKHOCTH
paguyca R = ? C LEeHTpOM (’;—“; 0), Tak uTO rpadmK y = vmax — x?
npeacTasaseT co0oii BepXHIOI MOIOBMHY 3TOI OKPYKHOCTH.

Ha pucyHke u3oOpakeHbl NpsiMble y = b IIpM BO3pacTaloInX

S b

JHAUEHUAX b = 3t g v gt KOTOpPbBIE ITOMYUANOTCA COOTBETCTBEHHO

npy k=0n=1m=1. OTMeTMM, 4UYTO KOHLHL JIHMaMeTpa
MOJYOKPYKHOCTHM COBNaaaloT ¢ KoHuamu Of13.
m
Kormpa pamuycR < > TIO/IYOKPYXXHOCTb  He  TepeceKkaeT Hu

ofHOM mipamoii  cemelictBa y=b. [lpuR = g OHa [epeceKaeTr
NpsaMyr vy =E B OJHOH TOuKe (Kacaercs ee). [Ipu ;—r:: R < ?T”
nepecekaeTr Nnpamyo y = E B ABYX Toukax. [I[pu R = %’T nepeceKkaeTt
NpsAMyl0 y = EB OBYX TOUKAX M IpAMYID y = ?T“B ONIHOI TOuUKe
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(kacaetca ee). IIpu manbHeifiiem Bo3pacTaHMM paauyca R umcio
TOUEK IepeceueHus MoJTYOKPYKHOCTH ¢ CeMeiCTBOM NpAMBIX y = b
HeorpaHMUeHHOo yBennuuBaeTcs. Jleaem BbIBOM: POBHO JiBe TOUKH

T I T mit i
nepeceueHus MmMeeM, Korga paguyc R € (5: ?), T COTD = 5 e K

Sl<a< g

HUrak, npu a > 0 poBHO JBa KOPHS MCXOJHOE YpaBHEHMe MMeeT
Mnpm a € (1: g)

Cayuaii a < 0. OOpaTMM BHMMaHMe Ha TO, UTO eIy Mapa uuces
(x; a) AiB/IsieTCsl pelleHMeM JaHHOTO ypaBHeHMsI KakK ypaBHEeHMS C
JBYMA HEM3BECTHRIMHM, TO IMapa (—x: —ﬂ} TOXe ABJIAeTCA pellileHHMeM
(rak Kak m(—=a)(—=x)=(=x)? =max—x* ). Eoum npu
Cl)l-IKCH[JDBEIHHGM JHAUYEHMH a JaHHOEe YpaBHeHHEe KAaK YpaBHEHME C
OJHMM HeM3BECTHBIM x UMeeT JiBa KOPHS x; M X3, TO 3TO O3HAYAeT,
UTO OHO K4aK YpaBHeHMe ¢ IBYVMSA HEM3IBECTHBIMM X M a UMeeT [Ba
peuieHus (x;;a) U (x;;a). Ho Torga (— xy; —a) u ( —x,;—a) TOXe
ABMAKTCH pelleHMAMMN. A 31O 0O3HauaeT, UTO IIPpHu ¢HKCH[JGBEIHHOM
JHAUeHMH -a [JaHHOe YpPpAaBHEeHHMEe KdaK YpdaBHeHMEe ¢ OIJHHMM
HEM3BECTHBIM X MMeeT JIBa KOPHA —x; M —X,. 3HAUUT, ecIu
YPpdBHEHMEe MMeeT PpPOBHO JBd KOPHA IIPpH d)HKCH[JDEEIHHGM
FJHAUYEHHHM a, TO OHO MMEET POBHO JBA KOPHA M IIPH 3HAUEHHH - a.
DTCI-DJ],H clenyetr, UTO NpHU a < 0 POBHO [IBa KOpPHA MCXOOHOEe

7
YpaBHeHMe MMeeT IpH a € (—;: —1).

7 7
OTBeT: —;-::a::—l, 1-:::1«:;.

Bapuanr 44

Hajipure Bce 3HaUeHUS a, TPM KAKIOM M3 KOTOPBIX YpPaBHeHUe

cosvV2max — 4x% 4+ cos2 V2max — 4x2 =0

MMeeT POBHO JIBa pelleHus.

Pemenne.

[Ipu a = 0 ypaBHeHHe uMeeT BMJ cos V—4x2 + cos2 V—4xZ =0
M He uMeeT KopHeil (OJI3 coctouTt M3 ofHoro sHadeHus x =0,
KOTOpoe KopHeM He saBiseTcs). [loaTomy faiee cuutaem, uto a # 0.
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B npenpiayniMx BapMaHTax Mbl MOJB30BAJMCh YpaBHEHHMeEM
OKPYKHOCTH pajauyca r ¢ ueHTpoMm (r; 0), KOTopoe MuMeeT B[
(x=7r)2+y?=r? u npu y = 0 paBHOCWIBHO YPaBHEHMIO
¥y =V2rx —x2. YToObl cBeCcTH Hallly 3ajauy K nmogoOHOMY c/Iydalo,
nonoxkum  2x =t . [lomyuum ypaBHeHMe  cosvmat — t2 +
cos2 Vvmat — t2 = 0. [Ipu KaxKgoM 3HaueHUM a MeXay MHOXKeCTBaAMM
KOpHeji [aHHOro YypaBHEHMS WM HOBOIO MMeeTcs B3aMMHO
O/IHO3HAYHOE COOTBETCTBME: KaXKIOMY KOPHK Xx [aHHOIO
VpaBHEHMSA COOTBETCTBYET OMH KOPeHb t = 2x HOBOI'O YpaBHEHMH,
M KaKIOMY KOPHIO t HOBOTO YpaBHeHMA COOTBETCTBYET OJMH
KOpeHb x = % NAaHHOTO  YpaBHEHMS. [losTomy  3amaua
chopmynIMpyeTca TaK: HaWTH Bce 3HaYeHMS a, MPM KaXKIOM M3
KOTOPBIX YpaBHeHHe

cosvmat — t? + cos2 Vmat — t2 = 0
MMEeeT POBHO JIBa KOPHSL.

Bynem pemartsb rpadguuecku. CHauana Haiigem OJ13: mat — t* >
0 ©t?—mat <0. 3To HepaBeHCTBO BBIMOJHAETCA Ha OTpe3Ke
MeXXIy KOPHAMM KBaJpaTHOro TpexuieHa t = 0ut = ma.llpua >0
Ha oTpe3ke [0; ma], a npu a < 0 Ha oTpe3ke [ma; 0].

Cayuati a > 0. OGo3HauuM vmrat — t2 = y. [lonyuum ypaBHeHHe

cosy +cos2y = 0& cosy + 2cos’y — 1 =0 & 2cos’y +cosy—1=10
y=mn+2nk(k=0,12..),

- y=—g+2nm(m=1.2....).
y=g+21rm{n=ﬂ.1,2,...]
(k,bn=0, m=1 Takkaky = 0).

Jlng  ucxXofiHOrO  ypaBHeHMS  MOJAYUMAM  PAaBHOCUIBHYIO
COBOKYITHOCTD Ypab HeHMIi

Vrmat —t?=m+ 2k (k =0,1,2,...),
Vrat —t2 = -E+ 2rm(m=12,..)

Vmat —t2 =§+ 2mn(n=10,1,2,...).

cosy = —1,

1
cosy =3
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Ilpu ¢uKCcHpOBAaHHOM 3HAUEHMM a KOPHAMM 3TMX VpaBHeHMit
ABAgI0TCA  abcuMccsl Touek mnepeceueHus rpadgukoB  yHKLmi
y =+mat —t? u y = b, rie b npMHUMaeT Bce 3HAUEHUS
m+2nk(k=0,1,2,..), —-;f +2mm(m=1,2,..), g +2mm(n=0,1,2,..).
MHOKeCTBO KOpHeit MCXOJHOIo ypaBHeHust nmoayumum, cobpas
alcuyccsl Touek nepeceueHus rpadpuka pyHkumm y = vrat — t? co
BceMM npambeiMu ¥ = b. [loatomy cemeiicTBO npsaMbIX y = b BMecTe

¢ rpadpmKom y = Vmat — t2 MOXKHO pasMecTMTb Ha OJHOM PUCYHKe
(puc.1.48).

— -
——
3
0 Ta  ma T
2 Puc.1.48

Iipu y =0 ypaBHeHue y = Vmat — t2 paBHOCWIBHO YPaBHEHMIO
yi=mat—t?* e t:—-mat+y*=0 & t2—2t?+(“—:)2+}'2=
(52‘1)7- e (t —-’-’23}2 +yt= (?)2. A 3TO - YypaBHEHME OKPYKHOCTH
pajuyca r == C IeHTPOM (5-;0), TaK uTo rpadmk y = Vmat — t?
npejacTasaseT co0oii BepXHIOW MOA0OBMHY 3TOI OKPYKHOCTH.

Ha pucyHKe u3o0pakeHbl NpsaMble y = b NpH BO3pacTawMx
JHAUEHMAX b = % T, 5?” KOTOpbIe MOJYYaloTCH COOTBETCTBEHHO
npy n=0k=0m=1 O0OTMerMM, UTO KOHLb JMaMeTpa
MOJIYOKPYKHOCTHM COBMNaAaloT ¢ KoHuamu O]13.
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Korga paguyc r < % MOJIYOKPYHHOCTh He MepecekaeT HU OHOI
npaMmoit cemeitcteay =b. Ilpur = % OHa T[epeceKaeT MPSIMYIO
y =;—r B OfHOI Touke (Kacaerca ee). [Ipu ’—; <r < m nepecexkaer

MNpAMYIO ¥ = g B IBYX TOUKAX. le{ r = mlepecekaceT IMpaAMy y = g
B JIBYX TOUKaxX M MpAMYIo y = m B 0JIHOI Touke (Kacaetcd ee). [Ipu
IanbHenineM BO3pPaCTaHHHM paguycCa r HMC/IO TOUEK IepeceucHHA
MOJIYOKPVEKHOCTH C ceMelcTBOM MpAMBIX vy = b HeorpaHMYeHHO

yBeauunBaeTcda. Jlesaem BbIBOJ: POBHO JiBe TOUKM MepeceueHus
MMeeM, KOoraa pajguyc r € (ET m), TO €CTh g < “?“ <& ; <a<?l

Hrak, npu a > 0 poBHO [iBa KOPHS MCXOQHOEe ypaBHeHWe MMeeT
npH a € (1:— 2).

Cnayuaii a < 0. O6paTMM BHMMAaHMe Ha TO, UTO eC/IM rapa uMces
(t; @) ABNseTCA pelleHueM JaHHOTO YpaBHEHMS KaK ypPaBHEHMH C
NBYMSI HEM3BECTHBIMM, TO Mapa (—t; —a) TOXe AB/IsSeTCH pelleHneM
(rak kKak w(—=a)(-t)—(-t) =mat—t* ). Ecam 1pun
(puMKcHMpoBaHHOM 3HaUeHMM a JaHHOe ypaBHeHMe KaK ypaBHeHMe ¢
OJAHUM HEeM3BeCTHBIM t UMeeT JBa KOPHA t; U t,, TO 3TO 03HAUaerT,
UTO OHO KaK ypaBHeHMe ¢ JBYMSI HeM3BeCTHBIMM t M a MMeeT JIBa
pewenua (t,;a) M (t,;a). Ho Torma (—ty; —a) M (—t,; —a) TOXe
SBASIOTCSA pellieHMsIMM. A 3TO O3HAUaeT, UTO Npu (PUKCMPOBAaHHOM
JHauUeHWH -a JlaHHOe YypaBHeHWe KaK VypaBHeHMe ¢ OJHUM
HeM3BECTHBIM t MMeeT JBa KOpPHSI —t M —t,. 3HAuUMT, ecau
ypaBHeHMe MMeeT pOBHO [Ba KOpHA TMpu (UKCHPOBAHHOM

3HAYeHMH a, TO OHO MMeeT POBHO JBa KOPHA M IIPH 3HAUEHHMH —a.

OTcoma cinemyer, 4uTo npM a < 0 POBHO [OBd KOpPHA MCXOOHOE

2

YpaBHeHMe uMeeT IIPpH a € (—2; —;)

OTBeT: —2 < a e.:-;, %{av.:z.
Bapuanr 45
HaitamTe Bce 3HAUEHMS a, TIPM KKIOM M3 KOTOPbIX ypaBHEeHMe
sinvax —x2 —=m2 +cos2 Vax —xZ2 —m2 =0

MMeeT POBHO [iBa pelleHu.
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Pemenne.

Bynem pewats rpaduuecku. CHauana Haiigem O]I3.
ax—x’-m’z0ex?—ax+n?<0.
Korga OMCKpMMMHAHT KBaJijpaTHOro TpexwieHa D = a® —4m? <
0, To ecTb |a| < 2w, HepaBeHCTBO He MMeeT pemeHuii, u 0J13 = @.
Korpa D = 0, To ecTb |a| = 2m, HEpaBeHCTBO MMeeT eJMHCTBEHHOE
pelueHue x = %, OJ13 cocTOUT TOJILKO M3 OJIHOTO 3HAUEHMUs x = g "

MOTOMY YpaBHEHME He MOXeT MMeThb [BYX pas/lIMUYHbIX KOpHei.
Korpa D > 0, To ecTb |a| > 2m, HepaBeHCTBO BbIMOJNHAETCS Ha
OTpe3Ke MeXIY KOPHAMM TpexuIeHa, Tak UTo
_ vaf-am?  a , Vvai-am?

3= ~==ih=—"1
CepenuHa 5TOro orpeska HaXoOUTCH JieBee TOUKM -m IIpU
a <-—2m, U MpaBee TOUKM T MpM a > 2.

O6o3HauuMMm Vax —x2 — w2 =t. Toraa

sint +cos2t =0 sint+1—=2sin’t =0 & 2sint —sint—=1=0

(XA E-1

sint = —l.
2" =
sint=1,
- T
t=—=+2mm, m=1,2,..

6

5m
t=_E+2M' =12 ..

¢ =%+2n~k. k=0,12,..

(mn=1k =0, Takkakt = 0).
JIns  MCXOHOIO  ypaBHeHMsl MOJAYYWIM  PAaBHOCWIbHYIO
COBOKYITHOCTH YPHBHEHH]‘;[

vax —x? —nm? = -§+ 2rm, m=1,2,...
Vvax —x2—-n2 = —5?"+ 2mn, n=1,2,....
xu"ax—xz—rﬂ:;-t-ZRk, =012

IIp  (PUKCHPOBAHHOM 3HAUEHMM a KOPHAMM I9TUX YypaBHeHMIi
ABNAIOTCA a0CUMCChl TOUEK MepeceueHusi rpa@ukoB  (PyHKUMIt
y=vVax—x2—-m2 u y =b, rue b npMHMMaeT Bce 3HaUeHMS
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—%+2mn (m=12..)

S5m
==tk 2 (n=1,2,..),

g+ 2k (k = 0,1,2,...).

MHOKecTBO KOpHeil MCXOJHOro ypaBHeHMS Moiyumum, coOpas
abcumccnl TOUekK nepeceueHms rpajmka GyHKLIMM
y =Vax —xZ — 2 co BceMM NpSMbIMM y = b. [ToaTOMY ceMelicTBO
npaMbiXx y =b BmecTe ¢ rpapukom y = vax —x? —m? MOXKHO
PasMecTUTb Ha OJJHOM PUCYHKe.

[I[pu y =0 ypaBHeHue y =vax — x2 = m? paBHOCH/JBHO
ypasHeHuw y? =ax —x?-—m? = ¥ —ax+y*=-n* &
x? —2x§+ﬂ72+}?2 =ﬂ4—2-n’2 e (x=3)?+y? =¥+ A 910 —
ypaBHeHMe OKpPYKHOCTH paguyca R = %‘m C HEHTPOM (%: 0), Tak

uro rpaguk y =vVax —x2 — w2 npeacrasager co0oii  BepXHIOW0
MOJOBMHY 3TOM OKpy)KHOCTH. KOHIIbI ee AmamMeTpa COBMAfaloT C
KoHLUamu O]J13.

3nech npuBeleH PUCYHOK Mg ciayuast a > 2m (puc.1.49) B
ciiyyae a < —2m PUCYHOK CUMMeETpPHUYeH OTHOCHTENbHO ocu Oy
(tonbko KoHUbl O[3 pacnonaraloTcss B TOM K€ TIOpAIKe).

H3o0pakeHsl mnpamele y =b MNpM Bo3pacTawIUMX 3HAUEHMAX

b S b
b==, —, —, KOTOpeIE  TIOAYUYAKTCA  COOTBETCTBEHHO [mpH

2’ 6' &
k=0n=1m=1.

Korpa paguyc R < g MOJIYOKPYKHOCTh He [epeceKkaeT HMU

T
OAHOI mpsiMoit cemeiictBa y = b. Tlpu R =7 oHa  mepecekaer
NpaMyto y =§ B OJHOH TOuKe (Kacaercs ee). [lpu ;—r:: R < %’T
7
nepeceKkaer NMpAMyw y = ;—r B ABYX TouKax. [IpuR = ?" nepecexaer
7

MpsaMyio y =g B JIBYX TOUKAX M MpAMYIO y = f B OfIHOI1 TOuKe
(kacaeTcsa ee). [Ipu panbHelilieM Bo3pacTaHMM pajuyca R umcio
TOUEK MepeceueHms MoJIyOKPYKHOCTH € CeMeHCTBOM MpSIMbIX y = b
HeOrpaHWUEeHHO yBeuunBaeTcs. Jlesnaem BbIBOJ: POBHO JIBE€ TOUKH
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T 7E m
nepeceyeHMAa MMeeM, Korja paguyc R € (5; ?}, TO eCcThb 5{

M

{in
6
= T
6
G
2
0
-
2
VaZ-an? _7m la| > V5m
——are Jisr - HMTaK pOBHO JBa KOpPHA MCX0OHOe
lal <~ N B
ypaBHEHME NMeeT [PH a € (— "'E:": —v@.rr) U (V5m; "E:“).
85 85
OTrBer: —- 3":’: a<—\5m VSmr<a< '“:’T.
BapuaHr 46
Hajigure Bce 3HaueHMs a, NPH KaXKIOM M3 KOTOPBIX CHUCTeMa
ypaBHeHMIA
{(ay+ax+3)(y+x— 1) =0
lxyl = a
MMEET POBHO YETBIPE pelIeHMs.
Pemenue.
M3 BTOpOro ypaBHeHMs BUAUM, UTO MOKHO ObITh a = 0. IIpu

a=4u cucremMa HMMeeT BHIO xy =0

pewenue (x; y) = (0; 0). [loaTomy fanee cuuraem, uto a > 0.

"M MMeeT EIMHCTBEHHOE
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3agauy Oymem pematbh rpadmueckn (puc.1.50). Ilepsoe
3

x+y= :

ypaBHeHHMe PAaBHOCU/IBHO COBOKYITHOCTH a' Ee rpadgmk
xt+y=a

L =1, ul, npeacrasaser co0oli Mapy napaijieJibHbIX TMPAMBIX:

3
npamas l; ¢ YpaBHeHMeM x +y =—-— MPOXOJMUT Uepe3 TOUKM

(—S: 0)m (0; — E}, npsimMasi [, ¢ ypaBHeHMEM x + ¥ = a— uepe3 TOUKH

Puc.1.50

(a; 0) u (0; a) (MapanneNbHOCTh CJleyeT, HallpuMep, M3 TOro, UTo
MpH nepecevueHuu MX ocbio abcuce BHYTPEHHUE HAKPeCT Jexalue
yriel paHel mno 45°). IlpM Bcex 3HaueHMAX a ITH TIpsMbIe
HAXoOATCA IO pa3sHble CTOPOHB OT Hayaja KOOPOMHAT, TaK Kak
—% <0 Ma>0(coBnacTb He MOIYT, TaK KaK pPaBeHCTBO —% =0

npu a > () HEBO3IMOKHO).
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Xy = —a
Bropoe ypaBHeHMe pPaBHOCHMIBHO COBOKYITHOCTH [ x}; Lo
y=—2
. . Ee rpapuk H = h, Uh, npencraenser coboii mnapy
.
runepOon: runepbona h, ¢ ypaBHeHUeM y = —%c peTBsIMM BO [l u

IV kBagpaHTax u runepbona h, c ypaBHeHueM y = ; CBeTBIMU B [ 1

I11 kBagpaHTax.
PelleHMsAIMM JaHHONH cHCTEMbl SBASIOTCS Touku (x;y), B
KOTOPBIX NepecekawTcs asa rpadgmra L m H.
[Ipsmas [, npu Becex 3HaueHMsAX a > 0 nepecekaeT runepOoay h,
B JABYX Toukax (Bo II u IV keagpaHTax). B 3aBucMMOCTH OT
3HauUeHMit a runepboy h, OHa MOJKeT IepeceKaTh B IBYX TOUKaX
(8 III KBampaHTe), B OHOHONH TOuKe A (TOUKA KacaHus) M He

nepecekaTts. PaccMoTpuM nepeceueHue [, ¢ hy:
3

Xd+y=s=—-—, —
w {x e (1)

y=rz xy = a.
B coorBeTCTBMM ¢ TeopeMoii Buera napa (x; y) 4BNsieTcd peleHuem
3TOH CUCTEMbI TOorda M TOJNBKO TOrA4, KOTla YMcIa x M y ABNAKTCAH

3
KOPHAMM  KBajpaTHoro  ypasHeHus t>+-t+a=0. Ero

—an3
OUCKPUMMHAHT D = a—i —4q="12 :2“ MOMIOKUTEIeH TIpu a < /2,25,
paBeH HY/II0 Npu a = /2,25, oTpuLiaTesieH mpu a > 4/2,25.

CnepmoBaTe/bHO,

npu 0<a< /2,25 KBagpaTHOe ypaBHeHMe WMeeT JiBa
pasjMuUHBIX KOpPHS t = x Mt = y; napa (x;y) SBjaseTcs pelieHHeM
cucteMsl (1); BBMOY CHMMMETPHMM CHCTEMBI OTHOCUMTEBHO X MY
nmapa (y;x) TOXe ABJAETCA €€ pelleHMeM, Tak uTo cuctema (1)
MMeeT JIBa Pa3/IMUHBIX pemieHud (x;y) u (y:x), To ecTb npamas [,
nepecekaer rumnepbony h, B AByX TOUKax, a Bech rpapuk H B 4
TOUKax;

npH a = VE_ZS KBaJlpaTHOe YypaBHeHME MMEEeT OAMH KOPEHb
t = x = y; pelleHHeM cHCcTeMblI (1) aBngeTcd ojiHa napa (x; x), To
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ecTh mnpsMas [, nepecekaer runepbony h, B ogHOi ToukKe (TOuKa
KacaHusl A Ha Ouccektpuce I u Il KoopAMHATHBIX YIVIOB), a BeCh
rpaduk H B 3 Toukax;

npua > /2,25 KBaJpaTHOE YpaBHEHWE HE MMEET KOpHeii,
cucteMa (1) He coBMecTHa, TO ecTb TIpaMad [, He TMepeceKaer
runepOony h,, a Bech rpauk H nepecexkaer B 2 TOUKaXx.

[Ipamas [, npu Bcex a > 0 nepecekaer runepbony h; B JABYX
Toukax (Bo II m IV kBagpaHTax). B 3aBMCMMOCTM OT 3HaUYeHMil a
runepbony h, oHa MOXKeT InepecekaTb B JBYX Toukax (B I
KBaJlpaHTe), B OJHOM TOUKe B (TOUKA KacaHMA) M HE MepPeceKaTh.
PaccmoTtpum nepeceuenme I, ¢ hy:

x+y=a, x+y=a, "
{ y = i—' { Xy =a. (2)
B coorBeTCcTBMM ¢ TeopeMoii Bueta napa (x; y) ABnsieTcs pelieHneM
9TOI CUCTeMbl TOr/ia M TOJBLKO TOrJA, KOrJa uMcia x M y SBasiTCs
KOPHAMM KBaJpaTHOro ypaBHeHuss t?—at+a=0. Fro
OUCKPUMMHAHT D = a? — 4a NoNoXuTeNleH nNpu a > 4, paBeH HYJO
NpH a = 4 M oTpULIATe/IeH IpK a < 4.

CnepoBatelibHO,

npM a >4 KpaJpaTHOE€ YpaBHEHHe WMeeT [Ba pPas3IUYHBIX
KOpHA t = x M t = y; napa (x;y) ABageTcs pelieHueM cucTembl (2);
BBUAY CMMMETPMM CMCTEMbI OTHOCHMTE/ILHO X M y Mapa (y; x) TOXe
SBSETCS ee pelleHeM, Tak UTo cucTeMa (2) umMeeT Ba pasjiMuHbIX
peweHus (x;y) u (y; x), To ecTb npamasg [, nepecekaer runepoony
h, B ABYX TOUKaXx, a Becb rpapmk H B 4 TOUKax;

npM a =4 KBaJpaTHOe YpaBHeHMe WMeeT OIWH KOpeHb
t =x =y, pelleHueM cucreMsl (1) sBasgercs ofHa napa (x;x), To
ecTb mnpsmas [, nepecekaeT runepGony h, B OJHOI Touke (TOUKa
KacaHus B Ha Ouccexktrpuce | u Il koopamMHaTHbIX YII0B), a Bech
rpaduk H B 3 TOUKax;

npua < 4 KBaapaTHoe ypaBHeHMe He MMeeT KOpHeii, cuctema
(2) He coBMecTHa, TO ecThb NpsAMas [, He NlepeceKaeT runepbony h,,

a Bech rpadmk H nepecekaeT B 2 TOUKax.
B coBoKyrnHocTH Bech rpaduk L nepecekaer rpadguk H poBHO B
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4 TOUKax MpM Tex 3HAUeHMSX a, Korja npsiMbie [, u [, mepecekanT

3
rpadpmk H Kaxgass B JBYX TOUKax: {a > \’2;25* HUrak, paHHas
< 4.

cHCTeMa MMeeT POBHO 4 peleHus npu /2,25 < a < 4.
Otser: /2,25<a <4.

Bapuanr 47
HHﬁﬂHTE BCe 3HAUeHHA a, INMPH KAKIOM M3 KOTOPbLIX CHCTEMA
ypaBHeHMIA
(ay+ax —2)(y+x+3a) =0,
I |xy| = a
MMeeT POBHO BOCEMb pellieHUH.
Pemenne.
H3 Broporo ypaBHeHUs BMIMM, UTO HO/DKHO ObiTh a = 0. I[Ipu

+x=0

xy=0

pemeHue (x; y) = (0; 0). [loaTtomy nanee cumraem, uto a > 0.
3apauy Oynem pemath rpaduuecku (puc.1.51).

[lepeoe ypaBHeHMe paBHOCMIBHO COBOKYITHOCTH
x +y=-3q,

a =0 cucremMa MMeeT BMI {}" "M MMeeT eJMHCTBEHHOe

x+y:%.

Ee rmpaduk L=1[,Ul, npencrasnser coboii mnapy
napajjie/lbHbIX NpPsSMbIX: TpsiMasi [, ¢ ypaBHeHMeM x+y = —3a
npoxoauT uepe3 Touku (—3a;0) u (0; —3a ), npsamas [, C
ypaBHeHHeM x+y=§ — uyepes TOUKH {%;G} u (0, %],
(mapainejabHOCTh  CA€OYeT, HanpuMmep, #M3 TOro, UTO MpPH
nepeceyeHMM MX OCbK abcuucc BHYTPEHHME HAKPECT Jiexaliue
yrjbl paBHbl mo 45°). IlpM Bcex 3HAUeHMSAX a 3TH TIpSMbIe
HaXOIATCA IO pa3sHble CTOPOHBI OT Hauala KOOPAMHAT, TaK Kak

2 2
—3a<0wu E > 0 (coBnacTb He MOI'YT, TaK KaK paBeHCTBO —3a = =

npu a > (0 HEBO3MOXHO).
Bropoe ypaBHeHNe paBHOCH/IbHO COBOKYITHOCTH
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Puc.1.51

Ee rpapuk H = h, Uh, npencrasasger coboit nmapy rumnepGon:
runepbona h; ¢ ypaBHeHMeM y=-% ¢ perBamu BO Il mn IV

a
KBajipaHTax ¥ runepbona h, ¢ ypaBHeHHeM y = ~ C BETBAMY Blulll

KBaJlpaHTax.

PeuleHusiMmyM JaHHOI CcHMCTeMBbl HABASIOTCS TOUKM (Xx;¥), B
KOTOPBIX NepecekalTcs asa rpadgmka L v H.

[Ipamas [, npu Bcex 3HaueHuax a > 0 nepecexaet runepoory h,
B JBYyX Toukax (Bo II u IV KpajpaHTax). B 3aBMCMMOCTH OT
3HaueHuit a runepbony h, OHa MOXET MepeceKaThb B JIBYX TOUKaX (B
II1 kBampauTe), B 0f1HOJ TOUKe A (TOUKA KacaHMUs) MU He MepeceKaTh.
PaccmoTpum nepeceuenue [, ¢ h,:
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x +y=-3a, = —

WEN 0
B cooTBeTCTBMM ¢ TeopeMoii Buera napa (x; y) apagercs pelneHuem
9TO CUCTEMbI TOTa M TONbLKO TOrJIa, KOI[a uuc/ia x Uy ABISI0TCS
KOPHSIMM  KBajipaTHoro  ypaBHeHus t?+3at+a =0. Ero

TUCKPUMMHAHT D = 9a® — 4a TIONOXWUTeNIeH Tpu a > E , paBeH
HYJII0 TIPU a = % WM OTPULIATE/EH TTPH a < §~

CnefpoBaTellbHO,

npu a > E KBaJIpATHOE YpaBHEHME MMEET [Ba pas/iMuHbIX

KOpHSIt = x M t = y; napa (x; y) Apasgercs pelieHueM cucTemsl (1);

BBMIY CMMMETPMM CMCTEMBI OTHOCHMTEJIBLHO X M y Mapa (y; x) Toxe
ABJAETCH ee pelleHHeM, TaK UTO CUCTeMA {1} uMeeT OBa pa3/IMUHbIX

pewenus (x;y) M (y; x), To ecTb npgaMas [, nepecekaer runepoony
h, B IBYX TOUKaX, a Bech rpa¢uk H B 4 TOUKax;
4
np a = = KBapaTHOe YpaBHeHMe MMeeT OIMH KOpeHb
t =x =y, peuieHHeM cHCcTeMbI (1) aBageTcd ogHa nmapa (x;x), To

eCcTh npaMas [, nepecekaetr rumnepdony h, B oJHOI TOUKe (TOUKa
KacaHua A Ha Ouccektpuce | u Il KoopaMHATHBIX YIJIOB), a Bech

rpaguk H B 3 TOukax;

npu 0 <a 4:4; KBaJpaTHOe ypaBHeHMe He MMeeT KOpHeii,
cucteMa (1) He coBMecTHa, TO ecTh TIpaMad [, He TMepeceKaer
runepOony h,, a Bech rpadguk H nepecexkaer B 2 TOUKaX.

[Ipamas [, npu Bcex a > 0 nepecekaer runepbony h; B JABYX
Toukax (Bo II u IV kBajgpanTax). B 3aBMCMMOCTH OT 3HauUeHMI a
runepGony h, oHa MOXKeT IepecekaTb B JBYX Toukax (B I
KBaJpaHTe), B OJJHOI TOUKE B (TOUKa KacaHMs) M HE Mepecekarhb.
PaccmoTpuMm nepecedenme [, ¢ hy:

{x + S E' X+ y= L
a { _a’ (2)
y=i= xy=a.
B coorseTcTBMM ¢ TeopeMoi Buera napa (x; y) ABIS€TCq pelieHem
3ITO# CUCTeMbl TOrJa M TOJBKO TOrJa, KOrjla UMcia x M y SBJISIOTCH
KOPHAMM KBaZipaTHOro ypaBHeHus  t? — Ez +a=0. Ero
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3

a

4
IMCKPUMMHAHT D = — —4a = MOJIOKUTEIEH mpu a <1 ,

paBeH HYJIIO pM a = 1 M oTpUllaTeNeH Npu a > 1.

CnefoBaTellbHO,

npM a <1 KBaJpaTHOe ypaBHeHMe WMMeeT [Ba pas3IMUHbIX
KOpHSIt = x M t = y; napa (x; y) ABaAsgeTcs pelieHueM cucTemMsl (2);
BBUIY CMMMETPMM CMCTeMbl OTHOCMTE/bHO X M y Mapa (y; x) TOXxe
AB/IAETCS ee pelleHueM, Tak UTO cCucTeMa (2) MMeeT Ba pa3/IMUHBIX
pewmenusa (x;y) u (y; x), To ecTb npsamas [, nepecekaetr runepoony
h, B IBYX TOUKax, a Bech rpa¢uk H B 4 TOUKaXx;

npM a =1 KBajipaTHOe YpaBHeHME HMeeT OJMH KOpPeHb
t =x =y, pelleHeM cucTeMsl (1) aBngerca ofHa nmapa (x;x), To
ecTh npaMmas [, nepecekaeT rumnepdony h, B 0JHON ToOuKe (TOuKa
KacaHus B Ha Ouccektpuce I u Il KoOpAMHATHBIX YIJIOB), a BeCh
rpaduk H B 3 Toukax;

npu a > 1 KBaJlpaTHOEe ypaBHeHMe He MMeeT KOpHeii, cucTtema
(2) He cOBMeCTHa, TO ecTb npsmasd [, He nepecekaeT runepbony h,,
a Bech rpamk H nepecekaeT B 2 TOUKaXx.

B coBoKkynHocTH Bech rpaduk L nepecexkaeT rpaguk H poBHO B
8 TOUuKax NMpu Tex 3sHaueHMsX a, KOrja npsameie [, u [, NnepecekaioT

4
o :’E‘ HUTak, JaHHas cucTema
a<l.

" 4
MMeeT POBHO 8 peleHnii npu ; < a < 1.

rpaguk H Kaxkpgas B 4 TOUKax: [

4
OTBer: ar-: a<1.

BapuaHnr 48
Hajigute Bce 3HaueHMs a, MPH KaXKIOM M3 KOTOPbIX CMCTeMa
ypasHeHMIA
I(ay+ax+3)(y+x—a) =0,
lxy| = a
MMeeT POBHO LIECTh pelieHMI.
PemeHne.

H3 BToporo ypapHeHMsi BUIMM, UTO J0KHO ObITh @ = 0. [Ipu
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=0 cMcTeMa MMeEeT B {y+x=ﬂ,
o= W xy=0

peuwieHue (x; y) = (0; 0). I[loaTomy nanee cuutaem, uto a > 0.
3apauy Oynem pemaTh rpaduuecku (puc.1.52).
[lepsoe ypaBHeHMe paBHOCHIBHO COBOKYITHOCTH

H HMeeT eJIMHCTBEHHOE

3
[x +y=- E'
xX+y=aqa
Ee rpaduk L =1, Ul, npeiacrasiager coloji mapy napaieabHbiX
NpAMBIX: MpsaMas [, ¢ ypaBHeHHEM x + y = —% MPOXOIUT uUepes

TOUKH (—%;ﬂ) u (0; —%], npsamas [, ¢ ypaBHeHMeM x +y =a —
yepe3 Touku (a;0) u (0; a) (mapa/uienbHOCTh C/leayeT, Hanpumep,
M3 TOro, UTO NpPU TepeceueHUuM MX Ocbl aldcuucc BHYTPEHHUE
HAKPEeCT JieXKalllMe VI/Ibl paBHbl Mo 45°). [Ipu Bcex 3HaUeHMAX a 3TH
MpAMbIe HAXOAATCH 110 pasHble CTOPOHBI OT HAYA/Ia KOOPJAMHAT, TaK

3
Kak —-—< 0 M a>0(coBnacTe He MOIYT, TAK KAK PABEHCTBO
3
—-=afmnpua > () HEBO3IMOXKHO).
Bropoe ypaBHeHKe paBHOCHJIbHO COBOKYITHOCTH

a

[xy=-a ! i e

Xy =a. y=2,

x
Ee rpapuxk H = h, U h, npeiacrasnser coboit napy runepOon:
runepbona h; ¢ ypaBHeHMeM y:-ﬂ ¢ perBamu BO Il mn IV

KBajgpaHTax u runepbosna h, ¢ ypapHeHMEM y = —c peTBaAMM B [ 1 11
KBaJipaHTaX. PelueHusaMu JaHHOM CHCTeMbl HBﬂH}aTm TOUKM (x;y),
B KOTOpPbBIX NepeceKawTcs aBa rpaduka L u H.

[Tpamag [, npu Bcex sHaueHMAX a > 0 nepecexkaeT runepoony h,
B JAByx Toukax (Bo II u IV kBagpanrtax). B 3aBMCMMOCTM OT
3HaueHui a runepbony h, OHa MOMXKeT IepeceKkaTh B IBYX TOUKaX (B
I11 kBagpaHTe), B OIHOIT TOUKe A (TOUKA KacaHusl) M He MepeceKaThb.
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Puc.1.52
PaccmoTpuM nepeceueHue [, ¢ h,:
3
X+y=-—-=, = 3
g “"’{H"V— “ ()
y=- Xy =a.

X

B cooTBeTCTBMM € TeopeMoii Buera napa (x; y) ApisieTcs pelieHueM
9TOM CMCTeMbl TOrJa U TOJbKO TOorga, Korga uMcia x 1 y ABJIAITCA
KOPHAMM KBaJIpaTHOIO ypaBHEeHUS

.t2+§.t+a=ﬂ.
3

Q 9—d1
Ero JMCKDUMMHAHT D =— —4a = —— TONOKUTeNeH npu
i a
a <3225, paseH HyI0 0Opu a= 2,25 OTpULIATENeH TMpH
a>3225.
CnejgoBaTe/ibHO,

npu 0< a< 32,25 KBaJpaTHOE® YpPABHEHME WMMEET [Ba
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Pas/IMUHBIX KOPHA t=x M t =y; napa (x;y) 9B/ISeTcsa pelieHnem
cucteMbl (1); BBMIOY CHMMMETPMM CHCTEMBI OTHOCUMTEJIBHO X MY
napa (y;x) TOXe SBJ9eTCH ee pelleHMeM, Tak uTo cuctema (1)
MMeeT JiBa pas/iMuHbIX pelieHus (x;y)  (y;x), ToO ecTh npsaMas [;
nepecekaer runepbony h, B AByX TOuKax, a Bech rpaduk H B 4
TOUKAaxX,

npua = /2,25 KBajpaTHOe ypaBHEeHME MMeeT OJIMH KOpPeHb
t = x =y, pelieHem cuctemsl (1) aBagerca ogHa nmapa (x;x), To
ecTb npsiMas [, nepecekaer rurnepdony h, B 0JHOI TOUKe (TOUKA
KacaHusl A Ha Ouccektpuce I u Il KoopAMHATHBIX YIVIOB), a BeCh
rpa¢uk H B 3 TOUuKax;

npu a > /2,25 KBajgpaTHoe ypaBHeHMe He MMeeT KOpHeii,
cucteMa (1) He coBMecTHa, TO ecThb IIpdaMad [, He TepeceKaer
runepbony h,, aBeck rpaduk H nepecekaeT B 2 TOUKax.

[Ipamas [, npu Bcex a > 0 nepecekaer runepbony h; B AByX
Toukax (Bo II u IV kBagpanTax). B 3aBMcMMoOCTM OT 3HaueHMii a
runepOony h, oHa MOXeT Iepecekarb B JBYX Toukax (B I
KBaJipaHTe), B OJIHOI TOuKe B (TOuKa KacaHusi) M He Iepecekarb.
PaccMoTpuM nepeceuenue [, ¢ hy:

x+v=a, e
[
B coorseTcTBMM ¢ TeopeMoii Buera napa (x; y) apasiercs pelueHuem
ITOI CUCTeMBbl TOr/ia M TOJLKO TOrJAa, KOrjla uMdla x U y ABISKTCH
KOpPHAMM KBaJlpaTHOro ypaBHeHus t?—at+a=0. Ero
OUCKPUMMHAHT D = a® — 4a NonoKUTeleH Npu a > 4, paBeH HYJIO
InpM a = 4 M oTpULATeNeH IIpu a < 4.

CnefpoBaTellbHO,

npM a >4 KBagpaTHOe YypaBHeHME MMeEeT [Ba pas/INMuHbIX
KOpHSIt = x M t = y; mapa (x;y) ABASeTCH pelieHnueM cUCcTeMsbl (2);
BBMIY CUMMETPHMM CUCTEMBI OTHOCUTE/NBHO X U y mapa (y; x) Toxe
ABJNAETCH ee pelleHreM, Tak UTo CUCTeMa {2} MMeeT IBa pas/iMuUHbIX
peweHus (x; y) u (y;x), To ecTb npsamas [, nepecekaetr rumnepoony
h, B IBYX TOUKaXx, a Becb rpadpuk H B 4 TOuKax;
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npM a =4 KBagpaTHOe YypaBHeHHMe MMeeT OIMH KOpeHb
t =x =y, peluleHeM cucTeMsl (1) aBagercda ogHa napa (x;x), To
ecTh npsmas [, nepecekaeT runepboay h, B 0fHON TOuKe (TOUKa
KacaHusi B Ha Ouccexrpuce | u Il KoopaMHATHBIX VIJIOB), a BeCh
rpa¢uk H B 3 TOUuKax; 3

npu a<4 - ,,L 2
KBafipaTHoe ypaBHeHuMe L ¢ | . >
He  MMeeT  KOpHeili, 3
cucTeMa (2) He z 2 el
COBMECTHa, TO eCcThb 2 . . >
npamas [, He

nepecekaetr runepoony

(41 4 ]
h,, a Becb rpadpux H L E‘_""—'—" l" >
nepecexaer B 2 TOUKaXx. 0 V2.25 ‘ a
Puc.1.53

Jlns KaxKmoit
mpamoit I, wu I,
KOJIMUeCTBO TOUEK ee IepeceueHus ¢ rpadpukom H B 3aBUCMMOCTH
OT 3HaueHud a > 0 u3o0pasum (puc.1.53) Ha uMIOBON NpaAMoii Oa
(Ha MHTepBaZax M B OTHAeIbHbIX TouKax). CNOXKMB KOJIMUECTBa
TOUeK IMepeceueHMss Ha MHTepBaJax M B OTHENbHBIX TOUKax,
MoayIYMM EKOIMUECTBO TOUeK IMepeceueHMA BCETO I‘[}HII)HKa Lc
rpapukom H.

[lo pesynpTaTy BMAMM, 4YTO POBHO 6 TOUeK IepeceueHMs

MMeEWTCH MpH
ae (E:-; ﬁ) U (4; +o0).
3HAUUT, JaHHAS CMCTeMa MMeeT POBHO 6 peleHuit npu
0<a<y/225ua>4
OtBer:0 < a< Y225 M a>4.

Bapuanr 49
Haitnure BCce 3HaueHud a, MNP KaKIOM M3 KOTOPbLIX CHMCTeMa

ypaBHeHMit
I(ay +ax—-2)(y+x+3a) =0,
lxyl = a
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MMeeT POBHO IECTh pelleHHi.
Pemenue.

M3 proporo ypaBHeHMs BMAMM, UTO JO/IKHO ObITh a = 0. [Ipu

=0 cucrema umeer {y+x=
a=0c eeT BM] xy =0

peienue (x; y) = (0; 0). [loaTomy lanee cuutaem, uTo a > 0.

3agauy Oymem pewatbh rpapuueckn (puc.l.54). Ilepsoe
YPaBHEHME PABHOCU/IBHO COBOKYITHOCTH

"M MMeeT eaMHCTBEHHOEe

x+y=-3aq,
xX+y= %
Ee rpadguk L =1, Ul, nnpencrapngetr co0oii napy IapaiielbHbIX

NpsSIMbIX: TIpsiMasi [, ¢ ypaBHeHHeM x +y = —3a TPOXOAUT lIE'pES
ToukM (=3a;0) u (0; —3a), npamas [, ¢ ypaBHeHHeM x+y=- —
yepes TOUKHU (E'D} M (D,;) (mapamienbHOCThL Cleayer, Hanpumep,
M3 TOrO, UTO MpM MepeceueHMM MX Ocblo abcuMcc BHYTPEHHHe
HaKpecT NeXxauiye yriibl paBHbl Mo 45°). [Ipu Bcex 3HaueHUAX a 3TU
MpAMbIe HAXOMATCH 110 pa3Hble CTOPOHBI OT Haua/la KOOPAMHAT, TaK
Kak —3a<0 #u E::- 0 (coBrmacTh He MOTYT, TAK KaK PaBeHCTBO

2
-3q= :I-]'IPH 2 > 0 HEBO3MOMHO).

BTD[}DE YpaBHEHHUE PABHOCHJIbHO COBOKYITHOCTH
a
[xy = -a F=r——

x
Xy =a. = J?=E.
x

Ee rpaguk H = h, U h, npencrasnser coboii mapy rumnepOon:
runepbona h, c ypapHeHHeM
y=—%c peTBsiMM BO Il u IV Ksagpantax M rumnepGona h, c

a
YPaBHEHMEM y = — C BETBAMM B I n 111 kBagpaHTax.

PeuleHuaMM JaHHON cHUcTeMbl 4BISI0OTCA TOUKM (x;y), B
KOTOPBIX NepeceKkalTcs ABa rpagmka L n H.

[Ipsmasa [; npu Bcex 3HaueHUsX a > 0 nepecekaeT runepoony
h, B nByx Toukax (Bo II m IV kBagpanTax). B saBucumMocTH OT
3HaueHuit a runepboiy h, oHa MOXKeT MepecekaTh B JIBYX TOUKaX (B
Il kBagpaHTe), B OOHOI TOUKE A (TOUKA KAacaHUA) M He ITepeceKarhb.
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Puc.1.54

PaccmoTrpum nepeceuerue I, ¢ hy:
x+y=-13a, Y+ v==3a
{ i & [ y ' (1)
v = ; Xy = il
B coorBeTcTBMM ¢ TeopeMoii Buera napa (x; y) aBasieTcs peleHuem
ITOI CUCTeMbI TOrJa U TOJNBKO TOrJA, KOrJa UMc/Ia x U y SBJISIOTCH
KOPHSIMM  KBagipaTHoro  ypaBHeHuss t?>+3at+a=0. Ero
OUCKPUMMMHAHT D = 9a? — 4a TONOXKUTENeH pH a > g, pPaBeH HYJI0

4 4
Mpu a = ; M OTpULLATeNeH IpH a < .
CnemoBaTe/bHO,
4
Mpu a > KBAJIpATHO® YpaBHEHMe MMeeT JiBa PaslIMUHBIX

KOpDHAL = x MUt = y; nlapa (x;y) ABISeTCA pelleHMeM CHUCTEeMBI (1);
BBM]IY CUMMETPHMM CUCTEMbl OTHOCUTEILHO X U y napa (y; x) Toxe
ABAMETCH ee pelleHueM, Tak UTo cucrema (1) mmeer gga pasjanuHbiX
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pemenuda (x;y) u (y; x), To ecTh npsamas [, nepecekaer runepoony
h, B IBYX TOUKaXx, a Becb rpadpuk H B 4 TouKax;

npM a= E KBaflpaTHOe YypaBHEeHME MWMeeT OJMH KOpeHb
t =x =y, pelueHMeM cHcTeMbl (1) gapageTca ojHa napa (x;x), To
ecTh npamas [, nepecekaer runepdony h, B oHOI ToOuKe (TOuKa
KacaHus A Ha Ouccektpuce I u Il KoopAMHATHBIX VIVIOB), a BeCh
rpaduk H B 3 Toukax;

4 a
mpu 0 <a <,  KBaJpaTHOe YPaBHeHMe He MMeeT KOPHeii,

cucteMa (1) He coBMecTHa, TO ecTb TIpaMasd [, He TMepecexaer
runepOony h,, a Bech rpaduk H nepecexkaer B 2 TOUKaXx.

[Ipamas [, npu Bcex a > 0 nepecekaer runepbony h; B IBYyX
Toukax (Bo II m IV kBagpaHTax). B 3aBMCMMOCTM OT 3Haue€eHMii a
runepbony h, oHa MOXeT IepeceKarb B ABYX Toukax (B I
KBaJipaHTe), B OJHOM TOUKe B (TOUKA KacaHMA) M HEe IepeceKaTh.
PaccmoTpuM nepeceuenme [, ¢ hy:

x+y=32 (r4+y=2,
{ _75.-:E ﬂ{xy=a? @
X
B coorBeTcTBMM ¢ TeopeMoil Buera napa (x; y) aBisgeTcs pelieHmuem
ITO# CUCTeMbl TOra M TOJAbKO TOrIa, KOTa UYMcIa x M y SBJASIOTCH

2
KOpDHAMM  KBaJpaTHOrO  ypaBHeHMa (2 — ~t+a=0. Ero

4 4—4a®
IOUCKPMMMHAHT D = —— 4a = n;' MoJIOKUTENEH mpM a <1,

paBeH HYJMI0 NMpu a = 1 M oTpUllaTeNeH npu a > 1.

CnenoBaTesibHO,

npM a <1 KBaJpaTHOE YypaBHeHWe MMeeT ABa pazTUUHbIX
KOpHAt = x M t = y; napa (x;y) aBageTcs pelnleHueM cUcTeMbl (2);
BBUIY CMMMETPHMM CUCTEMbl OTHOCMTEJIBHO X M y napa (y; x) Toxe
AB/ISETCA ee pelleHHeM, TaK UYTO cucTeMa (2) MMeeT [IBa pas/InUHbIX
pewienus (x;y) u (y; x), To ecThb npamasd [, nepecekaer rurnepoony
h, B IBYX TOUKax, a Becb rpa¢guk H B 4 TOUKax;

np a=1 KBagpaTHOe YypaBHeHMEe HMMeeT OAMH KOPeHb
t =x =y, pelnieHHeM cHUCcTeMbI (1) gBageTcd ogHa nmapa (x;x), To
ecTh npamas [, nepecekaeT rumnepOony h, B 0JiHOI ToOuKe (TOuKa
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KacaHusa B Ha Ouccexkrpuce | u Il koopamMHaTHbBIX YII0B), a Bechb
rpaduk H B 3 TOUKax;
mpM a>1
KBaJpaTHOe ypaBHeHMe
He  uMeeT  KopHeit, + .
cHcTema (2) He 3
COBMECTHa, TO ecCTh - >le
npamas Is e = . : -
nepecekaeT runepbomy
h,, a Becb rpapuxk H 6 p
nepecekaer B 2 TOUKaXx. -
s KayKIoi 0 '\;’fzs a
npamoit I, wu I, Puc.1.55
KOJIMYecTBO TOUeK ee
nepeceueHus ¢ rpapukoMm HB  3aBMCMMOCTM OT 3HaueHusi a > 0
u300pa3um (puc.1.55) Ha uncaoBoii npamoii Oa (Ha MHTepBalax U B
OTAeNbHbIX TOuKax). CA0KMB KoJMUeCcTBa TOUeK IepeceueHMs Ha
MHTepBaJax M B OT/EJbHBIX TOUKAaX, MOJYUUM KOJUUECTBO TOUEK
nepeceueHusa Bcero rpadmka L ¢ rpadgukom H. Ilo pesyabrary
BMIMM, UTO POBHO 6 TOUEK TMepeceueHUss  MMelTcd TP

ace ([]: %)U (1; +90). 3HauuT, JaHHAsd CUCTeMa MMEET POBHO 6

k
®
(]

L

'

- Prp——
L J

eleH it npu ﬂ"'-:ﬂ{il-'[ a>1.
p P ps
4
'U'TBET:D{E{EH g=T.

Bapuanr 50
HaiiguTte Bce 3HaueHMs a, TIPU KaXKIOM M3 KOTOPBIX CUCTeMa
ypaBHeHuit
[(ay+ax+3)(y+x—ﬂ) =0,
lxyl = a
MMeeT OT OJHOTrO [0 MATH pellieHHIi.
Pemenmne.

13 BToporo ypagHeHMsl BUIMM, UTO JOKHO ObITh a = 0. [Ipu

125



B. T'. A6agpaxmaHOB. «3amaud ¢ mapameTpoM U HectaHgapTHble 3amaun EI'D 2019, 2020. [Tocobue mist abUTyprueHTOB»

y+x=0
a =0 cucrema MMeeT BUJ { xy =0
peuweHue (x; y) = (0; 0). Janee cuntaem, uto a > 0.
3anauy Oynem pemaTh rpaduuecku (puc.1.56).
[lepsoe ypaBHeHHe paBHOCUJIBHO COBOKYITHOCTH

"M MMeeT eIHHCTBEHHOE

=_32
lx + }r — a r
x+y=a.
Ee rpaduk L =1, Ul, npenctapnger co0oii mapy napaiielbHbIX
NMpAMBIX: NTpaMad [; ¢ ypaBHeHMeM x+y = —ﬂi MPOXOAUT uepes

TOUKH (— E:{l) n (0; —%}, npamas [, ¢ ypaBHEHMEM x +y =a —
uyepes TOUKHM (a; 0) u (0; a) (mapaanenbHOCTh CclieflyeT, HallpuMep,
M3 TOrO, YTO NMpPHM MNEepeceueHMM MX ocbld abcuymcc BHYTPEHHHeE
HaKpecT JieKalye YI/ibl paBHbl Mo 45°). [Ipu Bcex 3HaueHMsIX a ITH
MPAMBIE HAXOAATCA 110 pa3Hble CTOPOHBI OT HaYa/ia KOOPJIMHAT, TaK
Kak —S <0 Ma>0(coBNacTb He MOIYT, TaK KaK pPaBeHCTBO

.,E = a npu a > 0 HeBO3MOXKHO).

Bropoe ypaBHeHME paBHOCWIbBHO COBOKYITHOCTH
a
[xy =-a §=—y

=
Xy = a _a
F==

Ee rpadpuk H = h, U h, npencrasiasger coboit mapy runepbou:
runepbosna h; ¢ ypapHeHMeM y=-§ ¢ BerBsamu BO Il M IV

KBajJlpaHTax u runepboia h, ¢ ypaBHeHHeM y = Ec BeTBsAMM B I 1 111
KBaJJpPaHTaX.

PelieHMsasMM JaHHOI CHCTeMbl SBJISAIOTCH TOUKM (x;y), B
KOTOPBIX NepecekarTcs Asa rpadgmka L u H.

[Ipamas [, npu Bcex sHaueHMsX a > 0 nepeceKaeT runepoony
h, B nByx Toukax (Bo II u IV kBagpaHTax). B 3aBuMcuMMOCTH OT
3HaueHuit a runepbony h, OHA MOXKeT MepeceKarb B JIBYX TOUKax (B
III kBagpaHTeE), B OJHOI TOUKEe A (TOUKA KacaHUd) M He NTepeceKarhb.
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Puc.1.56

PaccmoTpuM nepeceueHue [, ¢ h,:
3

o o
a ol {I L a’
y=-= Xy =a.

=
B cooTBeTCTBMM € TeopeMoii Buera napa (x; y) ApisieTcs pelieHueM
9TOM CMCTeMbl TOrJa U TOJbKO TOorga, Korga YMcia x 1 y ABJIAITCA

3
KOPHSIMM  KBAJpaTHOro  ypasHeHuss t°+-t+a=0. Ero

(1)

3

e _ 9-4a 3
IUCKPUMMHAHT D = - 4a = —— TIONIOXKMUTENIeH TpH a < /2,25,

a
PABEH HYJIO MNPHU a = 3\;"2.25 M OTpUILATEeNeH Npyu a > 3/ 2,25.
CnegoBaTeibHO,
3
npu 0< a< /2,25 KBajgpaTHoe ypaBHeHMe MMeeT [Ba
PA3IMUHBIX KOPHAt =x WM t = y; napa (x;y) ABaderTcd pelueHHem
cuctembl (1); BBMAY CHMMMETPHUM CHUCTEMbl OTHOCUTEIBHO X M ¥
napa (y;x) TOXe SBJASeTCH ee pelleHMeMm, Tak uTo cuctema (1)
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MMeeT JBa pPas/IMUHBIX peineHusa (x;y) M (y;x), To ecTb npsamas [,
nepecekaer runepboay h, B ByX TOuKax, a Bech rpapuk H B 4
TOUKax,

npu a = /2,25 KBaJipaTHOE YPaBHEHWE MMEeT OJIMH KOPEeHb
t =x = y; pelieHeM cucTeMsbl (1) gBaseTca ofHa mapa (x;x), TO
ecTb npamas [, nepecekaer runepOony h, B 0JIHOI ToOuKe (TOUKa
KacaHus A Ha Ouccektpuce I u Il KoopMHATHLIX YIJIOB), a BecCh
rpajguk H B 3 Toukax;

npu a > 12,25 KBaJjpaTHOEe YpaBHEHMEe HEe MMeeT KOpHe,
cuctema (1) He coBmecTHa, TO eCThb MpsiMas [, He TepecekaeT
runepbony h,, a Bech rpaguk H nepecekaer B 2 TOUKaXx.

[Ipsimasi 1, npu Bcex a > 0 nepecekaer runepdony h, B ABYX
Toukax (Bo II u IV kBajgpaHTax). B 3aBUCMMOCTH OT 3HaueHMii a
runepbony h, oHa MOMKeT mepecekaTb B JByX Toukax (B [
KBaJipaHTe), B OJJHOI TOUKe B (TOUKa KacaHMsi) M He Nepecekarb.
PaccmoTrpum nepeceuerne [, ¢ h,:

xX+y=a, 2
(oot a
B coorBeTcTBMM ¢ TeopeMoi Buera napa (x; y) aBasgercs pelneHuem
ITOI CHCTeMbl TOr[a M TOJAbKO TOrIa, KOIa UYMcIa x M y SBASIOTCH
KOPHAMM  KBaJpaTHOro  ypaBHeHus t?—at+a=0. Ero
OUCKPUMHMHAHT D = a? — 4a nonoxurened npu a > 4, paBeH HYJ0
MpH a = 4 M oTpULlaTe/leH Npu a < 4.

CneoBaTe/ibHO,

npM a >4 KpaJpaTHOe ypaBHeHWe WMeeT J[Ba pPas/INYHbIX
KOpPHSIt = x M t = y; nmapa (x;y) ABAgeTcd peuleHueM cUcTeMbl (2);
BBUIY CMMMETPMM CMCTeMbl OTHOCHTE/LHO x M y Napa (y; x) TOxe
SBJ/ISeTCA ee pelleHHeM, TaK UTO cucTeMa (2) uMeeT [Ba pas/iIMuHbIX
pemieHust (x;y) u (y;x), To ecTh npamas [, nepecekaet runepoony
h, B IByX TOUKax, a Becb rpa(mK H B 4 TOUKaXx;

npM a =4 KpaJjpaTHOe YypaBHeHMEe WMeeT OJMH KOopeHb
t = x =y, peilieHUeM cucTeMBI (1) ABASEeTCH ogHa mapa (x; x), TO
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ecTh npsamas [, nepecekaer runepbony h, B 0HOI TOuKe (TOUKa
KacaHus B Ha Ouccektpuce I u Il KoopAMHATHBIX YIJIOB), a BeCh

rpacuk H B 3 TOukax;
3 Mnpu a<4
P— N : KBaJipaTHOE ypaBHeHHe
h . He MMeeT  KOpHei,
3 cUCTEMA (2) He
Y =1= COBMECTHa, TO €cCTh
npsamasi I, He
% nepecekaeT runepoory
N E . | 6 h,, a Becb rpapmux H
L . - : * nepecekaeT B 2 TOUKaXx.
VA p ! Ilns KaxKoii

mc.1.57

mpsamoit Iy, wu I,
KOJIMUeCcTBO TOUeK ee IepeceueHus ¢ rpadpukom H B 3aBMCMMOCTH
OT 3HauUeHud a > 0 u3o0pasum (puc.1.57) Ha uMI0BOI NIpAMoit Oa
(HAa MHTepBajaXx M B OTHeAbHBIX TOukKax). CI0XKMB KOJMYECTBA
TOUeK TepeceueHMss Ha MHTepBaJlax M B OT/eJbHBIX TOUKax,
MOAYYMM KOJMUECTBO TOUeK MepeceueHMs Bcero rpadmka L ¢
rpagukom H. Ilo pesyabTaTy BMAMM, 4YTO 5 M MeHee Touek
nepeceueHuss MMeTCs TIpM a € [3 2,25; 4]. 3Hauut, pua >0
NaHHa# CHCTEMa MMeeT J0 5 pelleHMii npu a € [B\E,Z_E: 4].
BcrioMHuM, uTo npua = 0 MMeeTcs ellle OJHO pelleHHe, Tak UTo

MoJyuyaeM OTBET a € [31}'2,25; 4] u {0}.
OtBer: {/225<a<4mua=0.

v

v
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2. HecraHpgapTHbIe 3aJa4uu

2.1. 3apaum nyHKra 5.6 «Apudmermka m anreépar» wus
coopumka U.B.Slmenko EI'3 2019

5.6.1

Unucio yMHOXKMAM Ha cymMmy ero uudp M noayumiam 10530.
HaiinuTe 3TO umMcio.

Pemenne.

3neck nopapasymeBaeTcs HaTypaJbHoe uuciao. Ilyeth x —
MCKOMOe umMc/io, S — cymMma ero umudp. Torma 10530 = x - S. Orcioga
clieiyeT, BO-TIepBbIX, YTO UMCJIO S ABAAETCA OJIHUM U3 nenureneii d
yucaa 10530 wu, BO-BTOpBIX, S sBAsleTcA cyMMoi wudp umucaa

10530
= . JHAUMUT, ec/Iu Haimerca

AennTens d, paBHbli cymme uMpp Menutens| 10530  |Cymma umdp
;11{;;[;[15353. TO 3T0 UMCIO ——n d ? |ancna 20520
OyaeT MCKOMBIM UMCJIOM X. : 10530 3
HroObl HalTH AeauTeNn uucia 2 5265 18
10530, pasIoxRum ero Ha 3 3510 9
MMPOCTbI€ MHOMKUTENN: 5 2106 9
10530 =2-3%-5-13. 6 1755 18
Yucio mMmeeT MHOro JenuTeneii 9 1170 5
MOITOMY 3aMeTMM, UTO UHCIO X 10 | 1053 9
MoxeT ObiTb He Oonee uem 5- :: gég g
3HAUHBIM, TaK UTO CYMMa ero umudp 18 385 T
§<5-9=45, M Mbl MOXEM 26 405 9
OrpPaHUUMTHLCH paccMoTpeHHeM 27 390 12
nenuTeneil, He peBOCXOMAIIMX 45. 30 - -
Ing ymoGcrBa cocTaBMM TaOaMILy 39 - -
10530 45 - -
3HaAuUeHMii nenureneii d, uMcen
Li
M cymm Ludp 3THX umMcen. Jina -

COCTaB/IeHMY CMMCKa JenuTenei d
[]pI{,[[ETCH MCIIBITATE KaxI0e HElT}'pHJIbHGE yucao ot 1 oo 45,
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MpoBepss, MOXET JM OHO ObIThb COCTABIEHO M3 MHOXHTeIeld
pasioxeHuss 2-3*-5-13  0(Ges mnpuBieueHMA TOCTOPOHHMX
MHOKMUTENe (Hanpumep, 18 =2 - 32 = 18 — penurens, 21 =3-7=
21 - He penutenb). 3HaueHus d = 30,39,45 MOXKHO He
paccMaTpMBaTb, TaK KaK MpPM 3TUX 3HaueHMsIX d He MOXKeT

10530 10530
PaBHATHCH cymMMe LMdp uMcaa —— (Y TPEX3HAYHOrO UMCIa

d
cymma umdp He npeBocxoamt 3 -9 = 27).
M3 tabn.2.1 Bugum, uto genutend d paBeH cymme uudp uncia

10;30 B ABYX cayuasx: npu d =9 u d = 18. CoOTBeTCTBEHHO

MMeeM aBa otBeta x = 1170 m x = 585.

OrBer: 5851 1170.
IMpumeuanue. B cOopHmKe He yKasaHd oTseT 1170,

5.6.2

[lpousBenmenme umcira M uMCoIa, 3alMCAHHOTO TeMM JKe
iudpamu B oOpaTHOM nopajike, papHo 5848. HaiiguTe 310 uncino.

Pemenne.

3mech MMeeTcs B BMAY Lejoe UMCIO (A8 Apo0HOro MU
MppalMOHANBHOTO 4McAa 3ajaHue ycioBusi Obulo Obl He
KOPpPeKTHbIM). 3HaK uyMc/a He MMeeT 3HaueHuss M TOTOMY MOXKHO
CUMTaTh YMCA0 HeoTpuuaTe/JbHbIM. Yucoio He moxeT ObITh
OJIHO3HAUYHBIM (HauOoMNblIee TMpou3Be/leHue OJHO3HAUHOIO UMcia
Ha ce0s paBHO 9 - 9 < 5848). OHO He MOXKeT ObITb M TPEX3HAUHbIM.
B camom jgene, 0HO He MOXeT OKaHuUMBaTbcad UMQpoit 0, Tak Kak
npousseneHne 5848 He okaHumBaeTcs HMdpoit 0; HaMMeHblIee
TpeX3HauHOoe YKo, He oKaHuMBalomasacsa uudpoit 0 — ato 101, a
npouseeferHme 101-101 > 5848, Mrtak, McKoMoe 4MC/I0 [O/MKEHO
ObITh ABY3HAUHBIM. IIycTh x M y — ero uu¢pel. Toraa

(10x + y)(10y + x) = 5848 = 101xy + 10(x? + y?) = 5848,
[TockonbKy BTOpOe cnaraemoe okaHuupaetcss umdpoii 0, nepeoe
cjlaraemMoe J0/DKHO oOKaHumBatbhca uudpoit 8. W3 papeHcTBa
101xy = 100xy + xy Buaum, uto 100xy oOKaHUMBaeTCas JBYMHA
HYJIAMM, 3HAUMT, xy JO/DKHO OKaHuUMBaThca wmdpoii 8. [lng atoro
UMeTCd clelyiolue BapuaHThl nap (x,y): (1, 8), (2, 4), (2, 9), (3,
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6), (4, 7), (6, 8) (cummeTpuuHble MM mapsl (8, 1), ... MOXHO He

paccMaTpuBaTth). [IpoBepaem 3TH BapMaHTHI: NIpou3BeeHus 18 -81,

24-42, 29-92, 36-69, 47 - 74 He naioT 5848, Ho 68 - 86 = 5848.
OtseT: 68 1 86.

5.6.3

Kakum MoxeT ObITh NMpoM3BejleHMe HeCKOABKMX pas/iMuHbIX
MPOCTBIX YMCeN, eclM OHO KpaTHO KaXIOMY M3  HMX,
yMeHblleHHoMy Ha 1? HaiiguTe Bce BO3MOMXKHBIE 3HAUeHMS 3TOro
NpPOU3BeIEeHUS.

Pemenne.

[Iyctb P = pyps... pr — NpoU3BeeHUe k pasMUHbIX IMPOCTHIX
HMcen

D1,Pz2,--,0k (k 2 2),
yAOBJIeTBOpSIOLLee yeJI0BMIO 3afaui. OTMETHM, UTO BCe 3TH UMCIIa
PiyP2, ... D SABIAIOTCA JenuTensmu uucia P. Bece npyrue
BO3MOJKHbI® JIe/TUTe/IM NpPeAcTaBisaioT coloil MpousBeleHusl 3THX
MPOCTBIX AeaMTesiell B pasHbIX coueTaHMAX Mo 2, mo 3 u T.4.
ITockoNbKY uMcla pasiuuHble, TO MX MOXHO PAacrnolokMTh B
BO3pacTawlleM Mopaake: p, < p, <...< py (puc.2.2). BcroMHMM,
YTO BCE MPOCTbIE UMC/Ia, KDOME 2, HEUETHbIE,

O :'Ul spz p% —>
1 2
Puc.2.2

JHAUMT, BTG]JGi’I MHOMHUTE/Ib p, ABIACTCH HeyeTHbBIM YHMCIOM
(HE3aBMCMMO OT TOrO, YeTHbI MepBbiii MHOXMTENb (TO ecTbh 2)
WIKM HeueTHbIN). [loCKONBKY pz — 1 — YeTHoe uucIo, a Mo YCJIOBUID
Mpou3BeOEeHME P €My Kp4aTHO, TOo CaMo P gpisieTcd 4YeTHBIM
YMCIOM. 3JTO  3HAUMT, UTO TpocToe uucio 2 oba3aHo
MPUCYTCTBOBATE B COCTABE TIPOM3IBEEHHA P xax l'lE[JBh[f"I
MHOXHUTeNb: p; = 2 (Mpuawobom k = 2).

BbISICHUM Ternepb, KaKMM JI0/DKeH ObITh BTOPOi MHOXUTENDL P,.
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Yucno p, — 1 mo ycnoeuio sBjageTcs OenuTeneM umcia P; oHo

MpHHAIeXXUT UHTepBany (1, p,), TaK KakK p, —1< p, u
p>2=2p,—-1> 1

Ho wuwucno p, =2 gpasgercda eIWHCTBEHHbIM Ha WMHTepBale

(1, p,) nenurenem uncaa P .
( p, HEe comepXMTCa B MHTepBane (1, p;), BCe OApyrue OenMTenn — Kak
MpocThie p;, P, .., TAK M COCTABMEHHbIE U3 HUX — NPeBOCXOIAT p.).

3HAuUMT, p,—1=2 U moromy p, =3 (npu nwbom k = 2).
Takum oOpasom, ecaM CylecTBYeT BTOpPO  MHOMXKMTelNb,
VOOBJIETBOPSIOMIMI YyCJIOBMIO 3afauM, TO 00f3aH paBHATbCA 3, a
npoussegeHue P Mo/mKkHO MMeTh BuO P =2-3-... Ecom k = 2,
TO Tipou3BefeHue paBHO P =2-3 =6. OHO YIOBJIETBOpPAET
VCJIOBMIO 3afauM (IenMTci Ha 2 -1 u 3 —1).

PaccmoTpuMm BO3MOXKHOCTB k = 3. Hucno p; — 1, aeiasioleecs
Mo YUIOBMIO JlejiuTesieM uuciaa P, TNPHHAJIEKUT MHTepBany
(P2, p3).

(B camoM fiene, p; > p; & p;= p,+1 ¢ p;—1= p,. 3nech
PAaBEHCTBO HEBOIMOXHO, TaK Kak p; — 1 YeTHoe, a  p, HeueTHoe
yucaa. CnenosaTesnbHO, ps—1=p, . C Opyroii CTOPOHBI,
pP3—1< p; TAKYTO p; — 1€ (P2, p3)).

B srom HHTEPBAIE MOMKET COOEPMATBCH TOJBKO OIWH Oe/JMTE]b

yucaa P—- 3To genuTens pyp, = 6.
(B camom pene, p,p;, > p,, TaK YTO p,p, MOKET COAEPKATLCHA B
uHTepBane ( p,, p;). Ho MOXeT 1 He coiepKaThesl, eClH pp; = p;)-

Ilpyrue nenurtenu He COIEPIKATCAH:

P1: P2, Pz, .. HE COTIEPIKATCH,
P1P3, P1P4, - HE COLEPXKATCHA, TAK KAaK NMPEeBOCXOOAT ps,
Tem Oosiee He colepiKaTCad BCe JApyrue AeJMTe/u, COCTaB/leHHbIe M3
NBYX, Tpex uian Gonee MpocTbiX YUCENT Py, Pas.--r Pi.)

CnepmoBaTe/ibHO, BO3MOXHO TOJIBKO PaBEHCTBO p; —1=6.
3HAUMUT, ec/IM CYLIeCTBYeT TPeTHil MHOXKKTe/b, YI0BIeTBOPAIOLHA
YOUIOBMIO 3ajauM, To o00f3aH paBHATLCHA 7, a Mpou3BeneHue P
NOJDKHO UMeTb B P =2-3-7-... Ecim k = 3, To npousseneHune
P=2-3-7 =42 0OHo yaoB/leTBOpseT VUIOBMIO 3afauu (JAeauTcs
HAaZ2—-1,3—-1u7-1).
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[lycte k =2 4. Uucno p,—1, asiswouieecs 10 YCJIOBUIO
nenuresiem yucaa P MPUHAIEKUT MHTEpPBATY
( ps, ps) (MpOBepsieTCA AHANOTMUHO TIpenbiayleMy ciayuarw). OHo
YyeTHOe, a B 3TOM MHTepBajle M3 YeTHhIX aenuTeneil uuciaa P,
MOTYT COAePaThCA TOJBKO AeUTeH pyp; = 14 M pypps = 42.

(UeTHble JdenMTenM MOAYYAOTCH TOMBKO B COYETaHMM ¢ p, = 2.
YeTHblid genuTens pyp:=6<7 = pp: <p;, ApPYyIHe uUeTHble
OenuTend ¢ JBYMSA TPOCTBIMH MHOMMTEIAMH PPy, PiPs .y A
TaKKe ¢ Tpems W Honee MpoCTBIMM MHOKHTENAMM 1y PaPs, PiPaPa -
MpPeBOCXOIAT py)
JHAUMT, BO3MOXHBI TOJIbKO BapUaHThl p, — 1 =14 u p, —1 = 42.
BapuaHT p, = 15 oTnagaeTt, Tak Kak p, JOKHO OBITh MPOCTHIM
yucaom, a 15 - cocrasHoe. Ocraercs BapMaHT p, = 43.
CneflopaTe/libHO, €C/AM CYIIEeCTBYeT UYeTBepTblii MHOMXKHTENb,
VIOBNETBOPSIONIMIA YCAOBMIO 3aJauM, TO 3TO JO/DKHO ObITh UMC/IO
43, a mnpousBefleHMe P B ITOM  c/lyuae [O/DKHO MMeTh BM[L
P=2-3-7-43... Ecm k = 4, TO npousBefgeHne P=2-3-7-
43 = 1806. OHO YIOBJETBOPSAET YCAOBMID 3ajauM (genMTcd Ha
2-1,3-1,7-1u43-1).

Ecim k2 5,T0 umMcno ps—1, apnsiwoueecs M0 YCIOBUIO
nenuresiem yuciaa ! MPUHAIEKUT MHTEepBaTY
( p4, ps) (IpOBepsieTCs aHAJIOTWUHO MpeabiayiiMM ciaydasim). OHo
yeTHOe, a B 3TOM MHTepBaJle M3 YeTHHIX JeiuTeleil uuciaa P
MOIYT COMEPXKaTbhCHl TONBKO [eIMTEe/H

pips = 86, pipaps =258, pipsps= 602 M pip,psps = 1806
(MOKHO TIPOBEPUTD, ITepedupasi UeTHbIE eJTUTeNN ¢ IBYMS, TPeMs
i Oonee MPOCTBIMM MHOXKUTEJSIMM). 3HAUMT, BO3IMOKHBI TOJbKO
BapMaHTel ps — 1 = 86, 258, 602 u 1806. Kaxpgoe u3 umucen 87,
259, 603, 1807 aBasieTcss COCTaBHbIM. 3HAUMT, He CYIeCTBYeT
MATOr0 MHOXUTEI, YIOBIETBOPAIOLLEro YCIOBUIO 3a]1aul, TaK UTO
y uucia P He moxeT ObiTh 0oJiee UeTBIPEX pasjMUHBIX TMPOCTHIX
neauTene.

OTBerT: 6, 42, 1806.

Hpumeuanue, B cOopHuKe naH oTeet 2, 6, 42, 1806 npu yCI0BMM, 4TO YKcao 2
MOMHO CYMTATb NMPoKH3BeleHHeM W3 OHOTO MHOKMTEA.
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5.64
Pemure ypapHeHMe B HATYPaJbHbIX UMC/IAX:
x+y=x—xy+yi
Pemenne.
3ameTHMM, UTO YypaBHeHHE MHMeeT
cumMMeTpuio:  ecim  (x,y) -  ero S
peiieHme, TO (y,x) TOXKe HABIAsSETCSH —_ :
peleHueM. Ha KOOPIAMHATHONH "4
MIoCKocTH xy ToukM (x,y) M (v, x) \‘>/'
CUMMETPUUYHBl OTHOCUTENIBHO MPAMOIi
y=1¥ . (B NpAMOYTOJBHOM | /|ny) Je)
paBHOOEAPEHHOM  TPeyrolbHMKe C L | .
BepurmHamu  (x,y), (v,y) u (¥, %) Puc.2.3
OTpPe30K OMCCEeKTPUCHI y = x ABASieTCH o
OIHOBPEMEHHO BbICOTOI M MeqMaHON M TOTOMY NpsAMas y = x
MPoOXoOJIUT uepes cepeauHy oTpe3sKa [(x.y), (v, x)]
neprneHguKyJIapHO K Hemy).
CneflopaTeslbHO, ec/IM HaijieM Bce pellleHMs MpU Yy < x, TO eCTh
pewenus (x,y), pacnojJioKeHHble HIKe TIpaMoii y = x, TO
aBTOMaTHUYeCKM HalayTcd M BCe OCTallbHble pelueHus (y,x),
PacIo/IoKeHHbIe BbIllle IPAMON y = Xx.
Hrak, nycts y < x. U3 oueBuiHOro HepaseHcTBa (x — y)? =0
e x2 = 2xy +y? = 0Buaum, uto x% —xy +y? > xy. 3Hauut, mis
JIeBoii 4yacTu JIAHHOTO YpaBHeHMS BHITNONHAETCS HepaBeHCTBO
x+y=xy. Tak Kak y<x, TO x+y < x+x =2x. [lonyuyaem
HepaBeHCTBa 2x = x + y = xy, U3 KOTOpbIX cledyeT, UTo 2x = xy.
[lockonbky x, ¥y € N, TO MMeeM paBHOCH/IBHOE HEpPaBeHCTBO y < 2.
Ero HaTtypanbHble pelleHMsiy = 1M y = 2. JlenaeM BBIBOJ: eclH
peweHus (x,y) HWKe MPAMOIi y = X CYLIECTBYIOT, TO TOJIBKO MPH
y=1u y=2.
[Ipy y = 1 M3 1aHHOTO ypaBHEHUs MoaydyaeMx + 1 =x* —x + 1
x=1
=2
[TopcTaHoBKOI yOoexaaemcs, uTo napa (2, 1) ssiasgercsa peluieHuem
NAHHOTO YpaBHEHUA.

exl-2x=0e = x = 2 (BpiOpanu HATYpaJbHbINH KOpPeHb).
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puy =2 nonyvyaeM x +2 =x?-2x+4 o x’-3x+2=0&
¥ =1
x=2
Tak Kakx < y: 1 < 2). IlogcraHoBKoii yOexxgaemcs, uto napa (2, 2)
SABJSEeTCH pellieHHeM JaHHOTO YypaBHeH M.

K  HaligeHHnim  pemenusm (2, 1) u (2, 2) poGaBum
CUMMeTpHUHbIe (OTHOCUTEbHO NpsaMoit y = x) peumtedus (1, 2) u
(2, 2). Ilonyuum Bee perenusa (1, 2), (2, 1) u (2, 2).

OteeT: (1, 2), (2, 1) 1 (2, 2).

= x=2 (Bpibpanu x = y: 2= 2.30ech x = 1 He MOAXOIMT,

5.6.5

Haiigure Bce BO3pacTawllMe KoOHeuHble apudmeTHuecKue
nporpeccMM, KOTOpPBIE COCTOAT M3 TIPOCTBIX YHCET M Y KOTOPbBIX
KOJIMUeCTBO WIEHOB
Gosblie, ueM pasHOCTb ITPOTPECCUM.

Pemenue.

[IycTb d — pasHOCTbL Mporpeccum, n — KOJUUECTBO ee UWIeHOB.
[lo yenoeuwo n > d.

Ecau d =1, TO B nporpeccuu ecTb YETHBIE UMCIIA.
{HepapeHCTBO n > d = 1 03HAYAET, YUTO MPOrpPeccHa COOEPKMT He
MeHee OBYX YWIeHOB. Ecam ]'[EpBl:[ﬁ YiIeH a, OKaKeTCHd HEeYEeTHBIM
YUCJIOM, TO BTOPOI YieH a; + 1 OyaeT YeTHBIM)

HDCKGHBK}' eIMHCTBeHHOe 4YBTHOoe MmpocToe YMCI0 — 3TO 2, TO
MMEHHO OHO SB/ISEeTCS OJHMM M3 WieHOB nporpeccuu. MeHbiumit
ymweHz-1=1 HEBRO3IMOXEH, TaK KakK 1 He aABngeTcH [MpoCcTbiM
uucaom. Creayiommii wieH 2 + 1 = 3 — npocroe YuciIo, MOJAX0IMT.
Haneuwe nporpeccuss oOpbiBaeTcsl, TaKk Kak 3+1=4 — uucio
coctasHoe. [lomyuaem nporpeccuto (2, 3).

[Ipu paccMoTpeHum ciayuaes d = 2 MpuBievyeM M3BECTHYIO
TeopeMy O IeJleHMH C OCTATKOM:

Kakosot Gbt Hu Goiiu yeaoe uucno m u yeaoe yucao n # 0, ecezda
GO3IMOMCHO, U npiimom e0UHCINGE HHBIM CIIOCOﬁGM, pmamumb m Ha n
€ ocmamkoM: Haiimu maxie oea Heaslx uuciaa q (lmcnmae) ur
(ocmamok), umom=nqg+r, 0 <r <|nl.
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13 sT0ii TEOpEMBI CIeOYeT, UTO PA3HOCTD ABYX Lie/IbIX uncen m’
um' genuTcs Ha HaTypajJibHOE UMCJIO n Halelo TOorja M TONbKO
TOrAa, Korja m' M m' MMeloT OJMHAKOBble OCTAaTKM MpHM AeneHun

Ha n.
(JokasaTenbcTBO. CHAYANA BCIIOMHMM, uTo eciM a,b,c€ Z,a'ic, bt
c, Toa+bic Orcioga chegyer, YTO eciu cyMMaS=(a+b)icH
OJIHO M3 CNaraemMeblX a i ¢, TO M BTOpoe craraemoe b : c. ITO noTomy,
yTo B CYyMMe b = 5 + (—a) o0a cnaraemMbiX Halleno [AenaATcs Ha c.
IMyere m'=ng"++, 0<+r'<n, m"=ng"+r", 0 <+r" <n. Ecnu
m'—m" genuTca Ha n Haueno, To n(q' —q") +(r' —r") penurca Ha n

Haleno, MOSTOMY M BTOpoe caaraemoe ¢’ — 1" JEIMTCA Ha n
Haueno. Ho =n<r'—r" <n,a Ha MpPOMEXKYTKE (—n,n) TOMBKO
ofHO uKcrio 0 AenuTed Ha n Haleno. 3HauuT, ' —r" =0= r' =r".

OGpatHo, eciM r' =", TO m'- m" = n(g' —q"), TO ecTb m'— m"
OeMMTCA Ha n Halleno).
HE‘]’IDH]:JYH 3TO CBONCTBO OCTATKOB, IOOKaXeM BClioMOrate/lbHoOe
YTBepPIKIeHHE
B koHeunoli apugmemuueckoii npozpeccutl 3 HAMYPaaAbHbIX UlICE
¢ pasHocmuio d € N moOvie d — 1 (wnu d + 1) nodpad udywjue unexst
npu deaeHuu Ha d — 1 (coomeemcmeenqo Had + 1) darom nonapHo
PA3AUUHBIE OCINANIKLL.
[Tycts nogpsaa uayT d — 1 4ieHOB
aa+d,..,a+kd,..,.a+ld,..,.a+(d-2)d,0<sk<l<d-2.
Honyerum, uto unenbl a + kd v a + ld pawoT ogMHAKOBbIE OCTATKU

npu geneHun Ha d — 1. Torga ux pasHocTs (I — k)d genurca Halelo
{! k}d e 7. Ho&hd _ G-k@-14y) _ 4 _ o o (K

das d-1 d-1"*
k

a ¢ yueToMm HE]}HBEHCTB 0<l-k<d-2-0 HMEEM{]{.%‘:

d-2

— < 1, TO ecTb MOAYYMIM CYMMY Lesoro uucnal —ku apobu

d-1
mexmy 0 1 1, Tak uro —— { } He € Z. 3HAUUT, JAOMyIeH e HeBepHO U

ymeepxdenue dna d — 1 dﬂxasﬂﬂn.
B cayuae d + 1 umeem a,a+ d,..,a+ kd,...,a+ ld,..,a+ dd,
0<k<l<d Jonyckasg, uTo uneHsl a+kd w a+lIld paloT

OMHAKOBbIE OCTATKM MpPHM [eJeHuM Ha d + 1, MoJayumuM, uTo
(kd
d+1

Had—1, TO ecTb——
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Ho (:ﬂd =“_k}‘{,tl_” =(l-k) —[::1}, a ¢ yueToM HepaBeHCTB
0O<l—-k<d-0umeem 0 <2 <% <1, 70 ecs uncao 28
d+1 d+1 d+1

OKAa3bIBAETCA PA3HOCTBIO MeXAy LeabiM umciaom [ —k u apoGbio

{f:f mexay 0 u 1, Tak uTto “;ﬂd He € Z. 3HAauuT, OomyleHHe

HeBepHO M ymeepxdeHue dns d + 1 moxce dokazaHo.

Ecnu d=2 ,T0 d+1=2+4+1=3, TakK 4YTO TpH
noc/ieqoBaTe/IbHble WieHa MPOrpeccMM OalT MpH JejleHUMM Ha 3
nomnapHo pasauuHbie octaTku 0, 1 1 2. [ToaTomy ofiMH M3 HUX JaeT
octaToK 0, To ecTb Aenutcs Ha 3. Ho uneH nporpeccuu — npocroe
YMCAO M TOTOMY MOXKET PaBHATbCS ToJAbKO 3. MeHbumit uneH
3 —2 =1 HePBO3MOXEH, TaK KaK 1 He ABASeTCA MPOCTHIM UMCIIOM.
Cnegywoume uneHol 3+2=5 U 54+2=7 — TIpocTele 4MUCIA,
noaxoaaT. Jlansue nporpeccust oOpbiBaeTcsl, Tak Kak 7 +2=9 —
coctasHoe umcno. [lonyuaem nporpeccuio ( 3, 5, 7).

[lyctb  d> 2.PaccMoTpuMm mnociaeauue d- 1 YJIeHOB
nporpeccuu. Tak Kak n > d, ToO Iporpeccus CoAepKuT He MeHblle
d+1 wieHoB, M rpynmna u3 Iociegiux d —1 ee wWieHOB
HauMHaeTcsi He paHbllle YeM ¢ TpeTbero wieHa a + 2d
(MpomycKalTcs He MeHee d + 1 — (d - 1) = 2 yneHoB). Iloatomy
Bce nocneguue d - 1 wieHoB Gonbiue d. [pu penenuu Ha d - 1
OHM JAI0T IMONapHO pasnuuHble ocTaTku (,1,2,..,d — 2, mosToMy
OJIMH M3 HUX JaeT ocTtaTok 0, To ecTh genurcda Ha d — 1. Ho aTor
yieH, Oyyuu MpoCcTbIM YMCIOM, A€JUTCA TONbKO Ha 1 M Ha cebs, a
Ha MeHblIee unciao d — 1 # 1 geMTbess He MoXer (y Hac d> 2 =
d - 1 > 1). [IpoTuBopeune o3HauaeT, uTo d > 2 HEe MOXKeT ObITb.

Oteer: (2,3), (3,5, 7).

5.6.6

Kaxmoe u3 umcen 2, 3, ..., 7 YMHOXKAIOT Ha Kaxoe U3 umucen 13,
14, ..., 21 M nepen KakKIbIM M3 MNOIYUeHHBIX MpPOM3BeeHMIt
MPOU3BOJIbHBIM 00pa3soM CTaBAT 3HAK TUIIOC WJIM MUHYC, MTOCJIe Yero
BCe 54 momyueHHbIX pe3yabTaTa CKiaabiBaloT. Kakyio HaMMeHBIIYio
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Mo MOIYIAK M KakKyi HauOOJbIIYVIO CYMMY MOMXHO MOJAYUMTbH B
urore?

Pemenne.

HauGonpias cymMMa MoayumTcs, eciiy Bee npouspegeHus Oymayr
co 3HaKoMm ioc. CyMMy BcexX TNpoM3BedeHMit MOXHO MOJYUYMTD,
YVMHOXMBUMCIO 2 +3 +--+7Hal3+ 14+ -+ 21:

2+7 13+21

S=(2+3+--+7)(13+14+---+21) :—;Ev = 9 = 4131.
(mo copmyne cyMMBI n WIeHOB apM{MeTHYecKoi MNporpeccum c
MepPBbIM YWIeHOM a; M MoCTAeqHMM WIEHOM a,: S = “‘*% n)
JTa CymMMa HeueTHa, 3HAUMT, UMUCI0 HeUeTHBIX cJlaraeMbIX
3-13, 3-15, ..., 7-21 HeUeTHO (CYMMa YE€THOIO UMC/a HEUYETHBIX
uyucesn Obina Obl ueTHoI). [Tpu MmoboM M3MeHeHMM 3HaKa YeTHOCTh
coxpaHsiercs (Hanpumep, 26 u —26 o00a ueTHbl, 39 U —39 o6a
HeueTHbI). [loaromy Inipu Jaw000M M3MeHeHMM 3HaKa cyMma §,
M3MeHSS CBOI Be/JMUMHY, BCerja ocTaeTcd HeueTHbIM UMCIOM.
CnefoBaresibHO, HE MOXeT OKa3aThcsl paBHOIl 0 — yeTHOMY UMCITY.
ITO 3HAYMT, uTO uMca0 0 He MoxeT ObITh HaMMeHblIlel Mo MOTY/TI0
CYMMOIi. A umMcio 1 MoxeT, HeTpyaHO nogoOpaTh 3HaAKM B CKOOKax
TaK, YTO0bI CKOOKM paBHANMCH 1 wiu —1, Hanpumep:
§=(-2-3-4-5+6+7)(-13-14-15-16+17-18+19+
20+21)=-1-1=-1, |§|=1. 3Haku nepes MNpPoOU3BEeIEHHUAMH
OKAKYTCHA NOCTABAEHHBIMU TAK:
+2-13,42- 14, =5-17, .. +7 - 21.
OTeeTt: 1, 4131.

5.6.7

[lepen kaxabiM M3 umcen 14, 15, ..., 20 m 6, 7, . . ., 10
MPOU3BOJbHBIM 00pa3soM CTABAT 3HAK TUIIOC WJIKM MUHYC, MTOCJIe Yero
OT KKI0To M3 00pa30BaBIIMXCA UMCesl epBoro Habopa OTHUMAKOT
Kakaoe 13 o0pa3oBaBlIMxcs uMces BToporo Habopa, a 3ateMm Bee 35
MOJIYYEHHBIX PEe3YIbTAaTOB CKAaAbiBal0T. Kakylo HaMMeHbUIYIO [0
MOIY/TI0 M KaKy10 HauOGoAbIIYIO CYMMY MOXKHO TOMYUMTh B MTOre?

Pemenne.

Haubonpiyio cymmy moayumm, ecjid Bce unc/a nepsoro Habopa
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B3SITHI C IUIKOCAMM, 2 BTOPOTr0 — C MMHYCaMHM (TO eCTh UMCJIa BTOPOIo
HaOopa npubGasnsioTca). Haitnem aTy cymmy.

K 14 npuGapnswrca 6, 7, . . ., 10: (144+6)+(14+7)+ -+
(14+10) =514+ (6+7+...+ 10),
K 15 npuGapasioresa 6, 7, . . ., 10: (15+6)+(15+7) + -+

(15+10) =5-15 + (6 + 7+...+ 10),

K 20 npubGasngiores 6, 7, . . ., 10: (204+6)+(20+7)+ -+
(20 +10) =520 + (6 + 7+...+ 10).

[Monyuaerca cymma S =5(14+ 15+ -+ 20)+7(6+7+...+ 10) =
5-"=-7+7-2-5 =875,

{(HcnonbaoeaHa dopMyna CcyMMBI 1t WIEHOE  apHMeTHIecKoid
MpOrpeccMM ¢ MEePBBIM YWieHOM a; M MOCTelHMM UYWIEHOM a, :

2y +a
SZMH)
F]

JTa CyMma HeueTHa, 3HAUMT, UMCJI0 HeUeTHBIX cCJaraemMbix
1447, 1449, ..., 2049 HeueTHO (CyMMa UeTHOro 4uMciIa
HeueTHbIX uMces Obuia Obl ueTHOH). [Ipu mobom M3MeHeHMM 3HAKa
UeTHOCTb coxpaHseTcs (Hanpumep, 20 u —20 oba uerHsl, 21 u —21
oba HeueTHbl). [loaTomy npu aoGoM M3MeHEeHMM 3HaKa cymMma S,
W3MEHSIS CBOKW BeJIMUMHY, BCerga OCTaeTcsl HeUeTHbIM UMCIIOM.
CnefoBaTtesibHO, He MOXeT OKa3aTbhcs paBHOi () — YyeTHOMY UMCITY.
ITO 3HAUMT, UTO uMcI0 0 He MoXKeT ObITh HaMMEHbILE 10 MOJIYIII0
cymMmoit. A uuciao 1 MOXeT, Hanpumep MNOpM CIeayiollei
paccTaHOBKe 3HAKOB B CKOOKax (B cKoOKax opraHusyem —11 u 8):
S=5(-14-154+16—-17+18—-19+ 20) +
7(+6—-748-94+10)=5-(-11)+7-8=1.
JHaKu nepej JaHHbIMM YMCIaMH OKaXKYTCS paccTaB/le HHBIMM TaK:
-14,-15,+16,-17,+18,-19,+20; —6,+7,—8,+9,—-10.
Oteer: 1u 875.

5.6.8
Hajigure Bce mapbl  HaTypaIbHbIX uMcen a M b,

VJIOBJETBOPSIONMX PABEHCTBY
ab = a®? + 23
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(8 nepoit wuacTM paBeHCTBA CTOMT UMCIO, MOJy4eHHOe
MPUIMChIBAHMEM JecITUUHOM 3alucy uMcia a nepeq gecsIiTHUHOMN
3anuchbio uMciaa b).

Pemenne.

OTMeTuM cHauana, UTO C/Iyuaili a = 1 HEBO3MOXKEH, TaK KakK B
paBeHCTBe 1b = 24 ieBoe uMc/io HauMHaeTcs ¢ IUdpsI 1, a npaBas —
¢ uudper 2. Jlanee cuutaem, 4to a = 2. OTAE/NbHO PacCMOTPUM
C/Iyuau 0JIHO3HAUHOTO M MHOTO3HAYHOTO b.

1) b - oguHosHauHoe (1 <b <9). B stom cayuae ab = 10a + b,
MO3TOMY

10a + b = a® + 23.
Crpynnupyem ciaraeMmsle ¢ yuacTueM a:
a(10 —a®"1) =23 —b. (1)

MockombKy b <9, 10 23—b > 01 notomy a(10 —a® 1) > 0. Ilpu
OonblMX 3HAUeHMsIX b 3TO HepaBeHCTBO HapyllaeTcsl M3-3a TOTO,
UTO CTAHOBUTCA a’~! > 10. V3HaeM, NMpM KakKuMX 3HaueHuax b sTo
umeeT mecto. Tak Kak a = 2, 7o a”~* = 2”71, [IpaBas uactb Gosbiue
pecatTd npu b=5. 3HauMT, NpU b=5 HepaBeHCTBO
HapyllIaeTcd, M OCTAeTCd paccMOTpeTh 3HaueHuda b= 1,23, 4.

b=1. (1) 2a(l0-a")=23-1e9%=22<a =%HEEN,
HeT HY)KHOI napsl (a, b).

b=2 ()@a(l0—a)=23-2<a’-10a+ 21 =D=[af§.
IMapsi (3, 2) v (7, 2) nogxopar: 32 = 32 4+ 23, 72 = 72 + 23.

b=3. (1) =2a(10-a?)=23-3 & a(10 —a?) = 20. Bumgum,
UTO a SBAMeTcs genurenem uuciaa 20 u NOTOMY MOXKET IPUHUMAaTh
TONBKO 3HaueHus 2, 4, 5, 10, 20. U3 HUX TONBKO NPU a = 2 JleBasi
YacThb paBeHCTBa IMojoxkuTenbHa. [IpoBepsem 3To 3HaueHue:
2(10 — 22) = 20. [Noaxoxpsuieit napsl (a, b) Her.

b=4. (1) 2a(l0-a*)=23-4 ea(l0-a*)=19. 19 -
MPOCTOe YUC/I0, M €10 [eJIUTeb a MOXKeT PaBHATLCS TobKo 1 M 19.
OGa 3TM 3HaueHUs MMOCJAeHEeMY PaBEHCTBY He YIOB/IETBOPSIOT.
[logxonguieit mapsl (a, b) Her.
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2)b- k —3naunoe (k= 2): b=10. [lycte npu 3TOMAa—n -
JHaYHOe YMIOo (n = 1). BelBeieM HepaBeHCTBO, CBA3bIBaloLlee b, k
M n. HUmeem ab=a’+23 = a® < ab . Tlponorapudmupyem
HepaBeHCTBO 110 OCHOBaHMI010:

blga < lgab. (2)
Tak kak ab — n +k —3HauHoe umcio, TO ab < 10™* . Orciona
noayuaem n + k > lgab 1, c yueTom HepaBeHCTBa (2),
n+k > blga. (3)
Hapmo Ttenephr wu3GaButbcs oT a. Jlng 3toro  Mcrnonab3yem
HEPaBeHCTBO Uil n -3HauHoro a: a = 10", U3 Hero noayuaem
lga = n — 1 ¥ Tenepb HepaBeHCTBO (3) npeobpa3syeTcs:
n+k >b(n-—1) (or a uabaBUManCh).
[lepepenaeM 3TO HepaBeHCTBO Tak, 4ToObl b, k M n oKasaauch B
TPEX OTAE/NbHBIX CKOOKaX: n+k+1—-1>b(n—-1) <
(b=1(n-1) < (k+1). (4)
3asB/ieHHOe HepaBeHCTBO noyueHo. YToObl M30aBUTECA B HEM
eme M oT b, CBAXKEM €ro ¢ UMCJIOM ero 3HaKOB k HEPaBeHCTBOM
Buga b = k + m. Yucino m noabepem Tak, uToObl 3TO HepaBeHCTBO
BBITIONIHANIOCH TIpM BeeX k = 2. Tak Kak b = 107!, To jocraTouHo
obecrieunTb HepaBeHcTBO 10 '=k+m & 10 '—k>=m
MYHKIMA HenpepblBHOTO aprymeHTa f(x) = 10""'—x npu x =2
BO3pacTaeT (mpomssomHag 10 'nl0-12> 10> "Ynl0-1=
10in10-1>0 ), noatomy mnNpu k=2 uUMeeM HepaBeHCTBO
f(k)=f(2), To ectb 10¥! —k > 8 (momobpamu m ). Uraxk, npu
Beex k = 2
b=k+8.
Tenepp (4) =2k+1>(k+8-1)(n-1)eek+1>k+7)(n-1)
9TO HepaBeHCTBO BO3MOMKHO TOJABKO MpU n = 1, cjleloBaTe/bHO, B
paccMaTpUBaeMOM  cllyuae uMC/I0 a MOoXeT ObiTb  TOJIBKO
OIHO3HAUHBIM.

[Ipy n =1 HepaBeHcTBO (3) npuHMMaer BuA 1+ k > blga.

3mecs b = 10%1,
lga = lg2, nmoatomy 1 + k > 10¥* [g2. Ho 3TO HEeBO3MOXHO, TaK
Kak Mpy BcexX k = 2 BIMOIHAETCA MPOTUBOIOI0KHOE HePaBeHCTBO.
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3
Ilns  pokasaTenbCTBa 9TOr0 cHavajla oOTMeTHMM, uTo [g2 :}ﬁ

(1024 > 1000 & 2!° > 10° = 10I/g2 > 3). OYHKIUMSA HEIPEPHIBHOTO
aprymerta f(x)=10""tg2—-x—-1 mnpu x=2 BO3pacTaer
(npousBofHas 10*1in10lg2 — 1 = 10>~ Lin10 % -1=3In10-1>0),
noaromMy npu k =2 wumeem HepaseHCTBO f(k) 2 f(2), TO ecTb
105 1g2 —k—-1210>"1g2-2-1. [Tockonbky 102 1lg2-—2—
1>10 -% —3=0, oTcwja clegyeT Halle NPOTHUBOIIOJIOKHOE

HepaBeHcTBO 1087 1g2 > k + 1.
HTak, npu MHOro3HauHOM b HeT nmoaxoaswux nap (a, b).
Hpyzoe pewenue n. 2). Ilyctb aas HekoToporo k —3HauHOro
b (k = 2) BbIONHEeHO paBeHCTBO ab = a” + 23 & 10%a + b = a® + 23

npu a = 2. I[locMoTpum, KakuMMu MoryT ObITh 3HaueHMs a.
b
a“4+23-hb

HEpEl’[l-‘[lLIEM pPABEHCTBO B EBHOEe a = ok

YuuThIBasg, UTO

k_
al® ' 42341-10%
10k

101 < b <10% — 1, monmyuuM HepaBeHCTBO a =

k-1
al®

i [Ipu k = 2 npaBas yacTh BO3pacTaeT ¢ BO3pacTaHUEM k.
B camom pene, y (yYHKUMM HenpepbIBHOIO aprymeHra f(x) =

qlo*? ’ a®** e 101010 -a®* 10%n10
T 1 npoussogHas f'(x) = o =
%1

a 1o r=1

T(lﬂ Ina—1) npu x =2 mNoJOXKUTeNIbHA, TaK Kak

10 Yna = 101 n2 = In2'° = In1024 > Ine = 1. ChaenoBaTe/bHO,
f(k)=f(2)= f—;: — 1, TaK 4TO

alo "
az= ;EE'— 1. { )]

10
Tak Kaka =2, 10 (*) =a }-f;;— 1=1024—1=19,24=a = 10.
Jlanee Gymem OLleHMBATH 3HAUEHMe a CTEMeHAMM AecaTKu. [Ipu

9TOM MCIONAb3yeM HepaBeHcTBO 10X —1 > 10%', cnpaBeminBoe

npu Beex k = 2.

]
1-51 war. Tak KaK a = 1U,TD{*]=&(1}%—1= 10% -1 >'10°.

70
2-it mar. Tak Kaka > 107, To (*) = a }%—1 =10%-1>
10%7.
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10577

102
Ha n —om mare MoOJYUMM CTeIlleHb

66..667=6-10""14+6-10"2+--+6-10°+6-10+7

3-it war. Tak Kak a > 10%7,T0 (*) = a > —1=10%8%—1 > 1057,

n-1pas
=6(10+ 102+ 4+10" 1)+ 7=
(| 20
: R - n—1 .
6:10—5——+7==5(10 D+7,

TakK uTo
a > 10300047,
Buaum, uTo mnocje [JOCTATOUHOrO uMC/a IIAroB n 3HaueHMe a
cTaHOBUTCA OGonbiie aw0boro  uMchia. 3HauuT, pPaBEHCTBO
ab = a” + 23 He MOXeT BbIMOJHATHCS HM MPU KAKOM KOHEUHOM
JHaAUeHHUH a = 2.
OrBer: (3, 2) U (7, 2).

5.6.9
Kaxmbiii us FPYIINB YUALIIMXCA CXOOMM B KMHO WK B TeaTp,
IMpH 3TOM BO3MOMHO, UYTO KTO-TO M3 HHUX MOT CXOOIHMTE M B KHHO, H B

4
TEeaTp. HSEECTHG, UTO B TeaTpe MaJIbUMKOB OblJI0 He Oonee 7 oT

o0lero uuc/ila yuyalmxcs TPyMIibl, NOCETUBLIMX TEaTp, a B KMHO
2
MalbuMKOB Obl/I0 He Gosiee - OT 00IIEro YMc/Ia YUAIMXCSl TPYTIbI,

MoOCeTUBIIMX KMHO.

a) Morno am OwiTe B rpynmne 10 MaabuUMKOB, eCcau
JOTIOTHUTE/IbHO U3BECTHO, UTO Beero B rpynne Gbuio 20 yuammxca?

0) Kakoe HanGonblliee KOaMUecTBO MaJbUMKOB MOTMO ObITh B
rpynmne, ecjii JOMOJHUTEIbHO M3BECTHO, UTO BCero B rpymnie Obuio
20 yuammxca?

B) Kakyio HaMMeHBIIYIO JOJIK0 MOIJIM COCTABJAATH J€BOUKM OT
o011ero yMcaa yualmxca B rpymniie 6e3 Jono/JHUTe/bHOTO YCI0BHS
MyHKTOB a M 07?

PemeHne.

[lycts § — of6lee 4YMCAO yualMxcs TPYOIbl, m, M my —
KOJIMUeCTBa  MaJIbUMKOB, TOCETHMBHIMX  TeaTp M KHMHO
COOTBETCTBEHHO, d; H dk = KOJMYecTBa [AeBOouer, IMoCeTHBIIMX
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TeaTp M KMHO COOTBETCTEeHHO, d — o0lllee UMC/IO IeBoueK B IpyIIne.
Torpa
S<my+my+d. (1)
[lo yenosuio
m, < (mr +d;), m, < (mk + d;),
aTakKakd, = d, d; -=: d TO
me < —(m, +d), mk (mk + d).

OTclopa noayuaemm, < d my, < d TaK UuTO HepaseHCTBO (1)
npeobpa3syeTcs B HepaBEHCTBn
§<id+id+d @S<7d. )
Tenepr MoXeM AaThb OTBeT K nmyHKTam a) U 0). IIpu S = 20
HepaBeHCTBO (2) nMpuHMUMaeT Bua 20 < ?d. Orcioia nonydyaem

9
d 291—9. Tak kaKk d €N, TO 3TO pPaBHOCW/IBHO HepaBeHCTBY

d = 10. 3To o3HauaeT, uTo 0o0llee KOJIMUECTBO eBOUeK He MeHbllle
10, Tak uto oliee KoJMUecTBO MaJibuMKoB He OGonblie 10, TakK Kak
Beero 20 yuammxcs.

a) 10 manbumMKoB B rpynmne Moo ObiTh. Eciiu rpyrmna cocTour
M3 4 MaJbUMKOB, MOCETUBUIMX TOJBKO Tearp, 6 MalbUMKOB,
MOCeTUBLIMX TONbKO KMHO, 1 10 1eBouek, CXOAMBIUMX M B TeaTp, U

B KMHO, TO YCJIOBHE 3aJaUM BhITIOTHEHO!
4 4 6 2

14 1316 S
6) Tak kak oOuiee KonuuecTBO MaJIbuMKOB He Oosbiie 10, To 10

1 ecTb HauboJiblllee KOJIUUECTBO MAbUMKOB.
9
B) M3 HepapeHcTBa (2) cienyer, uro d = —1;5, TO eCTb

9
HaMMEHBIIAA TOJA JeBOUeK B I'PYIIIE MOXKET OBITh pPaBHOM g OHa

NeicTBUTEeNIBHO paBHa % HalipuMmep, B rpyime u3 19 yuaniuxcs, B
KOTOpOii 4 MalbuMKa CXOJWIM TOJIBKO B Tearp, 6 MaJbUMKOB —
TOJILKO B KMHO, 9 leBOUeK CXOAWIN U B TeaTp, U B KMHO.

Oreer: a)/la. 06)10. B) %
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5.6.10

MoTok BepéBkM pexyT 0Oe3 ocTaTKa Ha KYCKM JUIMHO He
meHbine 115 cm, HO He Gonbiie 120 c¢M (Ha30BEM TaKue KYCKM
CTaHJAPTHBIMM).

a) HekoTopblii MOTOK BepEBKM paspesaliv Ha 23 cTaHIapTHBIX
KYCKa, CpellM KOTOpPbIX eCTh KYCKM pa3Hoif miuHbl. Ha Kakoe
HauOoJblIee UYMUCAO OJUHAKOBBIX CTAHJAPTHBIX KYCKOB MOXHO
Obu10 OBI pa3pe3aTb TOT JKe MOTOK BEPEBKM?

0) Haiimure Takoe HauMmeHbllee uucao [, uTo moboii MOTOK
BEPEBKM, JIMHA Koroporo Oosbuie [ cM, MOXHO paspe3arTb Ha
CTAHJAPTHbIE KYCKU.

Pemenne.

[TycTb x — giMHa BepeBKM. OHa paspesaeTcd 0e3 ocTaTKa Han
CTAHIAPTHBIX KYCKOB TOTa M TOJIBKO TOTA, KOT[a ee HauMeHbIlas
IUTMHA paBHa 115n oM, a Haubosbilasg JyIMHa paBHa 120n cM:

115n < x < 120n (1)
(ycioBHe paspe3aeMoCcTH).

a) Tak Kak ecTh KYCKM pPasHOM [UIMHBI, TO TpH n=

23 HepaBeHCTBA (1) OKA3bIBAKOTCH CTPOTUMM:

115-23 < x < 120:23.
(B camom pnesie, ecim He BCce KYCKM paBHBbI, TO IO KpajiHeii mepe
O0IMH KycoK Gonbine 115 cm M iyIMHa BepeBKM oKa3biBaeTcst Gosblie
115-23 ¢cM, M 10 KpajiHel Mepe OIMH KycOoK MeHbiue 120 cm M
IUTMHA BepeBKU OKasbiBaeTcs MeHble 120 - 23 cm).
Eciu paspesath Ha n = 24 OJJMHAKOBbIX CTaHJaPTHBIX KVCKa, TO J1/1s
JUTMHBI OJTHOTO KYCKa ninonylmm HepaBeHCTBa
x .120-23 5 120- 23

< =115
n n 24x
da O0TCHIa CT]JDI‘DE HE‘]]HBEHI‘_‘TBG —{115, TO eCTh HMeeM
n

OJMHAKOBble HecTaHJapTHble KycKM. Ha 23 oaMHaKoBBIX
CTAHAAPTHBIX KyCcKa MOJKHO paspesarhb: 115 < é«:’. 120 (mimua é

CTaHJapTHasd). 3HAUMT, HauboJblIee UHUCTO OJHHAKOBBLIX
CTAHOAPTHBIX KYCKOB, Hd KOTOpOE MOMKHO paspe3aTh IaHHbIA

146



B. I'. AGnpaxmaHoB. «3anaqu ¢ mapameTpoM U HectannaptHele 3a1aun EI'D 2019, 2020. [Tocobue aiist abUTypHEeHTOB»

MOTOK BEPEBKM, paBHO 23.
0) ObGo3Hauum a, = 115n, b, = 120n. CornacHo ycioBuio (1),

Pa3pe3aeTcd Ha N KVCKOB

PaspesaeTcA Ha 2 KvcKa

e ﬂn+1 o

"Hi'ﬁibﬂm“ PHCZ-""-‘

BepeBKa paspe3aeTcd Ha n CTaHJAPTHBIX KycKoB Oe3 ocTaTKa Toraa
M TOJIKO TOrJia, KOrjia ee JUIMHA x COAePXXMTCA B oTpeske [a,.b,].

Ecmu x € [a,, b,], TOo BepeBKka pa3pesaetcss Ha 1 KycokK (To ecTb
caMa BepeBKa eCThb CTaHJApPTHBIH KYCOK), ecliu x € [ay, b;], TO
BEpeBKA pa3spe3aercd Ha 2 Kycka M T. . EC/IM x He nonagaet HU B
OIMH M3 OTPEe3KOoB [a,,b,], To OHa He pa3pe3aeTcs Ha CTaHJapTHbIe
KycKku Ge3 octaTka (puc.2.4).

[IpocBeTbl  Mexny oTpeskamu [ a, b, ]| («npocBeTHl
HEepa3pe3aeMOCTH») MCUE3IHYT, KOrla HauMHad ¢ HEeKOTOoporo
3HAUeHUs] n KakAplii oTpesok [a,, b,] Oyaer mnepecekarbcs o
CIeAYIONMM OTPE3KOM [a@y4q,Dpiq], TO €cTh Oy[eT BBINOIHATHCS
yoioBue

Api1 < b, 115(n+ 1) < 12nen = 23,

B RS EEEEEEEEEEEREEEEEEEREEEEEEEEE

0 £d1 bll o || e | J..ﬂn bnl’__é
= * s 3 bzi ['a24 bz

Puc.2.5

3HAUMUT, NPU x = a,, 3HauUeHKe x obsi3aTe/lbHO NMonajaeT B OfIMH
M3 OTpe3KoB pa3spesaemoctu [a,,b,]. Uucno | = a,; u Oyner
MCKOMBIM  HaMMEHBIIMM  3HAUeHMEM  [IJIMHbI  BEPEeBKH,
VIOBIe TBOPSIONUM YCI0BUIO 6).
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HeitcrBurensHo (puc.2.5), ecin | = a,53, TO MoOYI0 BepeBKY C
IVIMHOM x > | MOXKHO paspesaTb Ha CTaHJapTHble KYCKM ( x
MonajiaeT B OMH M3 OTPE3KOB pa3spe3aeMoCTH).

Ecau | < a,3, TO He mobas BepeBKa ¢ JVIMHON x > [ paspesaeTcs
KaK HaJo: HaijeTcs Takas BepeBKa € IJIMHOM x > [, KoTopas He
paspesaercs Kak Hajno. B camom pnene, eciu by, <l < aj;, TO
nwboe x € (I, a,3) ABNAeTCA HepaspeszaeMoil OauHOM. Ecau xe
[ < by, To mobGasg iuHa x € (by,, a,3) ABNAETCH HepaspesaeMoi
IJIMHOIM (XoTa ToXe Gombliie [).

Hrak, | = a,3 =115-23 = 2645
OTeeT: a) 23. 0) 2 645.

5.6.11

B ogmHom M3 3amaHMii Ha KOHKypce OyxraatepoB TpelyeTrcs
BbIZIATH TIPeMMM COTPYIHMKAM HEKOTOPOro orjena Ha o0uyio
cymmy 600 000 pyGneii (pasmep npeMMM KaXJI0ro cOTpPyJHMKA —
emnoe yuciao, KpatHoe 1000). byxrantepy nawT pacnpeneneHue
npemMuii, ¥ OH JO/DKeH MX BbilaTh 0e3 ciaaum M pasmeHa, umes 100
Kyniop no 1000 pyGneii u 100 kymop no 5000 pyOneii.

a) Ypactcs M BBINOAHMTL 3ajJaHue, ecau B oraene 40
COTPYJIHMKOB M BCE JOJDKHBI [OTYUUTh MIOPOBHY?

6) VYmactcs M BLIMOJAHWUTH 3aJlaHue, ec/iM  BeaylleMy
crieManucTy Haao Bbigath 40 000 pyOneii, a ocTalbHbIe MTOAENIUTD
nopoBHy Ha 70 coTpyaIHMKOB?

B) [Ipu kakoM HauOoJbLIEM KOMHUECTBe COTPYIHUKOB B OT/lelle
jajaHMe YyAacTcs BBIMOJAHMTL MNpuM moboM pacnpefeneHUH
pasmepos rpemMuii?

Pemenmne.

a) Paznenum oburyio cymmy B 600 Thic. py0. Ha 40, moayumum,
YTO KaX[Ablii HO/DKeH nonyuuTs mo 15 T1eic. py0. CHauana
MAaKCUMMAaJIbHO BO3MOKHOMY UMCITY COTPYIHMKOB BhIJaIMM ITPpe MUK
OOHMMM 5-ThIC. KymopaMu: 33 COTPpYIHMKAM — 1O TPU 5-ThIC.
Kymiope. OcTaBuIyiocsi OHY 5-ThIC. KYIIOPY BbIAaAMM OJHOMY M3
OCTaBIIMXCA 7 COTPYOHMKOB, M00aBMB JecATh 1-ThiC. KYITIOP.

148



B. T'. A6agpaxmaHOB. «3amaud ¢ mapameTpoM U HectaHgapTHble 3amaun EI'D 2019, 2020. [Tocobue mist abUTyprueHTOB»

OcranbHble 6 COTPYAHMKOB TOJY4YaT CBOM TIpeMMM 1-ThIC.
KYMOpamMu. 3ajJlaHue BbINOTHUMO.

6) Cymma, ocTtaBwascsa nocae BoeimaaTtel 40 Teic. py0., Oymer
pasHa 560 Thic. pyO. Ilpn neneHuu Ha 70 COTPYOHMKOB IoJyuaem
BbITIaThl 110 8 Thic. pyd. KaaoMy MOKHO BbiIaTh He Dojiee oHOM
5-TbiCc. KyIiope, U NMpUAETCS KaXKIOMY BbIIaTh He MeHee Tpex
1-Tbic. Kymiop. [Ias aToro 1-Teic. Kymiop rnoTpebyeTcs He MeHee
5-70 = 210, a ux Bcero 100. 3aanme HeBLITIOJTHUMO.

B) lna ypoOcTBa mnepeHymepyeM COTPYAHMKOB, M TIYCTh
5,55, ., Sks e, Sy — IPOU3BONIBHOE pacTipefie/ieHue CyMM MeXIy n
COTpYOHMKAMM: S TIC.pyO. (1 < k < n) - cymMma /19 COTPYAHMKA C
HOMepoM k.

Beigenum B cymme S, MakcMMasibHOe cjlaraeMoe, KpaTHoe 5 (B
CBSI3M C HAIMUMEM 5-Tbic. KyIop). CorjacHo TeopemMe o [ie/IeHHUH ¢
OCTAaTKOM
(Kakosbl Obl HM ObLIM 11eJI0€ UMC/IO a M 1esoe uuciao b = 0, Beerja
BO3MOXKHO, M MIPUTOM eJMHCTBeHHbIM crioco0oM, pasiennTh a Ha
b ¢ ocraTKOM: HaliTM Takue JIBa UeNbIX uMcia q (UacTHOe) U r
(ocTaTok), uToa =bqg+r, 0 <r <|b|)

YUCIO S, €AMHCTBeHHBIM 00pa3oM npejcTapiaseTcs B BU/e

Sk =5q+1,THE ), 20, 0 =1, = 4.
OcCTaToK r, MOXKHO BbIJATh TOJILKO 1-Thic. Kymiopamu (ot 0 mo 4
Kymiop). CyMMy 5¢; MOXKHO BbIAATh J100BIMM KYITIOpaMM.

BO3MOXHOCTh HaMeueHHOTo pacrpee/ieHns NMpeMuii 3aBUCUT
OT KOnuuecTBa 1-Thic. KyMiOp, HEOOXOMUMBIX /IS BbIZauu CYyMM
OCTATKOB 71y, 3TO KoJuuecTBO Haubo/bllee, KOrjia BCe OCTATKM ry
paBHbl 4. B 3Tom oIyuae Ha BbIJauy CYMM OCTaTKOB OygeT
MoTpaveHsl Bee 1 -ThICAUYHbIE KYITIOPBI, TaK UTO Oy/leT paBeHCTBO

100=n+nrn+ ..+ =4n =2 n=25.

Eciu KonMuecTBO COTPYAHMKOB n < 25, TO peaiausyercs jaoboe
pacnpenenedue. MoXHO TNOCTYIIMThb Tak.

CHauana pasfgaloTcsl CYMMbl OCTaTKOB 1, — ISl aToro 1-
THICIUHBIX KYMIOP XBaTMT Npu Jw00OM packnajge (4acTb TaKMX
KYTIIOp MOXeT ocTaTbesi). OcTaBliMecsi CyMMBbI 5q;, KpaTHbI 5, 1/
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MX BBIIAYM MOMIYT BCe 5-ThIC. KYMIOPBl M OCTABIIMecH |-ThICAUHbBIE
(KOTOpBIE MOJKHO IPYNIMPOBATH I10 MATh).

JItoGoe pacrnipegeneHune peajnsyercs Takke rpu n = 26. MoxHo
MOCTYNUTh Tak. CHavasa cyMMBbI pacripele/IioTcs MeXy repBbIMU
25 cOTpygHMKaMM, KaK OMMCAHO BbIlIE — BBIAAIOTCS CYMMBbI
51,55, ..., 5;5. Tlocne atoro ot o0ueit CyMMBI S; + S; + ...+ S5 + Sa6
OCTaeTcs S, Thic. py0. (HEeBa)KHO B KaKMX Kymiopax) — gons 26-ro
coTpyaHuKa. OHa eMy M BbIIaeTcs.

Ecnm n > 26, To OyxraaTep He CMOKET BBIMOJHUTb CBOIO
jafjauy: eMy MOMXHO MpeJIOKUTh HeBLITIOJIHMMOe paclipeneneHue
npemuii. ITycte oH 26 coTpyaHMKaM BbifacT mo 4 Tbic. py0., a
OCTalbHBIM — Kak XoueT. [lorpeOyeTrcs 104 ThICAUHBIX KYITIOp, a MX
Bcero 100.

Hrtak, Oyxraarep BBIMIOJIHUT 3ajauy npu HauOoJblieM
KOIMUeCTBe COTPYIHUKOB 26,

OreeT: a) /la. 6) Her. B) 26.

5.6.12

Ha pgocke HammMcanM HeCKOJAbKO Heo0f3aTeNbHO pasIMUHBIX
NBY3HAUHBIX HATYPaIbHBIX uKces 0e3 Hyleii B JecaTUUHOM 3anucH.
CymMMa 3THMX uMces oKasajach paBHoif 363. 3aTeM B KaXKIOM 4uucIIe
MOMEHS/IM MecTaMM MepBylo U BTOpPYI UMQpbl (HanpuMep, YMCI0
17 sameHmnu Ha umcno 71).

a) IlpuseauTe npuMep MCXOMHBIX UMCe, JJI KOTOPBIX CyMMa
MONYUMBIIMXCA uMceNl poBHO B 4 pasa Gosblie, uemM cymMma
MCXOJIHBIX Unces.

0) Morsia 1M cymma MoyuMBLIMXCS uicen ObITh POBHO B 2 pasa
Gonblue, ueM cyMMa MCXOJIHBIX uncen?

B) Haijimute Haubonbllee BO3MOXKHOe 3HaueHMe CYMMBbI
MOAYUMBIIMXCH UMCe.

Pemenne.

[TycTb HanucaHbl n uncen ¢ uudpamu a;, by, (1 < ag, b, < 9):

10a, + by, ..., 10a; + by, ... ,10a, + b,,.
OGo3HaUMM A=a, + ..+ ay+ ..+ a,, B=by+ ..+ by +-++b,.
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10A+ B = 363, & {A = 22,
10B+ A=4-363 B =143
noAGMpaTh MCXOJHBbIE UMCAa K 3TOi cucTeme. 3ameuaem, UTO

cymMMa BTOpbIX 1Mpp B nouTtn B 7 pas NpeBOCXOIUT CYMMY MepBbIX
uudp A. UtoObl 3TMM BOCTIONL30BATLCA, BO3bMEM MepBOif Ludpoit
BCEX uMcesal McxoaHoro HaGopa ofgHY M Ty Xe umudpy 1, a BTOpOii
uudpoii 118 MaKcMMalbHO BO3MOMXKHOIO KOIMUECTBA YMcell — OJIHY
M Ty Xe uudpy 7. Takoe mMakcMManbHO BO3MOXKHOE KOIMUECTBO
yucen - 20, yTo BMAHO M3 paBeHcTBa 143 = 7- 20 + 3. 3HauwuT,
BosbmeM 20 umcen 17. B cymme oum gator 340. Jlo Bceit cymmbl 363
He XBaTaeT 23, nosromy AobaBuM JiBa uncaa ¢ neppoii undpoit 1 ¢
TaKoif cymmoii: 31o 11 1 12 (10 n 13 He moaxoaaTt u3-3a umdpsl 0).
Hrak, Mbl cocTaBM/IM MCXOJHBIN HaOop umucen:

JBaguaTtb umMcesn 17, uncna 11 m 12,
[locne nepectanoBku uudp noayumutces Habop:

nBaguath umcen 71, uucaa 11 u 21.

HUx cymMa paBHa 1452 = 4 - 363.
104 + B = 363,
100B+A=2-363"

paBeHCTBA MepBoe, MOIYUUM

9(B—A)=363=2B—-A= % — He leloe 4yuciao, ycaopue 1. 0)

HEBO3MOXKHO.
B) Hiem HauGosnblllee BO3MOKHOE 3HaU€HMEe CYMMBI
5 =10B + A =10(363 — 104) + A = 3630 — 99A.
OHo nonyuaeTcss Npu HauMeHblleM 3HayeHuu A. Haiimem sto

HauMeHbllee sHaueHue. Tak Kak ag, b— oramunblie ot 0 wmdpsi, TO
Ibk <9 { by <9

a) Ilo ycnoBuwo [ Bynem

6) Ilo ycﬂanum{ BeluuTasi M3 BTOPOro

= by <9ay. IMostomy B <94, U U3 YCIOBUSA

1=a; 9 < 9ay
104+ B = 363 cieniyer, uto 104 +B =363 <104+ 94> A= >,
TO ecThb A = 191—29. [lockonbky A€ N, To A= 20. HaumeHbluee

JHaueHue A okKazanoch paBHbiM 20, 3HauuT HauOonbllee
BO3MOMHOe 3HaueHue S = 3630 —99-20 = 1650. [lokaxem, uTO
TaKOe 3HaUeHHe JOCTHUraeTCHd. ]_[UJIGEPE'M noaxogdamme MCXoIHbIe
yucaa. Yurem, urto HauOosbllee yBe/lMUeHHMe CYMMbBbI IIpM
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nepectaHoBke wudp maer umcao 19. Tlostomy BOo3bMeM
MaKcMMaJlbHO® KoluuecTBO uucen 19. Takoe MakcMMallbHOe
KomuuecTBO — 19, uTo BMAHO M3 paBeHcTBa 363 = 19-19 + 2. Ho
nobapka 0 cyMMbl 363 - uMoI0o 2 OJHO3HAYHOE, IMO3TOMY
npuaercsa B3ATb 18 umcen 19. B cymme ouu mawTt 342, nosromy
nobGasuM ellle uncno 21 (aea umcna 10 1 11 He MoXKeM B34Th M3-3a
umgpsi 0). UTak, Mbl cOCTaBM/IM MCXOAHbBII HabOp umMces:
BOCeMHaauaTh uxcen 19 u uucno 21.
[Tocne nepectaHoBkM umdp noayuutcs Habop
BOCEMHAaUATE uMcen 91 M uncnoll.
Hx cymMma paeHa 1650.
Oreer: a)20umcen 17,11 u 12. 6) Het. B) 1650.

5.6.13

Ha pocke Obuio HanmucaHo 30 HaTypaJbHBIX uucen (He
00s13aTe/IbHO Pas/IMUHBIX), KaXK10€ M3 KOTOPBIX He npesocxoauT 40.
CpenHee apudmeTHuecKoe HalMMCAHHBIX uMcen paBHSIOCh 7.
BMecTo KamJaoro M3 uMces Ha JOCKe HAMMCcaaM UMCIo, B JIBa pasa
MeHblle TNepBoHaualbHOro. Umcna, KoTopele mMociAe 3TOrO
OKasaiMCch MeHblle 1, ¢ JOCKM CTepJin.

a) Morimo 1M oKasaTbhecsl Tak, UTo cpefHee apudMeTHuecKoe
yucesl, OCTaBIIMXCS Ha Jlocke, Ooblie 14?

0) Morno nu cpegHee apudMeTnuecKoe OCTaBIIMXCA Ha JOCKe
uMcesa okasaTbcs Gosblie 12, HO MeHblle 137

B) Haiinure HauGonblllee BO3MOXKHOE 3HAUeHWE CpeJIHero
apupMeTHUECKOro UMces1, KOTOPbIE OCTAIUCH Ha JIOCKe.

PemeHue.
3aMeTMM, UTO CTMPAKT Te UMCIAa, KOTOpble MCXOAHO OblIM
eqMHMIIAMH. [TycTh M3HaAYANBHO HAa IOCKe OBUIH

HamMcaHbl n efMHML, M 30 —n Apyrux uucen. OTMeTHM, 4TO n =
30 He moKeT ObITh (cpefHee apu(pMeTHUecKoe HallMCAHHBIX YMCel
Obi1o Obl 1 BMecTO 7), 3HAUMT n < 30.

a) CymmMa BceX HanmMcaHHbIX umcen Obuia paBHa 30-7 = 210.
Cymma 30 —n HecTMpaeMbiX uucen Obula pasHa 210 — n. [locne
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MpoBEOeHHOM onepauMM Ha [JocKe ocTtajochk 30 —n  uMcen,
YMeHBIIeHHBIX B 2 pasa. 3HAUMT, CYMMa OCTaBIIMXCA UMCen PpaBHa

210—n
[lo vycnoBuio uX cpeaHee  apudmeTHueckoe

210-n

,/(3{] —n) > 14. 3To HepaBeHCTBO BepHO MpH Bcex n > 24— a

T;u{ Kak n € N, To nnpu Bcex n = 25, [IpumeM n =25 u noﬂﬁepem 30
MCXOIHBIX UMCE, 25 us KOTOPBIX e IMHMIIEL. B KauecTBe ocTalbHBIX
5 (HecTupaeMbIX) uMcesn ¢ cymMMoii 210 — 25 = 185 Bo3bMeM UMCIO
185:5 = 37.

[Ipopepum, uTO MCXOAHBII Habop 25 eaMHMLL, NATH umKcen 37
YAOBIETBOPSeT yCJI0BMAM 3afaun. CpegHee apudmeTHueckoe ITUX
yMceNn pPaBHO % = 7.Ilocne onepauuu cpenHee apudmernueckoe

37
OCTABIIMXCH YMCE paBHGT? = 18,5 > 14. OTBeT: MOrJO.
310

—/(30-n) <13 & 3y HO B
n _

5
510 114
MHTepBajie (=, — ) HeT HATyPaIbHBIX UHCel. OTBeT: He MOTJIO.

210-n

0) Ilo ycaoBuio 12 <

B) ‘-]Tc-ﬁb[ ysﬂa'n:, NMpH KakoM n cpegHee apudpmeTHueckoe
210—n

OCTABIIMXCH Ha JOCKe uUMCcen A= . f(SD—n) HMeeT

HauGonbllee 3HaueHWe, pazobbeM ero Ha JiBa cjaraeMblX Tak,

yToOBI OJIHO He Cogepanon, a Apyroe cogepxaio ero ToJAbKO B

3HaMeHaresne:
210—n n—210 n—30—180 1 90
/(3'3 -n) = = =

2(n-30) 2(n-30) 2 n-30
Tenepsb BH,ILHM, uro A umeer HauOo/bllee 3HaueHMe IIPU
HauOGonblieM Bo3MOKHOM n. OueHuM BeanuuHy n. ITo ycnosuio Bce
MCXolHBIe uMcaa He npepocxomgaT 40. 3nauurt, cymma 30-—n
HeCTHpaeMblX uucen He mnpeBocxoguT (30 —n)40. Tak Kak 3ra

cymMmma paBHa 210—n, TO HMMeeM !—]'E‘[JHBEHCTBO 210—n =<

(30 = n)40. OrTciopa caeayer, uTo n {%- 25— Tak Kak

n €N, Ton < 25., To ectb HauGosblllee BO3MOXKHOE 3HaueHHe n —
9T0 25. 3HauMT, eciu A umeeT Haubo/bllee 3HAUeHWe, TO TIPH

n=25: A_zm 25[{3{)—25) =185 . Kak BugHo M3 mn. a),
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NecTBUTENbHO MMeeTCsl MCXOIHbIN Habop umcen, A8 KOTOPOro
A =185.
Oteet: a)/la. 6) Hert. B) 18,5.

5.6.14

Ha pocke Obuto HamucaHo 20 HaTypaJbHBIX uMcen (He
00si3aTe/bHO Pas3/IMUHBIX), KAJKI0€ M3 KOTOPbIX He npeBocxoauT 40.
BMecTo HEKOTOPBIX M3 uucesl (BO3MOXHO, OJIHOTO) Ha JIOCKe
HamMcaJu uucia, MeHbllIMe NepBoHavYalbHBIX Ha eduMHMIy. Yncia,
KOTOPBIE MOC/e 3TOr0 OKa3aJauch paBHBIMM 0, ¢ JOCKM CTEPIIN.

a) Morno nu oKasaThCsl Tak, UTO cpengHee apudmeTHuecKoe
yMces Ha JOCKe YBeJIUuMI0ch?

0) CpenHee apu{pmMeTHUecKoe MepBOHAYAJbHO HAaMMCaHHBIX
uMcen pasHssiock 27. Mormo am  cpeHee apudmeTHuecKoe
OCTaBIIMXCS Ha IOCKe Ulcesl 0Ka3aThCsl paBHBIM 347

B) CpenHee apudmeTHuecKoe MNepBOHAUANLHO HAlMCAHHbIX
yucena pasHsnoch 27. Haiigure HanOonbliiee BO3MOKHOe 3HaueHue
cpenHero apudmMe THUECKOro uucesi, KOTOpPbIe OCTAJIMCh Ha JIOCKe.

Pemenne.

a) Hanpumep, ecnu Obin Hanmucaubl 110 10 pazuucna llu 1 u
CO BCEMM MPOBeIM 3TH JIefiCTBMSA, TO UX cpeiHee apudMeTHuecKoe
Obl10 paBHO 6, a 110C/Ie ONMMCAHHO onepalmMu OHO ctaHeT pasHo 10.
0) Ecnu a — cpegHee apudMeTHUecKoe n uMceNl ¢ CYMMOI S,

5
Toa=-. B Hamem caydae a = 27, n = 20, noaroMy CymMMma Bcex
n

OaHHBIX uMcen paBHa 27 - 20 = 540. ByayT cTeprbl Te emMHMIIbI,
KoTopble OyAyT yMeHbIeHbl. [IycTh x — KOMMUecTBO TeX eMHMII,
KOTOpbIe OYAYT CTEPTHI, a ¥ — KOJMUECTBO NMPOUMX YMeHbLIaeMbIX
umcen. Torga cymma BcexX uMcen, KpoMme Oyayuimx Hyneit,
paBHa 540 —x, M 3TUX umMcen Bcero 20 —x. [locme onepauuu
octaHeTrcs 20 — x uMcen ¢ oOuieit cymmoii 540 — x — y. Ux cpennee
apupmeTHUecKoe [O/DKHO PaBHATHCA 354: H;:%: M4 ey=
33x — 140. Ilockonbky y = 0, TO OoTCIO/A caeayeT, uTo 33x = 140 &

8
x> 45, a TaKk Kak x € Z, 1o x 2 5. Tenepp g y noayuaem
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HepaBeHCTBO ¥y = 33 -5 — 140 = 25. Ho 3To HeBO3MOXHO, TaK Kak
IaHHBIX uncen scero 20.
B) Kak Hamm B 1. 0), cpeaHee apudmeTHueckoe

S540-x-y
OCTABIIMXCSl HA JIOCKe uyces paBHO A = ———. Hac nHTepecyer
HauboJIbllee BO3MOXKHOE 3HAUeHMe ITOi BelMuMHbl. [Ipu Kaxgom
(pukcupoBanHHoOM x HauboJsIblIee 3HAYEHMEe MoayuaeTcs mpu y = 0 u

540-x
OHO paBHO v BeIAcHUM Temnepb, IpH KAaKOM 3HaUueHHMH X

Haubonbileit Oymer yKe aTa BeJauuuHa. [Ins atoro pasoObeMm ero
Ha [OBa ClaraeMbIX Tak, qTOOBI OOHO He cofep:alo x, a Jgpyroe

COOEPMAT0 €TI0 TOJIBKO B 3HAMEHATETE
540-x _ 20-x+520 _ , 520

20-x  20-x 202"

OTtciona BMAHO, uTO BeauuuHa Oyger HauOonblieil mnpu
HanOo/IbllIEM BO3MOXHOM 3HaueHMH x. Ompenennm 3To 3HaAUYEHHE,
3dameTuMm, uTo cymMma 540 M3HauaJbHO JAHHBIX UMCel He
npeBocxoaut  x + 40(20 —x) (ar0 Haubosbllee BO3MOXKHOE
3HaueHue, ecii BCe, KpoMe x eIMHMLI, B3S/IM MaKCMMaJibHble — 110
40). [Toaromy

40=x+40(20—x)=x < 62, a TaK Kak x € Z, Tox < 6. JHAUUT,

MaKCMMaJIbHO BO3MOXHOe 3HaueHue x = 6. [Ipu x = 6 noayuaem
HauboJIblIee BO3MOXKHOe 3HaUeHue
540—6—-0 1
A= b 38 =
[TonGepem McxoaHbIN HAOOP uMces, KOTOPBIN Nocae onepanyumn
JAacT Takoe cpejHee apudmerHueckoe. 6 eIMHUL] YXKe eCTb.
OcrtanpHble 14 umcen Hajgo nogoOpaTh MakcMMaibHBIMM. Bce 14
B3ATh Mo 40 He yjAacTcd: B CyMMe IMOJY4YMTCA 6 + 14 - 40 = 566 >
540. Bossmem 13 umcen no 40. IToka moayumnm cymmy 6 + 13-40 =
526. Yrobwl Habpare 540, B HabGop pobapum ente umciao 14.

IMopoGpanu HaGop: 6 egmHuu, 13 umcen nmo 40, 14. CpenHee

540
RI}HEIJMETHHECKOE PAaBHO S = 7. Ecnin ymMeHBIIMM BCe e IMHUIILI M

TOJIBKO MX, TO ocTaHercss Habop 13 umcen no 40, 14. CpenHee
13-40+14 1
apudmeTHueckoe sToro Habopa ——— = 38 -

OtBer: a) [la. G) Her. B)BB%.
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5.6.15

YueHMKM OJHOI IIKOABI MUCAIM TecT. Pe3yIbTaToOM KakIoro
yuacTHMKa $BJseTcs lieJioe HeoTpuliaTelbHoe uuciao Oanios.
YueHMK cuMTaeTcs CAABLIMM TecT, ecJM OH HaOpan He meHee 83
Gannos. M3-3a Toro, uTo 3aJaHmus OKa3aJiucCh CAMIIKOM TPYIHBIMM,
ObLIO TIPUHATO pellleHHe BCeM YYaCcTHMKAM TecTa J00aBMTh IO 5
Gannos, Garofgaps ueMy KOJIMUECTBO CAABIIMX TECT YBEIAUUMIOCh.

a) Morfio 1M oKasaTbCsl Tak, UTO TOC/e 3TOro cpefHuii Gamn
YUeHMKOB, He CIaBIIMX TeCT, MOHU3WICS?

0) Morsiio M OKasaTbCcs TakK, UTO IOCJe 3TOro cpeaHuii Oamn
YUEHMKOB, CIABIIMX TECT, MOHM3WJICA, M cpelHuii Ga/um yUeHUKOB,
He C/IABIIMX TeCT, TOXKe MOHUINUICA?

B) HM3gecTHo, uTO nMepBoHauYaIbHO CcpeaHMii 0Gaal yuacTHMKOB
Tecta coctasua 90, cpenHuii Oaan YYeHMKOB, CHABIIMX TecT,
cocrasun 100, a cpemumit Oann yYeHMKOB, He CIaBIIMX TecT,
cocrasui 75. IMocne poGasnenuns GawioB cpeAHHit Gal yUeHUKOB,
caasBliMx TecT, cTaia paseH 103, a He caaBmux — 79. IlpM Kakom
HaUMeHbIIeM UKclle YUACTHUKOR TeCTAa BO3MOXHA TaKasd cuTyauma?

Pemenme.
a), 0) Mormno. [lyctb 6110 3 yueHnKa, KoTopble HaGpanu 100, 80

M 2 Oamna. Cpeanmii Oann yueHMKOB, CHOABIIMX TeCcT, paBeH
100 "
_—= 100, cpenHMit Oann yueHMKOB, He CIaBIIMX TeCcT, paBeH

B0+32

—— =41 [Tocne pmoGaenenus Oa/UIOB ¥ YUeHMKOB okasanock 105,

85 u 7 OGannos. Cpegnue OGajibl CTaIM PaBHBI COOTBETCTBEHHO
105+85 7

[

e 95 i T
B) Ilycte Brcero Obuio N VYUAaCTHMKOB TecTa, CHalM
TecT a YYeHUKOB, nocJe noGaBneHus Gannos coanu
tecT b yueHukos. Jlo pobGanenuss OGasnos obwas cymma 0awios
ObLU1a paBHa
90N = 100a + 75(N —a) (1)

[Mocne pobGapneHus 6annoe cpeauuii 6ann craHeT paBeH 95

156



B. T'. A6agpaxmaHOB. «3amaud ¢ mapameTpoM U HectaHgapTHble 3amaun EI'D 2019, 2020. [Tocobue mist abUTyprueHTOB»

Kyt kot otk
(Ecim  ucxomuble Gamnwl ky, ks, ...k, , To ————N=9(

(k1+5)+(ka+5)+ .. F{kn+5) .

= =90+ % = 95), a o0wasa cymma Oa/IoB

95N = 103b 4+ 79(N — b) (2)
M3 paeencte (1) m (2) cooTBeTcTBeHHO cnenyeT, uTto 3N =5au
2N = 3b. OTcioga BuAHO, 4uTO N KpaTHO 5 M KpaTHO 3, 3HAUMT,
KpatHo 15. HaumeHbllee HaTypanbHOe YMC/I0, KpaTHoe 15 ato 15.
CnefoBaresibHO, HaMMeHbllee BO3MOXKHOe 3HaueHuMe N = 15.
[Tokaxem, uro npu N = 15 onucaHHasg CUTYalL A BO3MOMKHA.

[lycte B rpynne u3 15 YUeHMKOB OKaKYTCS TONbKO TpH
pasJIMUHBIX pe3yabTaTa TecTMpoBaHua: no 100 GanmoB y n
CAABIIMX TecT YUeHMKOB, a Y He cJaBliuX — x 0a/uloB y OJHOrO,
KOTOPBIA nocie fobasieHus 0a0B OKaKeTCs CIaBIIMM TecT, U 110
y Da/utoB y octanbHbiX 14 —n. Halinemn, x u 14 —n. 3Hauenue
Yy MOXeM Ha3BaTb cpasy: mnocae pgoOaeieHuss 0a/loB y He
caBIMX 14 — n yueHMKOB cpeaHuii Oa1 oKaxKeTcs paBHeIM 79, a
pa3 Gannbl OAMHAKOBbLIE, TO ¥ Beex OyaeT mo 79 Gannos. 3HauMT,
M3HaYaJIbHO OHM MMeJM Mo y=79—5=74 banna. 3HaueHud
nu x HaligeM, MCINONAbL3YyS CcpeaHuii 0a/l He CHABIWIMX TeCT
YUEeHMKOB J10 Jo0asieHus 0a/JIoB:

X+ 74(14 —n)
=175
15 —n
M cpenHMit Oais cOaBIIMX TeCT YYEHMKOB IMocie ao0aBneHus
Oannos:
105n + (x +5)
n+1 =

M3 3THX IBYX paBeHCTB HaxoguM n = 9,x = 80.

Hrak, B rpynne 9 yueHuKos noayuman no 100 Gannos, 1 yueHHK
80 Gannos, 5 yueHMKOB 1o 74 Ganna. CpegHuii 6ann Gbut paseH 90,
cpenHuii 0an yueHMKOB, caaBiMx TecT, Ob1 pageH 100, a cpeaHuit
Oann yueHMKOB, He cmaBliux TecT, Obin paseH 75. [locne
noGapjieHusi cpefiHWii OaJsT YUeHMKOB, CIAaBIIMX TecT, CTajl paBeH
103, cpennuii Gann yueHMKOB, He CIABLUIMX TeCT, CTal paBeH 79.
Taxum oGpasom, Bce yCI0BMS BbITIOTHEHbI.

Oteer: a) lla. 6) /1a. B) 15.
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5.6.16

a) [Ipusenure npumep YeThIPEX3HAUHOTO yuCIa,
npousBeneHMe uu@p Koroporo B 10 pa3 Oonbiie cymMmbl 1udp
9TOTO Yuca.

6) Cyumectsyer /M TakKoe  4YeTbIpéXaHauHoe  YMCIIO,
npoussegenme uudp Koroporo B 175 pas Gonblue cymMmbl Ludp
3TOro umucaa?

B) HaiiiuTte Bce ueThipéx3HauHble Uucia, MpousseieHue uudp
KoTopbIX B 50 pa3 Gonbiue cymmebl udp aToro umcaa.

Pemenne.

IycTb abed — MO3MIMOHHAA 3aMMCh YEThIPEX3HAYHOTO YMCIIa,
a,b,c,d — ero uuppel (a=1). B 3agaue paccMaTpuBalOTCH
paBeHcTBa abed = k(a+b+c+d), roe k =10,175,50. Tak Kak
k=0, To HM ogHa w3 uudpp b,c,d He paBHa HYIWO, HHaye
npou3BefieHMe ceBa paBHAIOCh Obl HYJIO, a CIpaBa — HeT (Bellb
k#0, a+0).

a) Ilo ycaosmio, abcd =10(a+b+c+d). Bugum, uto B
NMpoM3BeIeHMM CieBa TPUCYTCTBYIOT MO KpaiiHeii mepe 1o
onHoit uudppe 2 u 5. BospMem a =2,b = 5. Torga

10cd =10(7+c+d)ecd=7+c+d.

[lepeObupas sHaueHmus ¢ = 1, 2, ..., HAXOIMM, UTO ¢ = 2 MOAXOOMUT:
2d =9 +d = d = 9. IIpoussegenme umudp umcia 2529 pasHo 180, a
cymma umdp pasHa 18, To ectb B 10 pas MmeHblle.

6) Ilo vycnoBuw, abecd = 175(a+b+c+d) . Bugum, urto
Npou3BeJieHMe ceBa KPaTHO 25, Mo3TOMY B HEM NMPHCYTCTBYIOT 110
KpaiiHeii mepe e uudpsl 5. Ilpu nepecraHoBke uudp U B
NPOM3BEIEHMM, U B CYMMe pe3y/bTaThbl HE MEHSITCSH, MO3TOMY
MOXEM CuUMTaTh, 4TO mnepeble e uudpol pasuel 5. Torma
25¢d =175(10+c+d) & cd =7(10+c+d) . Bugum, uro cd
KpaTHO 7, Tak UTO X0Ts Obl onHa 13 uudp ¢ n d pasHa 7. [lockonbKy
nopagok uudp OespasnuueH, Oymem cuMTaTh, uTo ¢ = 7. Torma
noayuuMm  paBeHctBo 7d=7(17+d)ed=17+d , UTO
HEBO3MOXKHO. OTBET OTPULIATE/ILHBIIA.

B) Ilo vycnoBuio, abcd =50(a+b+c+d) . Bugum, uto
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npou3BefieHMe ¢JieBa KpaTHO 25, 103TOMY B HEM NMPUCYTCTBYIOT MO
KpaiiHeii mepe nase uudpsl 5. IIpu nepectaHoBke uupp M B
NPOM3BeIeHUM, U B CYMMe pe3y/bTaTbl He MEHSIOTCS, [03TOMY
MOXEeM CuMTaTh, uTO Inepsble Ase uMppsl pasubl 5. Torga
25cd =50(10+c+d) © cd=2(10+c+d) . Bugum, uro cd
KpaTHO 2, Tak 4To X0Ts Obl OiHA U3 uudp c v d ueTHad. IIycTb 1O €.
[lepeGepem ueTHbie UMdpbI ¢ = 2, 4, 6, 8.

Ecnme=2,102d =2(12+d) & d =12 + d, UTO HEBO3MOXHO.

Ecnmc=4, To 4d=2(14+d)=2d=14+d < d = 14, uto

HEBO3MOKHO.

Ecom ¢c= 6, TO 6d =2(l6+d)=3d=16+d d=
8, MoaXoaMT.

Ecim ¢ = 8, TO 8d=2(184+d)=4d=18+d =d =6,
MOJXOJINT.

[Toayumnu [aBa  ueTbipex3HauHbIX uMcaa 5568 wu 5586,
YAOBIETBOPSAIONME YCIOBUIO: npousBeneHue umudp pasno 1200,
cymma uMdp pasHa 24, 1200 = 50-24. Bce apyrue mMmeroiiMecs
TaKMe UMC/ia OT/IMUAlOTCA TONbKO pacrionoxkeHueMm uudp. Bee ux
MOJKHO TOJIYUMTh nepecTasiag uudpsl B umciae 5568. [loncunraem

KOJIMYEeCTBO BCeX TaKUX UMCell.
5568, 5586

Lndps 5 croaT pagom: [6553. 8556

6855, 8655
5658, 5856

Lndpst 5 cTOAT BpO3b: [5685. 5865
6585, 8565
Beero 12 umcen.
Oteer: a) Hanpumep, 2529. 6) Her. B) Yucao 5568 u Bce
yMcaa, IMojayuaemMble M3 Hero nepecTaHoBKoit uudp (Bcero 12
UMCEe).

5.6.17

Tpu umcia HasoBéM «Xopowreii» TPOIKON, eciM OHM MOTYT
ObITh [JIMHAMM CTOpPOH TpeyroiabHMKa. Tpu uMciaa Haszopém
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«OTIWUYHOM» TpoHKOI, eciM OHM MOryT OBITH JJIMHAMM CTOPOH
MPSIMOYTOJIBHOTO TPeYro/ibHUKA.

a) JlaHpl 5 pa3snMuHBIX HATypajibHBIX uMcen. Moxer
OKa3aThcs, UTO Cpea HUX He HalAeTcs HM OJHONH «Xopoulei»
TPOIKK?

0) JaHbl 4 pasaUUHBIX HATYpaJbHBIX uMcia. MoxeT u
0Ka3aThCsd, UTO CpeiM HMX MOXKHO HAiTH TPH «OTAMUHBIX» TPOHKH?

B) Haus!l 10 pasnuuHbiX uucen (HeoOs3aTeIbHO HATYPAJIbHBIX).
Kakoe Haubonbllee KOAMYECTBO «OTJAMYHBIX» TPOEK MOIJIO
0Ka3aTbecs cpeiu HUx?

Pemenne.

a) Mcxogum M3 TOro, UTO B TPeyrojbHMKe JIMHA 10000
CTOPOHBI MeHbIlle CYMMbI JJIMH JIBYX APYruX cTopoH. Tak Kak Hac
MHTepecyeT OTpULaTe/IbHbI pesyabTart, To nornpodyem BeiOpaTh 5
PasAMUHBIX uMCel a, < a, < a3 < a, < as Tak, uTo0bl Kaxmoe
UMCI0, HAUMHAS ¢ TpeTbero, 6bu10 Oonblle WK paBHO CyMMe JBYX
npeablIymx:

az=a,+a; ag=a+az, as=az+a,. (1)
Torpa B mo00ii Tpoiike TPeTbMM UMCIOM OKAXKETCH OQHO M3 UMCe
3, @4, @5, U U3-33 3TOTO TPEThbe UMC/IO He OyJeT MeHblle CyMMbI
MepBbIX [BYX UMCEN — TPeYroJlbHMK He momyuutca. Jlna Tpoek
(ay,a,,a3), (ay,as,a4), (a3, a4,as) 3T0 BUAHO M3 HepaBeHCTB (1).
Jliobass M3 oOcTaZbHBIX BO3MOXKHBIX TPOEK TOXKe «IUIoXas».
Hanpumep, ana TpoNkM (a,, as, a,) OyaeMm UMeThb

fly 20y +a3 > ay +a;=>a, > a; + as.

Bbibepem Takue HeOonbliMe uMciaa, 4ToObl B cTpoke (1)
BBITIOJIHSUIMCH paBeHcTBa: 1, 2, 3, 5, 8. 1o nokasaHHOMY, cpeiu HUX
HeT «XopoLeit TPOHKMH».

0) Ilycts a, < a, < az < a,. [IoCKONBKY [JIMHA TUIIOTEHY3bl
Oonpiue gauH 00OMX KaTeTOB, TO IJIMHOM TMIOTEHY3bl MOTYT ObITh
TOJNbKO 4YMUIA azH a,. CnegoBaTe/lbHO, BO3MOMHBI TOJIBKO 4
paBEH{'TBa

aGsFai=at, is+az=03 ad+al=as, a2 +az=al
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YUroObl ObIM  TPM  «OTAMUHBIX» TPOMKM, JOMKHBI ObITH
OJIHOBPEMEHHO BBIIIOJIHEHBI [0 KpaiiHeil mepe TpM M3 3THX
paBeHcTB. Kakue Obl Tpu paBeHCTBa HU B3STh, UMC/IO a, YUACTBYET
Mo KpaiiHeii Mepe B JBYX M3 HMX. JHAUMT, OflHOBpeMeHHO OyayT
BBITOJIHEHBI MO KpaliHeli Mepe Ba M3 MOC/AeIHUX TpeX paBeHCTB:
aj+as=aivai+ai=a; wm ai+al=aiunai+al=a;
Wi a2+ a:=auna+a=al

H3 HUX creflyeT COOTBETCTBEHHO a, = az WIH a; = a; WK a, = a,,
TOTJa KaK MO0 VCJIOBMIO BCe UMCJIa pasianuHbl. Tpu «OTAMUHBIX»
TPOKM He MOTYT ObITb.

B) Ilycth a; < a, < az < -+ < @yg. JnuHoit IMITIOTEeHY3bl
MOTI'YT OBITH yucia as, ag,..., 0. [1oACUUTaeM KOMHUECTBO
PA3IMUHBIX BO3MOKHBIX «OTJMYHBIX» TPOEK C YUACTHEM KaXKIOro
M3 HUX.

Hauuem c a,o. I8 npaBMIbHOTO TOJACUETa YUTEM Cleaylolllee.
Y1oObl NMoMyyaauch paziuuHsié BOIMOXHbBIE «OT/IMUHbIe» TPOIKHU C
YUYacTHEM a,,, HAZIO COUETATH @y C MapaMu umcen (a;, a;), odpasys
TPOMKM (a;, aj, ayg), C/IEAs 32 TeM, YTOObI HU OHO U3 BbIOPAHHBIX
yucesn a;, a; He MOMajajno B APYIyio TPOHMKY € a,o. B mpoTHBHOM
ciayuae, eciM, Hanpumep, OyaeM CUMTaTh, UTO [Be pa3/iMUHbIe
TPOWKK (a;, aj, ayp) U (a; ag, ap), MMeloliee obliee YKCIO a;,
Moryt ObiThb 00e «O0TIMUHBIMM», TO owmMbOemca. Beab ato Gyger
03HauaTh, UTO T[PAMOYIOJbHBIE TPEeYyroAbHMKM ¢ pPaBHBIMM
TMIIOTeHY3aMM a;o M PaBHBIMM KaTeTaMM a; He paBHbl. Eciu He
yuTeM 3TO 0OCTOATe/NbCTBO, TO OKaKeTcs, UTO BMECTO OIHOM
BO3MOXHOI «OTIMYHOI» TPoifKM mocunTtaem aee. Takum oGpazom,
ecin yxe BbiOpaHa Tpoiika  (a; aj, a,9), TO YMC/AA a; U a; B
nanbHelleM rnojacueTe He YUacTBYIOT.

Hrak, pnsg BO3MOXHOM TMIOTEeHY3bl a,, Bbi0epeM U3
OCTaBllierocs CNMcKa M3 9 uMcen aBa B KauecTBe BO3MOKHBIX
KaTeToB (3TH JABa 4YMcla Jajdblile He YUacTBYIOT B [MOJcCUYeTe).
[loayuum 1-if BO3MOMKHBIH TNPAMOYTO/AbHBIN TpeyroJbHUK. M3
ocTaBpliMxcs 7 uMcen BbiOepem JBa — MOJAYYMM 2-i BO3MOMKHBIN
NPAMOYTOAbHBIN TpeyronbHMK. [lasee u3 5 aBa — 3-it BO3MOXKHBII
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TpeyroibHMK. M3 3 nBa — 4-if BoamoxkHbIi TpeyronbHMK. OcTanoch
OJHO UMCJIO, TPeyrolbHWK HeBosMmoxeH. [logcuurtanmu, uTo C
TMIIOTEeHY30if  a,, BO3MOXHBI He Oojiee 4 MpPAMOYTOJbHbBIX
TPeyrojibHUKOB, TO €CTh € YYacTHeM a,, BO3IMOXKHO He Ooliee 4
«OTAMUHBIX» TpoeK. Yucio a,, Aanblie B MojacueTe He yUacTBYeT:
OHO He MoXeT ObITh JIJIMHOI KaTeTa ¢ MEHBIIMMM TMIOTEHY3aMM
dy; Qg ---; 3.

AHAIOTUUHO IS BO3MOXHOI TMIIOTEHY3bl a, BbiOEpemM U3
OCTaBUIETOCH CHMCKA M3 8 uMcea JiBa B KAUeCTBE BO3MOXHBIX
KaTeToB. [Tomyuum 1-i1 BO3MOKHBIN [MPAMOYTO/IbHBII TPeyrolibHUK.
Ianee u3 6 gBa — 2-it BO3MOXHbBII TpeyronbHMK. M3 4 npa — 3-if
BO3MOMHBIN TpeyrolbHUK. M3 ABYX ocTaBUIMXCA NOMYyuYMM  4-if
BO3MOKHBINM TpeyrolbHMK. 3HAUMT, ¢ YUaCTMeM a, BO3MOXKHO TOXKe
He 0oJiee 4 «OTIMUHBIX» TPOeK.

[Ipogo/okas nmoacueT TakKMM e crnocoOom, MOAyuMM, 4YTO
KaKIoe U3 uKcel ag U a, iaeT He Dojiee 3 BOSMOXKHBIX «OTIMUHbBIX»
TpOeK, KaKJoe 13 uucesl a, U as — He DoJiee 2, ay, U as;— He Dojiee 1.

CyMMupy4, rnojiydaeMm, UTO «OTJMUHBIX» TPOEeK MoOXeT ObIThL He
OoneeueMm 4 +4+3+34+2+24+14+1=20.

PaccmoTpum  npumep, rae 3To Haubonbllee KOJIMUECTBO
peanusyerca. Teopema [Iudaropa mnoackaspiBaeT, 4YTO HAI0
nonpoGoBath umcaa v1,vZ, V3, ...,v10 . «OTamMuHbIe» TPOHKM:

(V1,49,¥10), (v2,V8V10), (V3,¥7.V10), (V4,V6,V10),
(VLVBNV9), (VZNTN9), (V3.6,V9), (V4,59),
WVIV7.V8), (V2.V6V8), (V3./5.V8),
VILVENT), (V2,{5.47), (V3.VENT),
W1,4/5V6), (V2,V&6),

(V1,V&V5), (V2,v3.V5),

(V1,vV3.V43),

(V1,vZ.V3).

Oteer: a)/la. 0) Het. B) 20.

lMpumevanue. B nyHKTax a) M 0) peub MOXET MATH O MH00BIX pazmHYHBIX
MOMOMMTETbHBIX AefiCTBMTENbHBIX YHCTAX.,
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5.6.18

Uucna 1, 2, 3, 4, 5, 6, 7, 8, 9, 16 npou3BONLHO AENAT Ha TPU
TpyInmel Tak, 4ToObl B KaxKmoit rpynne Obi10 XoTs Obl OJHO YMCIIO.
3arem BBIUMCASIOT 3HaUeHMe cpejiHero apu(pMeTHuecKoro uucen B
KaKIoM M3 rpynn (Ijs rpymnmnbl M3 eIMHCTBeHHOTO uKc/ia cpeiHee
apupMeTHUeCcKoe paBHO ITOMY YHCITY).

a) Moryt i ObiTh OAMHAKOBBIMM [IBa M3 Tpex 3HaueHMit
cpenHUX apudMeTHUECKMX B TPYMMax M3 pasHOTO KoJMUecTBa
uucen?

0) MoryT i1 ObITH OAMHAKOBBIMM BCE TPM 3HAUEHWUS CpeIHMX
apudMeTHUeCKHX?

B) HaiiguTe HaMMeHblllee BO3MOMKHOE 3HaUeHMe HauGonblliero
M3 ToydaeMbIX TPEX cpegHMX apupMeTHUecKHuX.

Pemenne.

a) Bosbmem umciio 6 B cepefinHe psijia M U3 Hee olpasyem
nepeyio rpynmny {6}. JlaHHbiii psag (6e3 umcaa 16) npencTapiseT
coboit apumeTHUecKylo mporpeccuio (¢ pasHocTbio 1) M MOTOMY
UMCa0 6 PAaBHO cpeiHeMY apudMeTHUECKOMY JBYX COCEJHMUX umMces]
5 u 7. U3 Hux oOpasyem Bropyw rpymmy {5, 7}. CpenHee
apudmeTrnueckoe o0eMX rpynI paBHo 6.

Tpetes rpynma {1, 2, 3, 4, 8, 9, 16} umeer cpegHee
apupmeTHuecKoe 6%. OTBeT: MOTYT.

0) Cymma Bcex 10 gaHHBbIX umcen paBHa 61. [lycth Tpu rpynmnsl
coflepar m,n,p cjlaraemblx ¢ cymmammu S,,S,,S; COOTBETCTBEHHO,
M MX cpeaHKe apudpmeTuueckme pasHel x: Torma

S;=mx, S,=nx, 5 =px = S5+ S+ S =(m+n+px =
61=10x =x =", OTCIOJa C/IelyeT, HATPUMep, UTO S; = “=m =
10S; = 61m. Tak kKak 61 He kpaTHO 10, To m KpaTHO 10, TO ecThb
m=0 wm 10. 3To 3HAUMUT, UYTO B IePBOH IpyriNe HeT uucea Miau
Bce 10 umcen HaxomaTcs B ITON TIpynmne, uTO HEBO3IMOMKHO.
OTBeT: He MOTYT.

B) IlycTh rpynmsl € m,n,p YMCJAaMM C CYMMaMHM S, S,, S5 MMEIOT
cpenuue apudmeTHuecKMe x,y, Z cooTBeTcTBeHHO. O0liee cpeHee
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[
apudmeTHUECKOe PaBHO ﬁ = 6,1. Kpome Toro, B 1. a) Mbl BHJIEJH,

UTO CpegHHe El[;)H[bMETHIIECKHE BO BCeX TIpyTIIlax He MeHbIIe b.
OxkaseiBaeTcsl, UTO NnpH AwbOoOM pasdMeHMM Ha TpyMnIbl XoTs Obl
OJHO M3 cpedHMX apudmMeTHuecKUX cTporo Gonblie 6. B camom
nene, eciiv Obl ObLJIO OJHOBPEMeHHO x < 6,y < 6,2 < 6, TO Ob1/10 Obl
mx<sémny<sénpzsép = mx+ny+pz<sob6(m+n+p) =
61 < 6-10 - nporuBopeune. [lycts uepes z Obiio o0o3HaueHO
MaKCHMMa/lIbHOE CpellHee H]]Hd)METHIIECKGE'. TGI‘,II,H, KOHEeUHOo, z > 5,

5
TO €eCTh z = f > 6. Chyuau p = 10 M p = 9 HEBO3MOMHBI, TakK

KaK JIB€ WM OJIHA M3 TPeX rpymn umucesa GYIYT MyCTbIMM.
MakcMMaIbHO BO3MOMKHOE KOJMUYeCTBO UMcel B OJIHOM Ipymnie

p=8. B aTOM Cnyuae mepBas M BTOpas TPYIIbl COAEPXKAT IO

OAHOMY  UMCIY, KOTOpPble  COBMAJAalT €O  CPeIHUMM

48 49
apudmeTnueckMMu B cBoMX rpynmnax. Tak Kak z > 6 = =T0E2=

49 1
Yncno ?= 6; He MoKeT ObiTb MaKCHMMaJbHbIM CpedHMM

apudmernueckum. B camom pgene, korga S; = 49, cymma uucen B
MepPBbIX OIBYX rPyIIIIax paBHa 61 — 49 = 12.

W3 paHHOro crucKa uuces TaKyw CyMMY JalT TOMBKO IMapbl uMcen
3,9, 4,8; 5, 7. [lpu mobGom M3 3TUX pacnpejieleHHii uucesn 1o

rpynnamM cpefHee apudmernueckoe B 0fHOH M3 rpynmn Oosbuie,

yem 6% (Hanpumep, B> 6 % ). Cneayiomas 1mo peauumHe apobb co

50 1
3HaMeHaTeleM 8 — ,[[]J(}ﬁh o= = 51 MOXeT ObITh MaKCMMaJbHbIM

cpefHUM apudmeTrueckum. B camom fene, koraa S; = 50, cymma
yMces B NePBbIX IBYX rpynnax paeHa 61 — 50 = 11. Eciin B nepebie

JiBe IPYNIbI TOMeCTHM UMc/Ia 5 M 6, To cpefiHue apudmeTHuecKue B
obeux rpynmnax (5 u 6) Oyayr MeHblle uyeM 6;1. Bce ppyrue
BO3MOXKHbIe MaKCMMaJbHble cpefiHMe apudmeTnueckme o
3HaMmeHaTesleM 8 OyayTt Oonblle, uem 5;“ CneposatesibHO, NMpH
p=8 HaMMeHbIIee BO3IMOXHOe JHalUeHHe MaKCHMMaJlbBHOI'O
cpegHero apudmMe THUECKOro PaBHO 6 i
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42

3
B cryuaep =7 umeeM z>6=—=2z2 4? Kak mokasbiBaer

43
npuMep B 1. a), YXKe HauMMeHblIas AonycTtumas apodb = €D

jHamMeHaTeseM 7 MoxkeT ObITb MaKCHMMaJbHbIM cpelHuM
H[}HIIJMETI-'[‘IE{‘KHM. CJIE,[[DBHTEJI]:HD, HaMMEHbIIee BO3SMOXKHOE

1
3HAYeHHEe MaKCMMaJbHOTO CpeiHero HPH[I]METHHE‘EKDI‘O PaBHO 5;.

" 1
OHO MeHblle PaHee HAMITEHHOIO 3HAYCHHA 6:+

5 6 6p+1
B cayuasix p < 7 umeem z=-§:=-6 — z::v-p-”:-zg P =6+
,l,} 6 +% : YiKe HauMmeHblllasi JAomnycTuMas Jpo0b 6”—;1 co

JHaMeHaTe/lIeM p OKa3bIBAeTCH ﬁﬂﬂhﬂ[ﬁ', uen 5‘3. BHR'J]-'[T, eciiM
MMETCH MaKCHMMaJIbHBIE CpellHHE E]JHC]}METHT-IECKHE, TO BCe OHH
Oonblie, uem 6%.

WTak, HauMeHbIee 3HAYeHMe MaKCHMAaJbHOTO CpPeJHero
apuPMEeTHUECKOro PABHO 6%.

Orser: a) Jla. 6) Her. 8) 6.
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2.2. 19-sa 3apaua u3 coopuuka H.B.flimenko
ET3 2020

Bapuanr 1

[IMpaThl HALLTM CYHOYK C COKPOBUIIAMM, B KOTOpoM Obino 40
MOHEeT JOCTOMHCTBOM 1 paykaT u 40 MOHeT JOCTOMHCTBOM 5
NYKAaTOB.

a) llomyuurca aM IMOAeNUTh BCe MOHETHI IOPOBHY MeXay 16
MUpaTaMu (KaXIOMY JO/DKHO JOCTAThCH LEN0e UYMC/I0 MOHET,
CIaun ¥ pasMeHa HM Y KOro M3 M1MpaToB HeT)?

6) INomyuuTcs M MOOE/JUTh BCe MOHETbI IOPOBHY mexmy 30
nupatamM (KaxIoMy [J0/DKHO [OCTATBCHA Le/oe YMCJIOo MOHET,
CIauM ¥ pasMeHa HU Y KOro U3 MUpaToBs HeT)?

B) IlpM KakoM HamOONblIEM KOJMUYECTBe IMPATOB KarMTaHY
BCETJIAa YIACTCA TMONeMUTh MOHEThl MeXIY HMMM, KakuM Obl
crioco00OM eMy HM 3aX0TesIoCh 3TO CelaTh (BO3MOKHO, KOMY-TO M3
nupaTtoB OyaeT nonaratbces 0 MoHeT)?

Pemenne.

a) Bcero B cynmgyke 40 + 40 -5 = 240 nykaTtos. Kaxaplit mupar
noJiKeH noayuute 240:16 =15 gykaTtos. Beigagum 13 nupaTtam 1o 3
NMATUIYKATHbIe MOHeThl, 1 MUpaty 1 NATUAYKATHYI0 MoHeTy M 10
OJIHOIVKATHBIX MOHeT, ocTaBmiumca 2 nuparam - no 15
OJIHOJIYKATHBIX MOHET.

6) Kaxppiii nupat gomkeH nonyuuth 240:30 = 8§ mykaTos,
MO3TOMY HYXHO Oyaer BbIaTh KaXJIOMy He MeHee Tpex
OJIHOAYKATHBIX MOHET, 3HAUMT BCEro OJHOVKATHBIX MOHET HYKHO
He MeHee 90 IITYK, a B CYHAYKe X ToabKo 40. CrefosaTte/bHo, Ge3
ClIauM M pa3MeHa Moe/IMTh BCe MOHEThI IIOPOBHY HE IMOJIYUMTCH.

B) Jlus yaoOcTBa MepeHyMepyeM TMMpaToB, M IIYCTh
81,82, vy Sky vy 8y = MPOM3BOJIBHOE pacripefe/eHne MOHET MEMIY n
nupatamu: Sp(1<k =<n)- uucno [AyKaToB I8 IMparta C
HOMepoMm k.
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Beigenum B cymme S, MaKcMMaJbHOe cjlaraeMoe, KpaTHoe 5 (B
CBA3M C HaJIMuMeM MOHeT 1o 5 aykartoB). CornacHo Teopeme o
HeJIeHMM C OCTATKOM

(Kakoebl Obl HM OBUTH LIEN0OE YMCA0 a M Uenoe uucao b = 0, Beerga
BO3MOMHO, M MPUTOM e IMHCTBEHHbIM (‘I]D(‘DGGM, pasienTh a Ha
b ¢ ocTaTKOM: HAlTH TaKMe JBa LeJblX 4Mcaa g (YacTHOE) M r
(octatok), uroa=bg+r, 0<r < |b])
UMCI0 S, eAMHCTBeHHbIM 00pasoMm MnpejicTaB/sgeTcs B BUjIe
S, =5qr+n,,10e =0, 0=r, = 4.
OcCTaToK r, MOXHO BbIIaTh TO/MbKO MOHeETaMM JOCTOMHCTBOM |
nykar (ot 0 mo 4 MoHerT). 5q; OIYKAaTOB MOXHO BblAaTh JHOOBIMH
MOHETAMM.

Bo3MoKHOCTh HaMeUeHHOTo pacnpeneleHnsa MOHeT 3aBUCUT OT
KOJIMUECTBA OJHOJYKATHBIX MOHET, HeoOXOAMMBIX JIIS BblIaum
CYMM OCTaTKOB 1. JTO KOJAMuecTBO HauGosblllee, Korga Bee
OCTaTKM ry, paBHbl 4. Ecau npu aToM Bce 40 ofHOAYKATHBIX MOHET
MIYT Ha Bblauy CYMM OCTaTKOB 'y, TO

D=rn+r+ .+n=4n =2 n=10.

Ecam koamuectBo nupatoB n < 10, To peaamsyercs /aw0oe
pacnpefenerie. MoXHO MOCTYIIUTD Tak.

CHauaja pasgawTcd CYMMBI OCTATKOB 1, — JJI1 93TOro
OJHOAYKATHBIX MOHET XBaTUT MpH JoboM packiaje (4acTb TaKux
MOHeT MOeT ocTaTbes). OcTapiimecs CyMMBI 5q; KPaTHBI 5, 171s1 MX
BbIJAUuM TONOYT Bce MATHMAYKATHbIE MOHeTbl M OCTaBllMecs
OJIHO/IYKATHbBIE (KOTOPBIE MOMHO IPYIIIMPOBATD MO IA9Th).

JTiwoboe pacrnipeneneHue peaansyercs Takxke rnpun = 11. MoxHo
MOCTYNMTL Tak. CHauasa [AyKaTbhl pacnpeefsioTcd Mexay
nepsbiMu 10 mupaTamu, Kak ONMMCAHO Bblllle — BBIMAIOTCA CYMMBbI
5,55, ...,5;p. Ilocne sroro or oOulero KoauuecTBa [YKaTOB
S;+ S+ ...+ 85 + 511 ocTaeTcs S;; AYKATOB (HEBAXKHO B KaKMX
MoOHeTax) — gond 11-ro nupara. OHa eMy M BblIaeTcH.

Ecamn > 11, To KanMTaH He CMOXKeT BbIMOAHMTDL CBOIO 3amauy:
€MY MOXKHO MpeIJIOKUTh HEBBITIOJIHMMOE paclpefe/eHue IyKaToB.
[Iycte oH 11 mupaTaMm BbIACT MO 4 OyKaTa, a OCTA/IbHBIM — Kak
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xouet. [loTpeGyercs 44 MoHeTwl AocTOMHCTBOM 1 mykar, a B
CYHIYyKe UX Bcero 40.

HMrak, KanmMTaH BBIMOJHUT 3ajady 1pu  Haubosblilem
KoJiuecTse nmupatos 11.

Otget: a) Jla. 6) Her.B) 11.

Bapuanr 2

[TupaThl HALLIM CYHAYK € COKPOBMIIAMM, B KOTOpoM Obuio 50
MOHET JocTOMHCTBOM 1 myKaT u 50 mocToMHCTBOM 3 IyKaTa.

a) Ilomyuurca M NMOAENUTL BCe MOHETHI MOpoBHY mexay 20
nupatamMu (KaXIoMy [I0/DKHO [OCTaThCHl Ie/ioe 4YMCJI0 MOHET,
CIauy M pasMeHa HU Y KOro U3 MUpaToB HeT)?

6) llonyuuTcss M TMOOeNMTh BCe MOHeThbl MOpPOBHY Mexny 40
nuparamu (Kaxmomy JO/DKHO J0CTaThCs Lefoe YMCIo MOHeT,
C/lauy ¥ pa3MeHa HM Y KOro M3 MMpaToB HeT)?

B) IlpM Kakom HauGosbllleM KOJMUECTBE NMUPATOB KalMTaHY
BCErIa VYOacTcd IMONeNMTh MOHETbl MeXIY HMMM, KakuM Obl
crnocoOboM eMy HU 3aX0TeJIOCh 3TO ¢Jle/iaTh (BO3MOXHO, KOMY-TO U3
nupaTtoB OyaeT nonaratbcs 0 MoHeT)?

Pemenmne.

a) Bcero B cynayke 50 + 50 -3 = 200 gykaToB. Kaxaplit nupar
nomken noayuutb 200:20 = 10 aykaTtos. Beigaaum 16 nupatam no
3 TpexJyKaTHBIX MOHEeTbl M | OOHOJYKaTHOI MoOHeTe, 2 mMpaTam —
nmo 1 TpexaykaTHOWH MoHeTe M 7 OJHOOYKAaTHBIX MOHET,
ocTrasiiumcd 2 nuparam — 1o 10 oqHOAYKATHBIX MOHET.

0) Kamnaptit nupar gomkeH noayuuth 200 : 40 = 5 aykaTos,
MO3TOMY HYKHO OyJleT BbIJIaTh KaXIOMy He MeHee JBYX
OJIHOJIYKATHBIX MOHET, 3HAUMT BCero OJIHOJIVKATHBIX MOHeT HYKHO
He meHee 80 IITYK, a B cCYHAyKe ux Toabko 50. CrenoBarensHo, Oe3
c/IauM M pasMeHa MoJe/IMTh BCe MOHEThI ITIOPOBHY He IMOMYUMTCA.

B) [lna ynoOGcTBa mNEpeHyMepyeM IIMpaToB, M ITYCTh
51,55, 00,58, .., 5y — IPOM3BOJIBHOE pacripeeeHe MOHET MeXIy n
nupatamu: S, (1<k <n)- uucao [AyKaToB i nOupata C
HOMepoMm k.
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Beigenum B cymme S, MaKcMMaJbHOe cjlaraeMoe, KpaTHoe 3 (B
CBSI3M C HalMuMeM MOHeT Mo 3 aykara). CormacHo Teopeme o
IeeHUH € OCTATKOM
(Kakoebl Obl HM OBUTH LIEN0OE YMCA0 a M Uenoe uucao b = 0, Beerga
BO3MOMKHO, M MPUTOM € JHHCTBEHHBLIM (‘I]D(‘DGGM, pasienTh a Ha
b ¢ ocTaTKOM: HAlTH TaKMe JBa LeJblX 4Mcaa g (YacTHOE) M r
(octatok), uroa=bg+r, 0<r < |b])

UMCI0 S, eAMHCTBeHHbIM 00pasoMm MnpejicTaB/sgeTcs B BUJIe

Se=3q+n,, 10 4, =0, 0=r, = 2.

OcTaToK r, MOKHO BBIJIaTh TOJIBKO OJJHOAVKATHBIMM MOHETAMHM (OT

0 mo 2 moHeT). 3q; AYKATOB MOKHO BbIZATh JI00BIMM MOHETaAMM.

BO3MOXHOCTh HaMeUeHHOro pacnpejesieHus MOHeT 3aBUCUT OT
KO/IMUeCcTBa OMHOMYKATHBIX MOHeT, HeoOXOMMMBIX Uil BhIIauM
CYMM OCTATKOB 1, . IJTO KoauuecTBO HamuOosbliee, Korja Bce
OCTaTKM r;, paBHbl 2. Eciu npu sTom Bce 50 ogHOMYEATHBIX MOHET
MIYT HA BBIJAYY CYMM OCTATKOB 1y, TO

S50=n+nr+ .+n=2n =>n=25.

Eciu KonuuecTBO nupaToB n < 25, TO peaausyercsa Joboe
pacnpejeaeHmne. MOXHO NOCTYIIUTD TaK.

CHauana pasgalTcsd CYMMBbI OCTaTKOB 1, — Ui 93TOrO
OJHOJYKATHBIX MOHET XBaTUT IMPU A000M packaaje (4acTb TaKMX
MOHeT MOXeT ocTaTbhest). OcTaBlIMecss CYMMbI 3q, KPaATHBI 3, J1J19 UX
BBIIAUM MOMIOYT BCe TpPexXIyKATHbBIE MOHeThl M OCTaBlUIMecH
OJHOAYKATHbBIE (KOTOPbIe MOXKHO FPYMITMPOBATh 10 3).

JIoGoe pacripefieneHue peanusyercd Takke npu n = 26. MoxHo
nocTynuTh Tak. CHauasa [yKaTel pacnpeiefsiioTcs Mexay
nepBbIMM 25 mMpaTamMu, KaK ONMCAHO Bbillle — BBIAAKOTCA CYMMBI
51:55,..,5,5. [Ilocne atoro ot ofilero KojauuecTBa JIYKaTOB
S;+ S;4+ ...+ 855+ 5,5 OcTAaeTCH S AYKATOB (HEBaXXHO B KaKUX
MoOHeTax) — gons 26-ro nuparta. OHa eMy M BblJ1aeTCs.

Eciu n > 26, TO KallMTaH He CMOXeT BBIMIOJIHUTE CBOK 3aJlauy:
€My MOXKHO MpeaioxXUTh HEBBIMOJHUMOE paclpeie/ieHue [IYKaToB.
[Iycre oH 26 nMpaTaM BbIJACT MO 2 JAyKaTa, a OCTA/IbHBIM — Kak
xoueT. [lorpebGyercsa 52 ofHOOYKaTHble MOHeTHI, a B CYHIYKe MX
Bcero 60.
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Mrak, KanuMTaH BBIMOAHMUT 3adauy Mpu  Haubosbiiem
KO/IMYecTBe MUPaTos 26.
Oteert: a) Jla. 0) Her. B) 26.

Bapuant 3 (or/mMuaeTcs oT BapuaHTa 1 TONBKO YMC/JIOBBIMM
JAHHBIMM)

Bapuanr 4

[TuMpaThl HAIIJIM CYHOYK C COKPOBHMIAMM, B KoTopoM Obino 60
MOHeT JOCTOMHCTBOM 1 AyKaT ¥ 60 MOHeT JIOCTOMHCTBOM 3 JIVKaTa.

a) lNomyuurca nM MoaenuTh BCe MOHETHI MOPOBHY Mexmy 40
nupaTaMM (KakIoMy JOO/IKHO J0CTaThCd Lefnoe UYUCI0 MOHeT,
c/lauy ¥ pa3MeHa HM Y KOro M3 MMpaToB HeT)?

0) TomyuuTrcs Ju MoAe/JMTh BCe MOHETbl TMOPOBHY Mexay 40
nMpaTaMu, ecyiM Kanurtad xoueT cebe monwo Ha 40 nykaTos Oo/blie,
yeM y BCeX OCTAJNIbHBIX (KAXIOMY JO/UKHO JIOCTAThCA Lie10e UMCI0
MOHEeT, CIauM M pasMeHa HM Y KOro M3 MUpPaToB HeT)?

B) Ilpun kakom HauOonblIeM KoOJMUeCTBe MMUPATOB KalMTaHy
BCcerja yaacTcsl TMoOeauTb MOHeTbl MeXIy HMMM, Kakum Obl
crnocoOOM eMy HU 3aX0TeJIoCh 3TO ¢Jle/1aTh (BO3MOXHO, KOMY-TO U3
nupaTtos OyneT nonaratbes ) MoHeT)?

Pemenne.

a) Bcero B cynayke 60 + 60 -3 = 240 gykaTto. Kaxablit mupart
Jo/KeH noayunth 240:40 = 6 aykatos. Beigagum 30 nupaTtam 1o 2
TpexayKaTHble MoOHeTbl, octaBiiumca 10 nupatam - no 6
OJIHOJIYKATHBIX MOHET.

6) IlycTb x OyKaTOB — JoJg KanuTaHa. Torga BceM OCTalbHBIM
(komaHpge) pocraetcs x —40 naykatoe. [loayuaem ypaeHeHMe
x+x—40=240. Orcioga Haxogum x = 140, TaKk UTO KOMaH[e
octaetca 100 gyKaToB, KOTOPbie He/b3s MOAe/JINTb MOPOBHY MEXIy
40 mupatamn.

B) s yanoOcTBa MepeHymMepyeMm [MpaTtoB, M IYCThb
51,55, ..., 5k, .., S;, - IPOM3BOJILHOE pacnpefelieHiHe MOHeT MeXIy n
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nupatamu: S, (1<k <n)- uMcno [OyKaToB [ MuMparta c
HOMepoM k.

Beigenum B cymme S, MakcMMa/ibHOe cjlaraeMoe, KpaTHoe 3 (B
CBA3M ¢ HAIMUMEM MOHeT Mo 3 JyKarTa). CornacHo TeopeMe 0
JeJIeHMM ¢ OCTATKOM

{KaxkoBsl Obl HM OBIMM LIENI0e YMCI0 a M Uenoe yucno b = 0, Bcerga
BO3IMOMKHO, M MPHTOM €JdHMHCTEE HHBIM fﬂt}(‘DﬁGM, pa3aeiTe a Ha
b ¢ ocTaTHOM: HafiTH TakMe [ABa UenblX uMcAa g (MACTHOE) M r
(ocratok), uroa=bg+r, 0<r < |b|)
UUCI0 S, eIMHCTBeHHBIM 00pa3oM npejicTaB/sgeTcs B BUje
Sk =3q,+1,,r0€ g, 20, 01, < 2.
OCTaToK rj; MOJKHO BBIJATh TOJIBKO OJHOAYKATHBIMM MOHETaMH (OT
0 mo 2 moHeT). 3q; AVKATOB MOXKHO BbIJJATh JH0OBIMM MOHETaAMM.

Bo3MOXHOCTh HaMeueHHOTo pacnpee/leHusd MOHeT 3aBUCUT OT
KOMMuecTBa OJHOAYKATHBIX MOHeT, HeoOXOAMMBIX I BbIIauM
CYMM OCTATKOB 1, . JTO KOJWYecTBO HauOosblliee, KOrga Bce
OCTaTKH 13, paBHbl 2. Eciu npu aToM Bee 60 ogHOOYKaTHBIX MOHET
MIYT Ha BbIJAUY CYMM OCTATKOB 1y, TO

60=n+nrn+ .+n=2n =2 n=30.

Ecnu KonudvecTBo nupatoR n < 30, To peaausyercd nwboe
pacnpeneneHue. MoxHO MOCTYIIUTH TaK.

CHauana pasfialoTcd CyMMbl OCTaTKOB r, — /I 3TOro
OJHOAYKATHBIX MOHET XBaTUT MpH J000M packiaje (4acThb TaKUX
MOHEeT MOKeT ocTaThcst). OcTaBuiMecss CyMMBbI 3q, KpaTHbI 3, IJ1s1 MX
BbIZAUM TMOMAYT BCe TpeXOyKaTHbIE MOHETbl M OCTaBLIMecs
OJIHO/IYKATHBIE (KOTOPbIe MOXHO IPYNIIMPOBATDH MO TPH).

JItobGoe pacrnipeaeneHue peajnsyercs Takke mpu n = 31. MoxHo
MOCTYIIHUTL TakK. CHauana OVEKAThl paclpenefisiorTcd Mexay
nepesiMM 30 nMMpaTamMM, Kak ONMMCAHO BbIllle — BBIIAIOTCS CYMMBbI
51.55,...,5;35. [Ilocne sroro or o0uero KojauuecTsBa JIYKaToB
51+ S;+ ...+ 53¢+ S3; ocTaeTcs 53y AYKATOB (HEBAXKHO B KaKMX
MOHeTax) — 1ois 31-ro nupata. OHa eMy M BblIaeTcs.

Eciam n > 31, To KanMTaH He CMOMXET BbIMOJIHUTL CBOK 3ajauy:
€My MOXKHO MpeioXKUTh HeBbIMOIHMMOE pacrnpee/jaeHme IyKaTos.
ITyctb oH 31 nupaTy BLIJACT M0 2 IYKATa, a OCTA/ILHBIM — KaK XoueT.
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[ToTpebyeTca 62 MoHeTbl JOCTOMHCTBOM 1 JYKAT, a B CYHJYKe MX
Brero 60.

Hrak, KamMTaH BBIMOJHUT 3amauy I1pM  Haubo/bluem
KoJIMuecTBe nupaTos 31.

Oteet: a) Jla. 6) Her. B) 31.

Bapuanr 5

[TMpaThl HAWAM CYHAYK C COKPOBMILAMM, B KOTOpoMm Oblno 30
MOHeT OocToMHCTBOM 1 gykat M 30 MoHeT JOCTOMHCTBOM 5
NYKAaTOB.

a) [Nomyuurca A IMoOMenUTh BCE MOHETHI IOPOBHY MeXKIy 36
nMpaTaMu (KaxIoMy JO/DKHO JOCTAThCS LeJI0e YMC/IO0 MOHET,
c/lauy ¥ pa3MeHa HM Y KOro M3 MMpaToB HeT)?

6) lMonyuurcs A Noae/MTh BCe MOHEeTbl MNMOpPoBHY Mexay 20
NUpaTaMy (KaXIoMy [OO/DKHO [OCTAThCHA [e/oe YMCJIO0 MOHET,
C/lauy ¥ pasMeHa HM Y KOro M3 MMpaToB HeT)?

B) [lpu kKakoMm HamOoONbllIEM KOJMUYECTBE MMUPATOB KaIllMTaHY
BCerjla YAacTcsd TIOAeNUTh MOHEeTbl MeXJy HUMM, KakuMm Obl
crioco00M €My HM 3aX0TeJIoCh 3TO CelaTh (BO3MOKHO, KOMY-TO M3
nuparos OyjeT nonaratecd 0 MoHeT)?

Pemenne.

a) Bcero B cynayke 30 + 305 = 180 gykaToB. Kaxaelit nupar
no/okeH noayunth 180:36 = 5 gykaTtos. Beimagum 30 nmupaTtam no 1
NMATHAYKATHOW MoOHeTe, oOCTaBlIMMCH 6 T@MpaTaMm - Mmo 5
OJIHOJTYKATHBIX MOHET.

0) Kaxpapnit nupat pomkeH nonyuuthk 180:20 = 9 gykaTos,
MO3TOMY HYKHO OyaeT BbIJaThb KaXJIOMY He MeHee ueTbipex
OJIHOJIYKATHBIX MOHET, 3HAUMT BCero OJIHOJIVKATHBIX MOHeT HYKHO
He meHee 80 IUTYK, a B cCYHAYKe MX ToabKo 30. CrenoeaTesbHo, Oe3
CclIauM M pasMeHa MoJe/IMTh BCe MOHEThI ITIOPOBHY He MOJIYUMUTCH.

B) [lna yooO0cTBa TNEpeHyMepyeM IIMpaToB, M IIYCThb
51,55, 00,58, o, 5y — IPOM3BOJIBHOE pacripefeleHe MOHET MeXIy n
nupatamu: Sp(1<k <n)- uMCJIO [AYKATOB I8 [MpaTta C
HOMepoMm k.

172



B. T'. A6agpaxmaHOB. «3amaud ¢ mapameTpoM U HectaHgapTHble 3amaun EI'D 2019, 2020. [Tocobue mist abUTyprueHTOB»

Beiienum B cymMme S, MakCMMaJIbHOe cliaraeMoe, KpaTHoe 5 (B
CBA3M C HaJIMuMeM MOHeT 1o 5 aykartoB). CornacHo Teopeme o
JeJIeHMM C OCTATKOM

(Kakoebl Obl HM OBUTH LIEN0OE YMCA0 a M Uenoe uucao b = 0, Beerga
BO3MOMHO, M MPUTOM e IMHCTBEHHbIM (‘I]D(‘DGGM, pasienTh a Ha
b ¢ ocTaTKOM: HAlTH TaKMe JBa LUeJblX 4MCIa ¢q (YacTHOE) M r
(octatok), uroa=bg+r, 0<r < |b])
UMCI0 S, eIMHCTBeHHbIM 00pa3oM MnpeJicTaBjigeTcsa B BU/jie
Sk =5q,+n,10€ q, =0, 0 =1, = 4.
OCTaToK r, MOXHO BbIIaTh TOJBKO MOHeTaMM JIOCTOMHCTBOM 1
nykar (ot 0 mo 4 MoHerT). 5q; OIYKAaTOB MOXHO BblAaTh JHOOBIMH
MOHETAMM.

Bo3MOXHOCTE HAMEUeHHOT0 pacnpe/e/ieHUsd MOHET 3aBUCUT OT
KOJIMUECTBA OJHOAYKATHBIX MOHET, HeoOXOAMMBIX JUIA BbIJauM
CYMM OCTATKOB 1. JTO KojudecTBO HauOojbllee, KOrja Bce
OCTaTKM 1, paBHbl 4. [Ipy 2TOM Ha BbIJAYY CYMM OCTATKOB MOMHO
NnoTpaTuTh He Oonbine yeM 28 nykatoB u3 30 (28 kpatHo 4, a 30 —
HeT), TAK UTO BO3MOKHO PaBeHCTBO

2B=n+r+ ..+ =4n=2n=7.

Ecniu KonmuuecTBO MNMUpPAToB n <7, TOo peaamusyercs awbdoe
pacnpenenedue. MoxHO NMOCTYIIUTD TaK.

CHavana pasjgaloTcs CYMMblI OCTaTKOB 1, — JUIA  3TOro
OJHOAYKATHBIX MOHET XBaTUT MpH J000M packiaje (4acTh TAKUX
MOHeT MOKeT ocTaThest). OcTaBlMecss CYMMBbI 5q; KpaTHBI 5, 171 UX
BbIJAUM TOMAYT BCe MNATHMAYKATHBIE MOHETbl M OCTaBUIMecs
OJIHOIYKATHbIE (KOTOPbIe MOXHO FPYMIIMPOBATD 10 MATh).

JTiwoboe pacnipeneneHue peanmsvercs Takke npu n = 8. MoxHo
MocTynuTh Tak. CHauasa JIyKaTel paclpejensiiorcs Mexay
MepsbIMM 7 MUpaTaMu, Kak OMMUCAHO BbIlIe — BBIAAKOTCH CYMMBI
51,55, ...,8-. Tlocne asroro ot o0uwero KojauuecTBa JIYKaTOB
51+ S, + ..+ 5;+ 55 ocTaerca Sg AVKAaTOB (HEBa)XHO B KaKHX
MoOHeTax) — go/s 8-ro nuparta. OHa eMy M BBIJIA€TCS.

Eciau n > 8, To KanmuTaH He CMOXKeT BBINOJIHMTL CBOIO 3ajady:
€My MOXKHO MpeJiJoxKUTh HeBBIMIOJIHMMOe pacrnpejie/ieHne IYKATOB.
Ilyere oH 8 nmuparaM BbIZACT Mo 4 JAyKara, a OCTaJlbHBIM — KakK
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xouer. [loTrpebyercs 32 MOHeTbl MOCTOMHCTBOM 1 Aykar, a B
CYHOVKe MX Bcero 30.

HUrak, KamMTaH BBIMOJHUT 3amauy npM  Haubosbluem
KoJIMuecTBe nupaTos 8.

Otset: a) /la. 6) Her. B) 8.

Bapuanr 6
KoHeuHag Bo3pacTawias nocaeoBaTe/IbHOCTh a,, a,, ..., ay,
COCTOMT M3 n=3 HATYpaIbHBIX uMces], TMpPUUEM TIpHM Brex
HATYPaJIbHBIX k < n — 2 BBINIOJIHEHO PAaBEHCTBO
Saysz = 6aysy — ay.
a) [Ipusegute npuMep Takoli nocjiegoBaTebHOCTH MpKU n = 5.
0) MoxeT /i1 B TaKoii rMoc/egoBaTe/IbHOCTH MPKM HEKOTOPOM n=
3 BBITIOJIHATBCSA PABEHCTBO
4a, = 5a; — a,?
B) Kakoe HaMMeHblllee 3HaueHMe MOXKeT IIPMHUMAThL a, ,
ecnu a, = 2867
Pemenue.
[Tonpobyem  moayuuts ¢opmyay Oad n  -To  wWieHa

nocienopaTebHOCTH. HiMeem

_ 60g4— Ak _ SOk FOpe— 0 1
Agyp = - = 3 = Qg1 "";{ﬁ'ku —ay) =

1
Otz — Q41 = E(ak+l — ag).
Ilyetb a4 — ag = by (Mo ycnoeuw b, > 0). Torpa by, = % by, TO
€CTh MOJMyun/iach reoMeTpuuecKkas MporpeccMs M3 HaTypajJbHbIX
1
yucen (by,) ¢ mepepIM uieHoM b; = a; — a; U 3HAMEHaTeNleM q = =
CBskeM a,, ¢ 9TOI nMporpeccuei, Iyis Yero npeicraBuM ero B BUae
a, = (a,) + (a; — a;) + (a3 —a) + - + (an-1 — an-2) + (ap — an-y)
(ecmi OTKpoeM CKOOKM, TO Kax[Ioe TII0/IOKUTeIbHOe UMCIIO,
HauMHasg ¢ MepBoro, YHUUTOXKUTCA C OTPMUATENbHBIM UMCIOM B
caeayloneii ckodOKe, OCTaHeTCS TOJIbKO Moc/iefiHee MONOKHTeIbHOe
YUCI0 a,. OTpUUATEbHBIX UMCe/T He OCTAHeTCH, TAK KaK Kaxjoe
OTpULIATE/IBHOE YMC/10, HAUMHAA C MOC/AEHEro, YHUUTOXMTCH C
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MOJOKUTENbHBIM UYMC/IOM B npenbiayiieii ckoOke). [loacraenas
Ap41 — A = bp(1 < k < n— 1), NOIyYUM

a,=a,+by+by+b3+ -+ by_,.
ITo ¢popmyse CyMMBI UJIEHOB reume*rpwrecmﬁ Mporpeccun

n-1
B AT e T A +b,tl_bll[5} Ebl(l—e) )

[MOATOMY

ay =a,+ 2b, (1 = G)"_l) (1)

roe bl =a; —ay.
a) Io dopmyne (1)

5 1\° 6
a3 :ﬂ1+1b1(1_(§) ):ﬂl +§bl:

5 152 31
&4=ﬂl+zbl(1—(§ )=al+Ebln

5 I 156
ﬂ5=ﬂ1+zb1 1_(5) =ﬂ1 +Eb1

MoxHo B3gThb Jt000e HaTypalbHOe a, = 1 u moboe HaTypaJibHOe by,
KpatrHoe 125. Hanpumep, a, =1, b, = 125. Torpaa az =a,+b, =
126, a3 = a; + by = 151,a4 = ay + 52y = 156,a5 = ay + by = 157.
[TonyuaeTcs mocnemosateabHocTs 1, 126, 151, 156, 157.
6) Honmyctum, urto 4a, = 5a, —a,. Torga B cuay dopmynasl (1)
Oynem MMeTh PaBeHCTBO
1

n-1
4a, + 5b, (1 - (E) ) = 5a, — a;. [logcraBum a, = a; + b,. Torga

5b, (1 - (%)"_1) =5

Tak Kak 5b, #0, TO 1-(3"_1:1 = G)"_1=ﬂ. Ho st0

HeBO3IMOMKHO.,
OTBeT: He MOJKET.

-1 n-
B) ITo dopmyne (1) a, =a, + ;-51 (1 ] G)n ) e ).

4-5N=2
bl{ FI—J. }
3nech —.on — HaTypajbHOe YMCII0, M0ITOMY UMCAUTEND Ipobu

Haleno JeauTces M Ha 4, u Ha 5" 2, Hac uHTepecyeT nelMMOCTb Ha
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5"~2 MHoxuTenb 5" 1 —1 He pmenuTca Ha 5772, MHaue uMCIO
sh-1-q 1
D T

511-2 5:"-2
n=3 MMeeM HepapeHcTBa 0 <

ObUlo Obl HATYPaIbHBIM (a4 3TO He TakK: MpPH

1
511.-2

< 1) . CnemosateibHO, b,

HaleJI0 JeJINTCS Ha 5™ 2:
b, = 5" ?m npu HeKoTopom m € N.
BhISICHMM I'paHMILY, KOTOPYIO HABEPHSAKA HE MOJKET [IPeB30MTH
n — UMC/I0 uieHoB rnocienoBaTelbHocTH. M3 nocnenHero paseHcTBa
BUIMM, uTO by = 5" 2. C apyroii cTOpoHs.I,
b= a,—a, < a, <a, =286. [lostomy 5" 2 < 286. YuuTbIBas,
uto OmoKaiimei K uncny 286 (cBepxy) cTelneHblo UuMcia 5 ApnseTcs
5% = 625, MoXeM 3anucath 5" 2 < 5% OTciofa ciiefiyeT, uTo n < 6,
a Tak Kak n € N, To n < 5. Tak, n He MOXeT MpeB30HTH 5, M
IoCTaTOuHO nepedpath cayuaMn =3, n= 4un = 5.
[Iycten = 3. Torga
2
by=5m,a; =a, +§bl(1 - (é) ): a, +§b1,
286 = a; + 6m & 286 — a; = 6m.
3nech MpMBIeUeM M3BECTHYIO TEOPeMY O Je/ieHMHM C OCTATKOM:
KakoBbl Ob1 HM OBLIM 11€710€ UMCA0 a M 1efnoe uuciao b # 0, Bceraa
BO3MOMHO, M MPUTOM eJIMHCTBEeHHBIM cIoco0oM, pasae/uTh a Ha
b © ocTaTKOM: HAlTHM Takue [OBa LeNbIX UMcaa q (YacTHOE) U r
(ocTaTokK), utoa =bq+r, 0 <r <|b|.
13 37001 TeopeMbl clielyeT YTBepKIeHue:
Paznocme deyx uenwvix uucen a' u a'' denumca Ha HamypanvHoe
yucno b nayeno moeda u moasko mozda, kozda a' u a" umewom

00UHAKO08bIE ocmamxu npu deaeHuu Ha b.

(JokazaTenbcTBo. CHayana BCIOMHMM, YTo eciM a,b,c €Z,aic, b

c, Toa+bic Orclofa caengyeT, 4To eclIdM cymMasS =(a+b)icH

OJHO M3 cllaraemMelX a : ¢, TO W BTOpOE cllaraeMoe b : c. 3To nNoToMmy,

4yTo B cyMMe b = § + (—a) ofa cnaraeMmbIx Haleno gefaTcd Ha c.
Ivetba' =bg' +r,0<r' <b, a”" =bg" +v",0<r" < b. Ecnu

a'- a"” nenuted Ha b Haueno, To b(q"' — q") +(r' — ') nenuTcs Ha b

Halleno, mosToMy M ' —r" genutcs Ha b Haueno. Ho

-b<r'—-r"<b,
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a Ha npomexyTke (—b,b) Tonbko ogHo umMcno 0 menuTca Ha b
Haueno. 3HauMT,r’' —r" =0= r' =r". O6paTHO, eci r' = r",TO
a-a" =b(q'—q""), To ecTb a'- a" DenuTcd Ha b Halueno).

B Hamem ciyuae pasHocTe 286 — a, Halleno AeJuTcs Ha 6; Ipu
neneHuun Ha 6 umcao 286 gaet ocTaTok 4. 3HAUMT, M UMCIO a, IPU
neneHun Ha 6 gaet octaTokK 4. Ho HaMMeHbIIMM YMC/IOM, JAI0UMM
OCTAaTOK 4, ABNAETCA camo YHCIo 4
(4 = 6-0+ 4,3g0ech yacTHoe 0, octaTok 4. MeHblllMe uuciaa HaloT
MeHbIlIKMe ocTaTKK). CrnefoBaTe/lbHO, HAMMEHBIIMM 3HAUEHUEM a,
apigeTcq 4.

Ilyctb n = 4. Torma

3
b, = 25m, a, =d, +§bl(1 = (g) ): a +%b1,
286 =a; +3Im < 286 —a, = 31m.
[Ipn penenum Ha 31 umcno 286 maeT octatok 7, 3HAUMT, YMCIO a,
IaeT TAKOoM e ocTaToK. HaMMeHBbIIMM UMC/IOM, MAKIIMM OCTATOK
7, apasgercs uuciao 7. Clegopare/ibHO, HAMMEHBIIMM 3HAUeHUEM a,
ABIgeTcs 7.
[Iyctb n = 5. Torna
4
b, =125m, as = a, + :51111 (1 - (é) ) =a, + %bl.
286 =a, +161lm < 286 —a; = 161m.
[Tpu penenun Ha 161 umcno 286 gaer octaTok 125, 3HAUMT, UMCIO
a, JaeT Takoil Ke ocTraToK. HaumeHbIIMM uMcIOM, AIOIIMM
octaToK 125, saensetca uucno 125. CnemoBarenbHo, HAMMeHbIIMM
3HAUeHueM a, sapaseTcd 125.

Urak, a, npyHUMaeT HaMMeHblllee 3HAUeHue 4 B CJlyuyae n =
3.1lpu a, = 4 umeem
286 —4=6m=>m=47, b, =5-47 =235, a; = a; + b, = 239.
[lonyyaem mnocnegopaTeNbHOCTh 4, 239, 286, yaoBIeTBOPSIONIYIO
YCIOBUIO 3a1aUM.

Otper: a) Hanmpumep, 1, 126, 151, 156, 157. 6) Her. B) 4.
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Bapuaunr 7

KoHeuHasi Bo3pacTawllasg MocaeloBaTeNIbHOCThb ay, dy, ..., dy,
COCTOMT M3 n= 3 HaTypaJibHBIX UMCE], TMpMueM TMpu Bcex
HaTypa/bHbBIX k < n — 2 BBINOJHEHO PaBEeHCTBO

2Qy 42 = 30p4q — Q.

a) [fpuBeauTe npuMep Takoii nocaeJOBATEILHOCTH NIPU n = 6.

0) MoskeT 1M B TaKoii mocae0BaTeIbHOCTH NPH HEKOTOPOM n=
3 BBIMOJHATHCA PABEHCTBO

a, = 2a; —a;?

B) Kakoe HauMeHblllee 3HAUEHME MOXKeT MPUHMMATb a;, eclu
a, = 286?

Pemenne.

[lonpobyem  noayuute dopmyay Aas8 n—ro wieHa
nocaegosaTeabHocTH. HMeem

— 30k _ 20kt 0ge 0k 1
Apez =——— = z = Ag41 +E{ﬂk+1"ﬂk} =

el
Apyz — Ay = ;(ﬂkﬂ = Q).
[lycTh apyq — a; = by, (Mo ycnoBuio b, > 0). Torpa by, = % by, TO
€CTh MOJyun/Iach reoMeTpMUecKas Mporpeccuss M3 HaTypPaJbHBIX
yucen (b,) ¢ meppbiM WieHOM b, = a, — ay; M 3HaMeHaTe/leM q = i
CBsuKeM a,, ¢ 3TOM nporpeccueii, 11 4ero npeacTaBuM ero B BUJie
ay = {ﬂl} L3 (ﬁz - ﬂl] + (ﬂz - ﬂz) T+t {Hn—l - ﬂn—Ej i (ﬂn P ﬂu—i)
(ecnu OTKpoeM CKOOKM, TO KaKIoe II0J0KUTeIbHOEe UMCIIO,
HauMHag ¢ MepBoro, YHUMUTOXKMTCA € OTPMUATENbHbBIM YMC/IOM B
cenyionieii ckodKke, OCTaHETCs TOJBKO MOc/IeJHee M0JI0KUTeIbHOoe
yucno a,. OTpMUaTe/lbHbIX UMCel He OCTaHeTCs, TaK KaK Kaxjoe
OTpMLATEBHOE UMC/IO, HAUMHAA € MOC/TeIHEero, YHMUTOXUTCA C
MOJIOKUTEILHBIM YMCIOM B Npeabiayueit ckobke). Iogcrapnss
Ap4q — A = bp(1 < k < n — 1), NoAyYuM
H“ =~ Hl + bl + bz + bg + + b'l—l'
[To opmyne cymMMBbl 4/IeHOB reOMeTpHUECKOii porpeccuu
13—l
1-(3) A
b1+b2+bg+‘“+b"_l=bl"'_"i':z_ = 2&1(1-(;) ),
F]

[oaTomMy
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a, = a, + 2b, (1 = G)H) (1)

[‘,II,'E b-l = ﬂz _ ﬂ-l.
a) Ilo popmyne (1)

1 £ 3

ﬂz —a1+2b (1 E ) 1+§b1;
1 o 7

4n—ﬂ1+2l{]1 1 — ﬂl +1b1,
1 15

aﬁ—a1+251(1 (E) )= 1+Eb1p
14° 31

ﬂﬁ - ﬂl + zbl (1 (E) ) - al + Ebl.

MoxHo B34Th moboe HarTypajibHoOe a; = 1M awboe HaTypajibHOE
b,, kpaTHoe 16. Hanmpumep,
a, =1,b, =48. Torga
a,=a,+b, =49, az=a, -E-gbl =73,
4y =a,+-b, =85, as=a, + b, = 91,0, = a, + +=: by = 94.
[TonyuuTcs nocaegopatenbHocTh 1, 49, 73, 85, 91, 94.
0) HonycTtum, 4ro a, = 2a, — a,. Torna B cuny ¢opmynst (1)
Oyaem MMeThb paBeHCTBO

n-1
a, + 2b, (1 - G) ) = 2a, — a,. [loncraBum a, = a; + b,. Torga

2b, (1 - (ﬁ)"_l) = 2b,.

Tak kak 2b; #0, TO 1_(%):1-1: 1 & (é)nﬂ:ﬂ. Ho »sT0

HEBO3MOJKHO.
1
B) Ilo ¢opmyne (1) a, =a,+ 2b, (1 - (;) ) =a,+2b, —
HaLle/10 Je/IUTCS
Ha 2%

b, = 2" 2m npu HeKoTopoM m € N.
BeIsicHUM rpaHuily, KOTOPYI0O HaBepHSKa He MOXKeT MpeB3oiTH
n — YHUCJI0 YJIeHOB [Mmocae10BaTe IbHOCTH. M3 nocjieJHero papeHCTRA
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BMAMM, uto b, =2""2. C pgpyroit cropoubl, b, = a,—a, <
a, < a, = 286. [loatomy 2" 2 < 286. YuuTbiBasi, uTo Gmipkaiimeii K
uncny 286 (cBepxy) creneHbio uucaa 2 aeagerca 2° = 512 Moxem
sanucarb 2" % < 2% OTclopa caenyer, uTon < 11,a Tak Kakn € N,
To n<10. Utak, n He Moxer mnpes3oiiTh 10, M [mocrarouyHo
nepeGpatb cnyuann = 3,4, 5,6,7, 8,9, 10.

[Tlycte n = 3. Torma

15° 3
bl - zm. ﬂg - al + 2!!]1 1 m— (E’) - ﬂl +§'b1,

286 =0, +3m & 286 —a, = 3m.

3nech MpuBJieUeM M3BECTHYIO TEOPEMY O JIeJIEHHMM C OCTATKOM:
Kakosbi Ob1 HM OBIZIM 11€710€ UMCA0 a M Lenoe uKuciao b # 0, Bceraa
BO3MOJKHO, M TIPUTOM €JIMHCTBEHHBLIM crioco0oMm, pasfenuTh a Ha
b ¢ ocTaTKOM: HaiTH Takue [Ba LebIX uMciaa g (UacTHOe) M r
(octaTok), uToa =bg +r, 0 <r <|b|.

13 aroit Teopemsl c/ieyeT YyTBepkKIeHUE:

Pasnocme deyx uenvix uucen a' u a' denumca Ha HamypanvHoe
yucno b Hayeno moeda u moavko moezda, xozda a' u a' umerom

odunaxkossie ocmamxu npu denexuu Ha b.
([lokazarenbcreo. CHavana BCIIOMHMM, YTo eciM a,b,c€Z,aic, b}
¢, Toa+bic Orcioma ciengyer, uTo eciM cyMmMaS=(a+b)icH
OJIHO M3 cJlaraeMblX a | ¢, TO M BTOpoe claraemoe b i c. 3T0 NoToMy,
uTO B CYMMe b = § + (—a) o0a cnaraeMblX HALEN0 JefsiTes Ha c.
IMyete a’' =bg" +v'.0=r"'<b, a”" =bg"+r",0=<71" <b. Ecniu
a'- a" genwrca Ha b Haueno, To b(g" —q") +(r' — r'"") DeauTca Ha b
Halleno, MoaToMy M v’ — r" memuTcs Ha b Haueno. Ho
—b<=v'—1r"<bh,
a Ha NpoMexyTKe (—b,b) TonbKO ofHo uMcio 0 gendTca Ha b
Haueno. 3HaumT,r' —r"” =0= ' =r". OGparHo, ecau r’ = ", TO
a-a" =b(qg' —q""), 70 ecTb a'- a" DeauTca Ha b HaUemno).
B HameMm cayuae pasHocTb 286 — a; HaleNno JenuTcs Ha 3; npu
neneHuM Ha 3 uMcao 286 naert octaTok 1. 3HAUMT, M UMCIO a, ITIPH

neneHuM Ha 3 paet ocrarok 1. Ho HauMeHbIIMM YHCIOoM, Jalomum
OCTATOK 1, ABJIAETCH caMo UUCIIO 1
( 1=3-0+1, 3gecbuyactHoe 0,ocTaTok 1) . CnepoBaTesbHO,
HAaMMEHBIIMM 3HaUeHHeM a, ABageTca 1.
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[Ipa, =1 umeem 286 —a, = 3m=>m =95, b, = 2m = 190,

a, = a, + b; = 191. [lonyuaem nocnegoeatenbHocTh 1, 191, 286,
VIOBIETBOPSAIOILYIO YCTOBMIO 3a1aUM.

Ham nosesyio — HeT HeoOXOIMMOCTM paccMaTpuBaTh Jpyrue
jHaueHusi n oT 4 mo 10, Tak Kak OTBeT MOJYyU€H: a, MOXKEeT
MpMHKUMaTh HaMMeHblllee 3HaueHue | mpu n = 3.

OTset: a) Hanpumep, 1, 49, 73, 85, 91, 94. 6) Het. B) 1.

Mpumeuanue. B cOopHUKe oTBeT E) 2 HenmpaBWIBHBIN.

Bapuaunrt 8
KoHneuHasi BospacTawuas MocjiefoBaTellbHOCTE ay, s, ..., Ay
COCTOMT W3 n=3 HATypalbHBIX UMCeJ, MpuueM IIpHM Bcex
HaTypaJbHbIX k < n — 2 BBIMOJHEHO PABEHCTBO
404, = SApyq — Ay
a) [IpuseauTe npuMep Takoii nocnegoBaTe/IbHOCTUNIPU N = 5.,
0) MoxeT /iu B TaKoii noceloBaTe/IbHOCTH TIPH HEKOTOPOM n=
3 BBIMOJIHATBCA PABEHCTBO
3a, = 4a;, — a;?
B) Kakoe HaMMeHbllee 3HaueHMe MOXKeT [MPUHUMATD a, ,
ecnu a, = 283?
Pemenne.
[TonpoGyem  noayuuts  Qopmyay 119 n-—ro wieHa

nociegoBate/bHOCTH. Mimeem

_ S0gy— g _ Mgy tape—ag _ 1
gz = & = 5 = Apy +:{ﬂk+1 —ag) =

1
Qpeyz = Ay = 5 (Aes1 = Qi)
[lyctb a4y — ag = by (o ycnosuw by, > 0). Torpa by, = % by, TO
ecTh MoJiyun/iachk reoMeTpuueckass nmporpeccusi M3 HaTypaJbHBIX
yucen (by) ¢ nepepiM uleHoM b; = a; — a; U 3HAMeHaTeleM q = i.

Cespkem a,cC ITOM HI}UFPECCHEﬁ, OIS Uero npeactTabuMM ero B pMae

ay = (a;) + (az — ay) + (a3 — @z) + - + (@p-1 — ay-2) + (ay — Ap-,)
I:EC.T]H OTKpoeM CKﬂﬁKH, TO EKaXOoe IoJOXHTelIbHOe UYMCIOo,
HaYMHasd ¢ IMepsoro, YHMUTOMXMTCH C OTpUMUATe/IbHbIM YMCIOM B
CﬂE,ﬂY[ﬂﬂ[‘Eﬁ CKDG‘K'E, OCTaAHEeTCH TOJBKO IMochnedHee MoJoxHTelIbHOe
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HHUCIO a,,. DT[]I-'[U,EITE‘JIBH]:[X TMCell HEe OCTaHeTCH, TaK KaK Kaxjoe

OTPUMIIATEIBHOE YMC/I0, HAUMHAsA ¢ MOCAeIHero, YHMUTOXUTCH C

MOJIOKUTEbHBIM UMCJIOM B npeabiayuieil ckodke). IMoacrasnsis

Aps1 — g = bp(1 < k < n— 1), nonyuum
apn=ay+b,+by+bs+-+by_,.

ITo opmyne cyMMBbI UJIeHOB reoMeTpUUecKoif nporpeccun

n=1

i n-1
b1+b2+b3+"'+b"_l =b11 E_‘—]l = Ebl(l_(i) ),
Mo3ToMy
n-=1
an=a, + §b1(1—(§) ) (1)

rae b, = a, —a,.
a) Io dopmyne (1)

4 Iy 5
a3 :ﬂl+§bl(1_(z) ):ﬂl +Zh1l

4 1? 21
{14=ﬂ1+§b1 1_(3) ﬂl +_bl:

4 L% 85
ﬂ5:ﬂ1+§b1(1—(z) ):al +ab1

MoxHO B34Th M000e HaTypajdbHOoe a, = 1 u nwboe HaTypalabHOe
b,, KpaTHoe 64. Hanpumep, a, = 1, b, = 256. Torja
a, =a,+ b, =257, a3 =a, +§E11 = 321,
ay = ay +-by =337,as = a, + 2, b, = 341.
[Monyuutcs nocnegoBate/bHocTh 1, 257, 321, 337, 341.
0) Homyctum, uto 3a, = 4a, — a,. Torga B cuny dopmyns (1)

GyeM MMeThb PaBeHCTBO

-1
3a; + 4b, (1 - G) ) = 4a, — a,. [logcraBum a, = a; + b,. Torga

ab, (1 . (f:)"'l) = 4b,.

n=1 n=1
Tak kak 4b; #0, TO 1—(7:) =71 & (—) =0. Ho »3T10
HEBO3MOKHO.
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n—1 n-1_
B}HD ¢DPMYHE{1] i-'II‘I={.'[‘]_"' gbl (1—(1) )=ﬂ1+b—l(4 2 l}.

4 3402
by (4""1-1)
3/iech ~aana HaTypaJbHOe UMC/I0, TIOITOMY UMCIUTENb Apobu

HAlle/I0 IeJINTCS M Ha 3, ¥ Ha 4"~ 2, Hac uHTepecyeT JIe/IMMOCTb Ha
4""2  MuoxuTenb 4" ' —1 He memuTcs Ha 4", MHaue UMCIO

4n-1_g 1
Ob110 Obl HATYPAJIBHBIM (2 9TO He TaK: NpH

=4 —

4!‘!—2 4"_2
1
n=3 KuMeeM HepaBeHcTBa 0 < P 1) . CnenoBarenbHo, b,

Halle/10 e/nTcs Ha 4" 2
b, = 4" %m npu HeKoTopoM m € N.

BhISICHMM rpaHuily, KOTOPYIO HaBEPHSKA He MOXeT MpeB3oiTH
n — YMCJI0 WIEHOB T0c/Ie/IoBaTeIbHOCTH. M3 mocnegHero papeHcTBa
BUAMM, uTO by = 4""2 C ppyroit CcTropoHbl, b, = a,—a, <
a, < a, = 283. [loaromy 4" 2 < 283. VuuTbiBas, uTo GmisKaiiiieii K
uyueny 283 (cBepxy) cTeneHbio uucaa 4 apagerca 4° = 1024 MoxeM
sanucath 4" 2 < 45 Orclofa cnenyer, uton < 7,a Tak Kakn € N,
To n < 6. UTak, n He MoKeT NpeB30iTH 6, M JOCTaTOUHO nepedpaThb
cydaMmn=3,n=4,n=5un= 6.

[Iycte n = 3. Torga

1

4 z 5
b, = 4m, a, =ﬂ1+§b1 1—(1) =a1+zb1,

283 =a, +5m & 283 —a, = 5m.

3nech MpUBJIEUYEM M3BECTHYIO TEOPEMY O IeJIEHUU ¢ OCTATKOM:
KakoBbl Obl HM ObIIM 1i€/10€ YKMCI0 a M Lenoe uucao b # 0, eerja
BO3MOJKHO, M TIPUTOM eJIMHCTBeHHBIM crocofoM, pasfielMTh a Ha
b ¢ oCTaTKOM: HaWTH Takue JiBa LebIX YMCIa q (YacTHoe) U r
(ocTaTok), utoa =bg+r, 0<r <|b|.

13 oToit TeopeMsl ceayeT YTBepKiaeHue:

Pasnocme deyx uenvix uucen a' u a' denumca Ha HamypanvHoe
yucno b Hayeno mozda u moavko moz2da, kozda a' u a' umerwm

00uHaKo8bie ocimamxu npu deaeHuul Ha b.
{JokazaTenbcTro. CHayala BCMIOMHMM, YTo eciMa, b,c€Z,aic, b
¢, Toa+b:ic Orcioga clienyeT, YTO ecliM cymMmMaS=(a+b)icH
OIIHO M3 ClTaraemelx a ! ¢, TO W BTOpoe chaaraemoe b c. 3To notomy,
yTo B CYMMe b = § + (—a) o0a cnaraeMbIX HALIeNO JelqaTCA Ha c.
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[Iyeth @' =bg"+r.0<r' <b, a"=bg"+r".0<+" <b. Ecnu
a'-a” penwTca Ha b Haueno, To blg' —q") +(' — ") DenwTca Ha b
Halleno, moaTomy M ' — r" genautcs Ha b Haueno, Ho

b=y —r"<bh,
a Ha MNpoMexyvTEe {—b, b} TOJABKO OJHO uMcao 0 gendTes Ha b
Haleno. 3HauMmT, ' —r” =0= ' =r", O6paTHO, ecAH r’' = ", TO
a-a” =b(g"—q'"), To ecTb a'- a"” AeJUTCA Ha b Halleno).

B Hamem ciyuae pasHocTb 283 — a, Hallelo Je/IMTCA Ha 5; npu
neneHuu Ha 5 umcao 283 maeT ocTtaTok 3. 3HAUMT, M UMCIO a, ITPH
nejaeHMu Ha 5 paeT ocratok 3. Ho HaumeHbIIMM YMCIoM, Jaloimm
OCTATOK 3, ABJISeTCS CaMO YyHClIo 3
(3 =5-0+ 3, 3peck yacTHoe 0, ocratok 3. MeHblllMe uyMcaa Jal0T
MeHbIIMe ocTaTku). CinegoBaTe/bHO, HAaMMEHbIIMM 3HaueHHeM a,
SIBJISeTCSA UM 3.

[Iycth n = 4. Torma

3
b, =16m, a, = a, +i;bl(1 - G) ): a, +%b1,
283 =a;+2lm < 283 —a;, = 21m.
ITpu penenuu Ha 21 umcno 283 paet octarok 10, 3HAUUT, UMCIIO a,
JaeT TAKOM e ocTaToK. HauMeHbIIMM UMC/IOM, JAKIIMM OCTATOK
10, aengercq uucno 10. CrenogaTe/lbHO, HAMMEHBIIWUM 3HAUEHHEM
a, apasiercs 10.
[Iycte n = 5. Torga
4
b, = 64m, as = a, + %bl (1 - G) ) =, +gb1.
283 =a, +85m < 283 — a, = 85m.
ITpu penenmnn Ha 85 umcno 283 paet octaTok 28, 3HAUMT, UMCIO a,
JaeT TAKOM Xe ocTaToK. HauMeHbIIMM YMC/IOM, JAKIIMM OCTATOK
28, asnsierca umciao 28. CaemosaTe/bHO, HAMMEHbIIMM 3HAUEHMEM
a, ABngercs 28.
Ilycten = 6. Torga
5
b, = 256m, a; = a, + %bl (1 - G) ) =a, +%b1,
283 = a; + 341m.
IJTOT cayuaii HeBO3MOJKEH, TaK KaK a; + 341m =1 + 341 = 342,
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HTEK, a, IIPMHMUMAeT HaMMeHblIee IHaUeHHMEe 3B Cliyuae n=
3.llpua; =3 umeem
283—3=5m=>m=256b,=4-56=224, a, =a, + b, = 227.
[Tonryuaem nociaegosaTe/NbHOCTy 3, 227, 283, ynoBle TBOPSIOULYIO
YC/I0BHMIO 3aaun.

Oteet: a) Hanpumep, 1, 257, 321, 337, 341. 6) Her. B) 3

BapuaHTs! 9, 10 (oT1MualoTcs OT BapMaHTa 6 TOJIBKO YHC/IOBBIMM
IaHHBIMH)

BapuanT 11

KoHeuHass mocnefoBarelbHOCTh a,,qs, .., a, COCTOMT W3 n=
3 HeoOsi3aTe/IbHO Pa3/IMUHBIX HATYPaAbHBIX UMCe/, MpPUUEeM IIpH
BCEX HATYPA/IbHBIX K < n — 2 BbINOJIHEHO PaBEHCTBO

Agyz = 2049 — Qg + 1.

a) IlpueeauTte npuMep Takol MocjefoBaTeNIbHOCTH NpU n = 5,
B KOTOpOii as = 5.

G) MoxeT M B Takoif MocjieloBaTENbHOCTH HEKOTOPOE UMCIIO
BCTPETUTHCS TpH pasa?

B) Ilpu kakom HauOonblieM n Takas I0C/IeJOBATE/ILHOCTh
MOJKET COCTOSATh TOABLKO M3 JIBY3HAUHBIX UMcen?

Pemenne.

M3 paHHoro paBeHCTBa BMJHO, YTO MOC/AedOBaTelbHOCTh
(@) NOJHOCTBIO ONpele/ISeTcs BbIOOPOM MEePBLIX JIBYX WIEHOB a, U
a, . [lonpobyem mnoayuute dopmyny aaa k —ro uwieHa
nocaegosaTebHoCTH. HMeem

Agsz = Q41+ Qe — A + 12 Qpyp — Ay = Qg — 0 + 1.
IlycTb ayyq —ax = by. Torpa by, = b + 1, TO eCcTb NoOAYyuUMIaCh
apumMeTHUecKas Mporpeccusi M3 HaTypaJbHbIX umcen (b,) ¢
MepBbIM WieHOM by = a, —a; M pasHocThio d = 1. CesKeM ay C
3TOM Mporpeccueii, yis uero npeicTaBMM €ro B BUjie
ax = (a,) + (a; — a;) + (a3 — ap) + - + (A1 — A _3) + (A — A1)
(ecii oTKpoem cKoOKM, TO KaKmoe II0J0KHTelbHOe UMCIIO,
HAuMHag ¢ MepBoro, YHUUTOXKMUTCA C OTPMUATENbHBIM UMCIOM B
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ceayIonlei ckoOKe, ocTaHeTcs TONMBKO Moc/IeHee MOJOKUTENbBHOE
YUCI0 a,. OTpMLIaTeJbHbIX UMCel He OCTaHeTCs, TaK KaK Kaxjoe
OTpMLATEbHO® YMCI0, HAUMHAasd ¢ MocaegHero, YHUUTOXKUTCS C
MOJIOKUTEIbHBIM UMCIOM B Npeabiaylieit ckoOke).
[logcTapnsas agyqy — ax = bp(l < k < n — 1), noayuum

a = ay +h1 +b2 +b3+ "'+bk—1'
Ilo d¢opmyne cymMmbl WieHOB apudMeTHUecKoi mporpeccum
by +b,+by+ -+ b, =

b1+‘:;;_1 (k—1) = by+by+(k=2)1 (k—-1) = bl(k e Lk-lj;k-zjl
Mo3TOMY ay = a; +b;(k—1) + w WIn
3
=3k + (by =2k + (a, = by + 1) (1)

a) Ilo dopmyne (1) umeem
as = 4b,+a, +6=4(a;—a,)+a,+6=4a,—3a, +6=5=
=L TlonGepeM HaTypajibhble a,  a,. Tlycts 3a; —1 =20,
TO eCTb a;=7. Torga a,=5,a;=2a;,—a; +1 =4, a, = 2a;—
a+1=4, as =5.
IMonyuuny moaxoasauyio nocieqoBaTe/IbHOCTL 7, 5, 4, 4, 5.

0) PaBeHcTBO (1) 0o3HauaeT, UTO WieHbl MOC/IeJOBATEIBHOCTH
(a,) npeactaBasfioT co0oi 3HAUeHMS KBaJApPaTMUHON (QYHKIMMK

HeTIpepPbIBHOTO ApryMeHTa

2:

y() =32+ (by = 3)x + (@, — by +1) 2)

MpHM  HaTYpaJbHLIX 3HAUEHUAX /
aprymenra: a, = y(k), Tak urTo y

BCE TOUYKM C HATypalbHbIMM
KoopauHaTtamu (k, a,) nexart Ha

napaboie, Harn pasjeHHOI Qgf
BeTBAMM BBepX. KpagpaTuuHas

yHKLIMA MOMKEeT UMETb as
OJIMHAKOBble JHaAUe HUA a,
¥(x;) = y(x,) He Gonee yem MpH %
OBYX 3HaUeHMAX aprymMeHTa

Xy ¥X; . 3HauMT, WieHbl

[ociaej0oBaTe/IbHOCTH ap M day
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MOryT ObITb paBHBIMM He 0osee ueM INpM JBYX Homepax k # m.
[IoaTOMYy MOTYT BCTpPEUaThCs TOJNLKO Mapbl OJMHAKOBBLIX WIEHOB
nocaegoBaTelbHOCTM € pasHbIMM  Homepamu.  Hukakoe
HATYpa/IbHOE UMCJIO aj He MOXeT BCTPeTUThCA TPM pasa.

B) Hago nomgoGpaTth nocieaoBaTe/IbHOCTh HATYpPaJibHbIX UMCeN
( 1), yHoBneTBOpAKWUIMX HepaBeHcTBaMm 10 < a; <99, c
HAaMOOMBIIMM KOJMUECTBOM wWieHoB n. JIasg 3Toro HoCTaTouHO
BLIOpATH IMepBble JIBa WieHa a; U a,, TO ecTh napaMeTpbla, u b; B
(opmyne (1). leomeTpuuecku 3TO O3HauaeT nomo0OpaTh TaKylo
napabony (2), utoObl Bce ee TOUKM ¢ KoopauHaTamu (k, ai) mpu
k=1,2,..,n okazanuch B mnoaynonoce P:x>1,10<y <99 u
yTOoObI TAKMX TOUEeK ObU10 HauOosblllee KOJIWMUEeCTBO n (puc.2. 6).

3ameTumM, uTo (yHKUMA (2) npM Bcex LeNbX 3HAUeHMAX
aprymeHTa x = k € Z umeer 1iejbie sHaueHus. JleficTBuTesNIbHO, 11O
YCIOBMIO 3ajauM a, , a, EN = b,=a,—a, €Z U NOTOMY B
poipakern  y(k) = k% + (bl = ;) k+(a,—b,+1)  Tperbe
cnaraemoe (a;— b, +1) € Z. CymMy nepBbiX [BYX cJlaraembix
MpeACTaBMM B Bie k G+ b = %) = w Ecim k € Z ueTHoe ,
TO MOC/e ero COKpaleHus Ha 2 rnojydyaercs Mpou3BedeHne 11eibixX

uucen. Eci k HeueTHoe, Tok — 3
14 yeTHoe M Tnotomy k—3 + 2b,
yeTHoe, TakK uTOo nocie

cokpameHuss k—3+2b, Ha 2
3,9(3)) TOXE MoJydaeTcd npousseneHue
nenblx uucen. ClemoBaTelbHO,
y(k) e Z.
(L] MuoxecTtBo Touek (k; y(k)) c
i . lembimu KoopauHatamu k,y(k)
2 3 ¥  Ha3z0BeM duckpenHoii mapabomoii
(mat. discretus npepbIBUCTBIN,
MpepbiBHBI), a4 CcaMM TOUKH
( k;y(k) ) - ee yaaamu.
MHuoxecTtBo Y3108 (k, ai), NpeacTapIgioOIMX Mocae0BaTe/IbHOCTh
(@), ABNSieTCS YACThIO AUCKPeTHOI Mapabosl.

Puc.2.7
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Kak u3BecTHO, ocbl0 cMMMeTpuM mnapabonbl y = ax? + bx +c¢
b
CAVKUT ~MpsIMasi x = ——. ITO 3HAUMT, UTO €C/IM TOUKM Xy M X;

b
PacIIOIOMEH bl CHMMETPHUHO OTHOCHUTENBHO TOYEH e

(paBHOOTCTOAT OT Hee), TO y(x;) = y(x,). B o0mem ciayuae y3ibl
OMCKpeTHOi mapabGoibl MOTYT pacrojaraTbci He CMMMETPHMUYHO
OTHOCHMTENIBHO OcK napabosibl M3-3a TOro, UTO Le/Ible TOUKM Ha OCH

b
Ox pacnoaaralTcda He CHMMMETPHMUHO OTHOCHMTENIbHO TOUKH e

(puc.2.7). Ho B Halem ciaydae a = %, b=b,- % —ziﬂ = g— byu

OCbI0 CMMMETPUM SIBJSIETCA TMpAMas x = g - by. llumn-z =)y
HAX0JUTCH nocepejitHe MedIy COCeIHUMH LgJIBIMKM YMCTaMH

m=1-b, u m+1=2-b; (puc.2.8). IlosTomy Uenble uucia
MOTYT  pacrnojaratbCsi CUMMETPMYHO OTHOCMTE/IBHO  uMCIa

-
| |
g

.

}\},

w(m — 2) = y(m+ 3)

——— — — e —— — — — — — —

1
m+ 0 ‘l x::_

I vim — 1) = y(m + 2)

- y(m) =y(m+1)

Puc.2.8

188



B. T'. A6agpaxmaHOB. «3amaud ¢ mapameTpoM U HectaHgapTHble 3amaun EI'D 2019, 2020. [Tocobue mist abUTyprueHTOB»

3
5 by =m +%. bnarogaps sToMy Vy37bl  Hallei  AMCKpeTHOM!
napafonel pacrojaraeTcss CHMMETPMUHO OTHOCHUTE/NLHO OCH
1
x=m+ = .
Uucao y(m + E) SIBISIETCS MMHMMa/IbHBIM 3HaueHueM QyHKIMM
1
(2). 3HaueHuss QyHKUMM B OMOKAlmIMX K m + 3 LeIbIX TOUKaX —

sHaueHus y(m) u y(m + 1), paBHble ApYT APYTY B CHJIY CUMMETPHH,
ABJISIOTCS MMHMMAaNbHbIM 3HaueHMeM (YHKUMM TpPH  LeNbIX
JHAUEHMSX apryMeHTa.

BaxkHo vykasaTh Ha pasHocTb y(k + 1) —y(k) = %{k +1)2+
(by=2)(k+1) +(ay = by + 1) -Gﬁcz (b= 2)k+(a - by + 1))
=b+k—-1=k-m
B uacTHocTH (puc.2.8),

ym+1)—y(m)=m-m=0,

ym)=y(m=1)=(m-=1)-m= -1,

yim=1)—y(m-2)=(m=-2)-m= -2,
C ynaneHueM umciia k oT uuMcaa m BeTMuuHa |m — k| Bospacraet, To
eCTh PAacCTOSIHUE MeXAY coceIHMMM 3HaueHuamu y(k)u y(k +1)
MO BepPTMKaAM YBeIMUMBaeTcsd. JTO O3HauaeT, UTO IUVIOTHOCTh
YAI0BBIX TOUEK (MX KOJIMUECTBO HA eAMHUILY JUIMHBI 110 BEPTUKAIN)
MaKcMMaJbHa BOAM3M mnpsamoit y = y(m) M yMmeHbllIaeTcs TpH
NBWKEeHHUH BBepX.

Ecim m+ 1 OKakKeTcss HaTypalbHBIM UMCJIOM, TO YMC/IO
y(m+1) Oynmer MUHUMAIbHBIM YieHOM Qs
nocieioBaTe/IbHOCTH (a,) € HoMepoM m+1 (m+1=1):
y(m+ 1) = ay44- A ecii OKakercss m € N, To 6yger y(m) = a,, U B
MoCAeJ0BATe/IbHOCTH OKAXKYTCS JIBA OJJMHAKOBBIX MMHMMAIbHBIX
yieHa @y = @4q;  COOTBETCTBYIOLIME  TOUKM  (m; a,,) M

" 1
(m + 1; ay41) CUMMETPUUHDI OTHOCHTE/IBHO MPAMOI x = m + 2.

Korga B ypaBHeHMM (2) MeHAWTCS MapaMeTpbl a; M by,
napabosia mapa/uleibHO MepeHocuTcsl (coxpaHss (opmMy) B HOBOe
NoJIOMKeHHE I:B noboM MoNoXKeHMM oHa MoxeT ObITh MoJIy4eHA

1
napasienbHbIM MepeHocoM napabossl y(x) = 5:::2),
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Kak M3agecTHo, NP NapaaielbHoM nepeHoce napaGoisl y = ax?
¢ mepeHocom BepuiMHbl (0;0) B TouKy (xg; ¥,) OHa npuobpeTaer

YpaBHEHHME Yy —Y, =afx—xp)® . YpaBHeHHe y =ax®+bx+c
MOXHO TpPMBECTH K TAKOMY BMIY, BbIIENWB MNMOJAHbINH KBAApaT M3
YNeHOoB C x:
y = (ax® + bx]+r:=a(xz+fx)+c=n(.rz+22%x)+r=

b bt bt b bE b
:2(-52': +2Ex‘:;ﬁ _ﬁ) +c :b a(E 4 =) ==t o=a(x+=) =
—_— =y =a(x — (_ﬂ}}z' CneposatensHo, napabona

At i
y = ax® + bx + ¢ noAyyaeTcd NApanieNbHbIM MepeHoCoM napasonbl

y=ax® ¢ nepeHocoM BepmuHbl (0;0) B TOMKY (xy ¥,) =
( b .mc-b?)
" 2a' #a )
B obmem cayuae npu napaijie/ibHOM TepeHoce Mnapabosibl
y = ax? + bx + ¢ y3/10Bbl€é TOYKM MOTYT MepecTaTb GbITh Y3/J0BBIMM
HM3-3a M3MEeHeHUd MX KOOpOMWHAT. Ho B Hamem cllyyae 3TOro He
npousoiiger. B camom aene, npu moObix 3HaueHusx b, mapabona
3
OJOJIKHa HMMeTh OCh x = E_bl [mocepenMHe MexIy CoCcelHHMMH

BePTUKAJAbHBIMM TPAMBIMU X =1—b; M x =2 —Db; ¢ LEIBIMH
sHaueHussMU 1 —b; u 2 — b;. M3-3a 9TOr0 napajienbHslii epeHoc
napabo/bl BJA€BO WIM BIPAaBO BO3MOXKEH TOJbKO Ha Iel0e YMcIo
enuHul. CrnemoBaresnbHO, aOCUMCChl  Y3/I0BBIX TOUEK MOIYT
M3MEHMTBHCA TOJABKO Ha llejioe YMCI0 eIMHMI] M MOTOMY OCTalTCsa
1eabIMi. OpAMHATDI TOXE OCTAHYTCH LIeJIbIMU, BeJib Mbl I0KA3a/IH,
uTOo (PYHKIMS (2) TIpM 1ebIX 3HAaUeHMsIX apryMeHTa MMeeT lie/ibie
JHAUEHWA.

Hrak, npu moGoM napaiienbHOM IepemeleHMu napadbosisl ee
Y3kl OCTAOTCAd HA CBOMX MeCTaxX, MeHsfd TOJbKO KOOPJMHATLIL
[lonbaysick 3TUM, pacronokum napadosy Haubosiee BbITOIHBIM
oOpasom. UtoOsl B nosynosioce P ObUIO MAKCUMAJIBHOE KOJTMUECTBO
Y310B, Haj0 MOMECTUTb B ITY MOMYIOJAOCY KycoK mapabonbl ¢
HaubonblIeit TUIOTHOCTbIO Y370BBIX Touek. B KauecTse Takoro
KyCKa BO3bMEM KyCOK JIEBOi TNMOJIOBMHBI JUCKPeTHOI napabonsl ¢
HUIKHeH TOUKO# {m;y(m}) = (m; 10). Tak kak y(m + 1) = y(m), 1O
M CMMMeTpHUHas npapas YacTb nMapabo/ibl OKaXKeTcsl B MoAynojoce
P. Torga a, = a,s; =10 OygyT MMHMMAaJbHBIMM UIeHaAMM
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nocjaegoBaTe/IbHOCTH, KoTopas OyaeT cojepXkaTb n = 2m WIeHOB.
YuuThiBafg yCIoBMEe a; < 99, HalileM MakKCHUMaJIbHO BO3MOXHOe
JHauUeHue m.

CornacHo ¢popmyzne (1) ¢ yueToMm paseHcTBa by = 1 — m nojayyaem

1 1 1 1
10 =5m2—(m+5)m+(a1+m) = —5*.'1r12+a1 +-m =
o
a, =;m"—-m + 10.
Ycnosue a, <99 [naeT HepaBeHCTBO %mz - %m -89 <0. Ono
BBITIOJIHAETCS  TPU M 5%(1 ++V1+4-178). VuureiBas, uTO
13,85 < %(1 +vV1+4-178) < 13,86, monyuyaem m < 13, To ecThb

MoXkeT ObITh 0 13 uleHOB mnocjefoBaTe/lbHOCTH B yObIBawolueit
YyacTH. 3HAuYMT, MAaKCMMAJIBHO BO3MOMXHOE UYMCJIO WIEHOB
Mnoc/ae0BaTeIbLHOCTH n = 26.

Hamu yKe (pakTHUECKH MocTpoeHa MOAXOAfA 1A

M
¥IL % I y=99 Ef
a; = @z X ! 5
|
|
|
Ay = dgg = 76 ; I
N
ﬂ12=ﬂ15=11 \\-\ : y:]ﬂ
a3 = a;, =10
| X
|0 1 2 13| 14 2 267
|
x=135
Puc.2.9
Nnocae1OBaTeNMbHOCTE C n = 26 YIeHaAMH, TadK K4K MapaMeTpbl a; H

b, dopmynel (1) MoxeM Temnepb yKasaTh: by =1-m=1-13=
-12, a4 =%- 132 — % 13+ 10 = 88. Hama nociaenoBaTe/ibHOCTb
3ajiaeTca popmysnoi
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1 3 1
a :§k2+(—12—§)k+(88+12+ 1) :Ekz_ 13,5k + 101.

Puc.2.9 HINKCTPUPYET NOCTPOeHHYIO MociefoBaTe/IbHOCTb.
Oteer: a) Hanpumep, 7, 5, 4, 4, 5. 6) Her. B) [Ipu n = 26.

Bapuanr 12

KoneuHasi nociefoBaTelbHOCTb ay,dsy, ..., a4, COCTOMT M3 n=
3 HeoOsA3aTe/IbHO Pa3IMUHBIX HATYPAAbHBIX UMCel, NpUUeM Ipu
BCeX HATYPalbHbIX k < n — 2 BBINOIHEHO PaBEHCTBO

Ay = 20p4; — ax + 1.

a) [Ipuseaure npuMep TakKoii MocjieJoBaTe/JbHOCTH NMPUn = 5,
B KOTOpO# as = 3.

0) MosKeT 1 B TaKOii Moc/ie1oBaTe/IbHOCTH 0Ka3aThCA TaK, UTO
Qs = 447

B) [Tpu KakoM HauBosblIeM n Takas MocJaef0BaTelbHOCTL MOXKeT

COCTOSITh TOJIBKO M3 UMCes, He rpeBocxongimx 507

Pemenne.

B Bapuaure 11 noayueHa dQopmyna a8 k— ro uwieHa
nocaeqoBaTeIbHOCTH:

e =2k +(by =)k + (a, = by + 1), (1)

rpe b, = a; - 4.

a) Ilo dopmyne (1) umeem as = % 25+ (-:‘12 —-a, -::)-5+
(2a, —a,+1)=4a,—-3a,+6= 4a,—-3a,+6=3=>a, =3“;_3
[lopOGepem HaTypajbHble a; M a, . Ilycth 3a; —3 =12, To ecTb
a, =5.Tormaa;, =3,a;=2,a,=2, ag=13.

[Moayumaun noaxoasuyo nocjiegosaTe/IbHOCTh 5, 3, 2, 2, 3.
6) Ilo dopmyne (1) umeem a, =§-9+ (az - a, —g =3+

(2a;-a,+1)=2a,-a;+1 , ay=3121+(ay—a,—3)- 11+
(2a, — a, + 1) = 10a, — 9a, + 45.

Ecim  2a;—a;+1=10a, —9%a, +45, 710 B(a;—a,) =44 =
2(a, —a,;) = 11,uT0 HEBO3MOXHO, TaK KaKk 11 HeueTHoe uucClO.
OTBeT: HeT.
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B) [loBTropsiercss pemenue BapMaHTa 11 1npu HepaBeHCTBax
1 < a; < 50 BMecTO
10 = a;, < 99.

OreeT: a) Hanpumep, 5, 3, 2, 2, 3. 6) Her. B) [Ipu n = 20.

Bapuanr 13
KoHeuHad r1ociaegoBaTe/IbHOCTb a,,dy, ..., 4, COCTOMT M3 n=
3 Heo0M3aTeNbHO Pa3IMUHBIX HATYPAIbHBIX UMCEN, MpPUYeM Tpu
BCeX HATYpPalibHbIX k < n — 2 BBINOJAHEHO PABEHCTBO
Apip = 20541 — Q. + 1.
a) IlpueeauTte npuMep Takoi MocjefoBaTelbHOCTH NpU n =5,
B KOTOpO# as = 2.

ﬁ} MoskeT M B TaKoii MocieqoBaTe/ibHOCTH 0Ka3aTbCH Tak, UTO

g = ayg?
B) HD]-‘[ KakoM HauOo/blleM n Takas Moc/eoBaTe/IbHOCTb MOXKET

COCTOSITh TOJIBKO M3 UKces1, He npesocxoasiuux 100?

Pemenmne.
B Bapuaure 11 mnonyueHa dopmyna mag k — ro wieHa
nocjie10BaTe/IbHOCTH:
ap =3k? + (by —2) k + (a, — by +1), (1)

rae b, = a, — a,.

a) Ilo ¢opmyne (1) umeem as = % 25+ (az -y - ;3) 5+
(2a, —a, +1)=4a,—3a,+ 6= 4(12—3a1+l‘5=2=>~:‘12=3ﬂ1_4
[TopGepem HaTypanbHbie a, U a,. [lycTb 3a, — 4 = 8, To ecTb a, = 4.
Torpa ;=2 0;=1a,=1, az=2.

[Tomyumnu noaxoaquyw nocaenosatelbHocTs 4,2, 1, 1, 2.
6) Ilo gopmyne (1) umeem
g =§-3l5+(::12 - a, —%)-6+(2a1 —a, + 1) = 5a, — 4a, + 10,
a0 =2324+(a;—ay —3) 18+ (20, —a, + 1) = 17a, — 16a, +
136.

Eciu 5a, — 4a; + 10 = 17a, — 16a, + 136, T012(a; —a,) =126 =
2(a, — a,) = 21,49T0 HEBO3MOXKHO, TaK Kak 21 He KpaTHo 2. OTBerT:
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HEeT.

B) [loBTopsieTcs peuleHMe BapuaHTa 11 NpH HepaBeHCTBax
1< a, <100 BMmecTo 10 < a; <99.

OrBeT: a) Hanpumep, 4,2, 1, 1, 2. 6) Het. B) [Ipn n = 28.

[pumeuanue. B cGopHMKe OTBET a) HETNPaBUIbHbII: JOMKHO ObITh ag = 2.

BapuanT 14

KoHeuHaa mnocnaefnoBaTenbHOCTD a,,d,, ..., 4, COCTOMT M3 n=
3 HeoOA3aTeNbHO Pa3IMUHBIX HATYPAAbHBIX UMCeN, TpUuemM Ipu
BCEX HATYPalbHbIX k < n — 2 BBITIOJIHEHO PABEHCTBO

Apyp = 2ap4q —ap + 1.

a) IlpuBenuTe nmpuMep Takol mocjefoBaTeJbHOCTH NIpU n = 5,
B KOTOpOii as = 1.

0) MoxeT 1M B TaKoii mocjaeoBaTe/IbHOCTH OKa3aThCs Tak, UTO

ﬂﬁ = ﬂlﬁ?
B] H]JH KakoM HauOo/blIeM n Takas nocnenoeaTe/IbHOCTh

MOYKET COCTOSATh TOMIbKO M3 UMCell, He MPeBOCXoAsumx 75?

PemeHne.
B Bapuaure 11 noayueHa dQopmyna 1ad k— ro uwieHa
nocae/10BaTeIbHOCTH:
e =3k? + (by = 2) k + (ay — by + 1), (1)

a) Ilo dopmyne (1) umeem as = % 25+ (nz -ay -%)-5 -

(2(11_(32"'1}:492—331"'6: 4a2_331+ﬁ=1=?&2=3ﬂ:_5

[TopGepem HaTypanbHble a, U a,. IlycTb 3a, —5= 16, TO ecThb
a;=7.Torma a, =4,a5s=2;0; =1, ag=1.
[Tonyunnu nogxoogauIyio nocjaenoBaTeabHocTs 7,4, 2, 1, 1.
6) Ilo dpopmyne (1) umeem
ag =336+ (a; —a, —2) 6+ (2a; — a5 + 1) = 5a, — 4a, + 10,
ye =§-256+(a2-a1 —%) 16 + (2a, — a, + 1) = 15a, — 14a, +

105.
Ecnu 5a, — 4a, + 10 = 15a, — 14a, + 105, To 10(a, — a,) =95 =
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2(a, — a,) = 19,4T0 HEBO3MOXHO, TaK KakK 19 HeueTHOe uMC/IO.
OTBeT: HeT.

B) [loBropsierca pemienue BapuaHTa 11 npu HepaBeHCTBax
1 < a, <75 BMecCTO
10 < a, < 99.

OTser: a) Hanpumep, 7,4, 2, 1, 1. 6) Her. B) [Ipu n = 24.

Mpumeuanue. B cfopHUKe OTBeT a) HENpaBWIbHBIN: OH MOAXOOMT 74
YCIIOBHA gy = Zﬂk.{.l — Qg — 1.

Bapuanr 15

KoHeuHas mnocnegoBaTelbHOCTh a,,ds,, ...,d, COCTOMT M3 n=
3 HeoDsA3aTe/lbHO Pas/IMUHBIX HATYPAJbHBIX 4UMces, Mpuuyem IMpU
BCEX HaATYPa/lbHBIX k =n- 2 BBIMIOJIHEHO PABEHCTBO

Apiz = 204y —ap + 1.
a) [IpuBeauTe npumep Taxkoii mocaeg0BaTeIbHOCTH NIpU n = 5, B

KOTOpoit as = 1.

6) MoxeT M B TaKOi Moc/eq0BaTe/IbHOCTH 0KA3aThCs Tak, UTO
Qg = Ay7?

B) IlpM Kakom HauOoablleM n Takasi TMoOC/AeI0BaTe/lbHOCTD
MOXKeT COCTOATh TOMIBKO M3 uMces, He npeBocxoasumx 150?

Pemenne.

B Bapuantre 11 mnomyueHa dQopmyna 18 k— ro uwieHa
nocnejoBaTe/IHOCTHM.

@ =2k + (b, = 2) k + (a, = by + 1), (1)

roe b, = a; — a;.
a) Tlo dopmyne (1) umeem as= 525+ (ﬂz _HI-Z)'S‘F

(2a;—a; +1) =4a, —3a, + 6> 4a, -3, +6 =12 a, = 2=
[TopGepem HaTypanbHble a, U a,. IlycTb 3a, — 5= 16, TO ecThb
a;=7.Tortmag: =4ag=2a;=1, ae=1.
[Toayuuau noaxoaqaulyo nocjaenosaTeabHocTs 7,4, 2, 1, 1.

6) ITo popmyne (1) umeem

ag:é-ﬂl-h(az—alug)-9+(2a1uaz+1)=8a2*?al+28,
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az; =3-729 + (az —ay —3) - 27 + (2a1 — az + 1) = 26a, — 25a; + 325.
Ecnu 8a, — 7a, + 28 = 26a, — 25a, + 325, To 18(a, — a,) = 297 =
2(a; —a,) = 33,uT0 HEBO3MOMXHO, TaK KakK 33 HeueTHOe 4MCJIO.
OTBeT: HeT.

B) IloBTopsierca pemredMe BapMaHTa 11 TpM HepaBeHCTBax
1< a, < 150 BmecT0 10 < a;, < 99.
Oteer: a) Hanpumep, 7,4, 2, 1, 1. 6) Her. B) [Ipun = 34.

Bapuaur 16

Jlana OeckoHeuHasi apudMeruyeckas nporpeccusi, TepBbli
uyneH KoTtopoii paseH 2014, a pasHocTh paBHa 13. Kampiii wieH
nporpeccum  3aMeHmMauM cymmoii ero uudp. C noayueHHoi
MOCAe0BATEIbHOCTbIO MOCTYIIWIM TAaKXKe M JeHCTBOBAIM TakK JIo
TeX MMop, NoKa He IMoJIYUMIACh Moc/ieJOBATe/IbHOCTh OJHO3ZHAUHbBIX

JHCeIl.

a) Haiigure ThICSIUHOE UMCII0 noayaMsiencs
nocaeqoBaTeIbHOCTH.

0) HajiguTe cymMmy IMepBoOii TbICAUM uMCeJ TOJyuMBLIeiics
nocaeaoBaTeIbHOCTH.

B) Yemy moxer paBHsATbCS Hambosbmas cymma 1010 umcen

I'IDJ'[YIIHBlLIEﬁCH nmociaetoBaTelbHOCTH, MOVIIIHMX I[{},[[[}H,ﬂ?

Mpumeuanue. Beuoy Toro, YTo MNOCAeNOBATENLHOCTE OGecKOHeuHa,
BOSHMKABT BOMPOC: 8 MOXKHO M Moc/le KOHEeYHOro YMcia WAaros BCH JaHHYIO
MocnefoBaTeIBHOCTE TPEBPATHTE B MOCAEJOBATENBHOCTE M3 ONHO3IHAYHBIX
yucen? [leno B TOM, YTO WIS PasHbIX YMCel HYKHO pa3sHOe YMCIO0 LIAros /s
Mepexofa K oJHO3Ha4yHoii cymme wuMcen. Hanpumep,222 —6 (1 war),
999 — 27 — 9 (2 wara), YMca0 13 999 998 nepAToOK — 999982 — 46 - 10 — 1 (4
wara). B mwxoasHoili nporpamMme noaobHBIN BOMPOC M3 TEOPHH YMCET HE MOXeT
GBITh paccMOTpeH, Mo3TOMY KoppeKTHO Oblo Gbl chopMyTMpOBaTh Mpoledypy c
nporpeccHeli MHave: «Kax bl wWieH nporpeccun 3aMeHanu cymmoil ero umndp,
JaTem []ﬂJ’I'_o.l"-IHBI.T.[E'E‘EH YHCIO CHOBA 3aMEHAIH l'_'}"h'lh'lﬂﬁ ero I.{I'I¢l].1, H TakK 00 Tex
Mop, MOKa He MoAyYaiock 0HOIHAYHOe YMCIo»,

Pemenne.

OGo3HauuM a, WieH [IaHHOi NpPOrpeccMu ¢ HOMEpPOM n, d ee
PasHOCTb, b, WieH TOJYUYeHHOI Moc/lefoBaTe/IbHOCTH ¢ HOMEepOM
n. Bce uneHs! JaHHOW MporpeccMM OTAMUHBI OT HYJs, MO3TOMY

196



B. T'. A6agpaxmaHOB. «3amaud ¢ mapameTpoM U HectaHgapTHble 3amaun EI'D 2019, 2020. [Tocobue mist abUTyprueHTOB»

CYMMbI MX LM(pP TOXKe OTJAMUHBI OT HY/SI, ¥ B UTOre BCe WIEHbI
MOJYUEeHHOH Moc/leloBATeNIbHOCTH OT/AMYHBI OT HYAS. 3HAUMT,
nocaeqoBaTe/bHOCTh UMces b, MOXKeT COCTOATb TOMbKO M3 LM p
1,2,5.4,5,6,7,8,9
a) Ilo dopmyne n —ro wieHa apupmeTHUecKoit nporpeccum
(a, = a; + (n— 1)d) HaxoauMm
Q1000 = 2014 + 99913 = 15001 = bype0 = 7-
JIng OTBETOB Ha OCTaBIIMECS MYHKTbI HYXXHO MCIIONb30BATh
Kakoe-HMOyab cBOlicTBO cymMmbl M p uncaa. [TycThb
c=c; +10c, + 10%¢c5 + -+ 10 ¢,
— JecsaTUUHOe MpejicTaBleHue HeEKOTOpOoro unciac € N,
s=ct+ca ezt
— cyMMma ero uudp. PaccMoTpuM MX pasHOCTb:
c—s=c, + 100, + 10%c3+ -+ 10" e, —c; —c, — 3 = — ¢ =
9%+ 9%+ < +99.90, =
" ——

9 (1:2 + 1+~ +11..1 ck) =9m,
k—2
raem € N.
BuaumM, uTO pasHoCTh MeXAy JI00bIM HaTypaJdbHBIM UMCIOM M
cymMMoii ero uudp Haueno geautcs Ha 9. 3TO CBOJMCTBO CYMMBbI
Mdp uncia ¥ MOMOXKeT HaM 3aKOHUMTb pelieHue. [Ipuieuem ewie
M3BECTHYIO TEOpPeMY O [e/IeHUM € OCTATKOM:

KaxkoBbl Obl HM OblIM LieJioe UMCIO a U Lejoe uucio b #0,
BCEr/la BO3MOXKHO, M IIPUTOM eMHCTBEHHBIM CI10cO00M, Pa3/ieIuTh
a Ha b ¢ OCTATKOM: HaliTH TaKue JBa LIE/IbIX YMcia q (YacTHOe) U r
(octaTok),utoa=hbg+r, 0<r < |bl.

M3 atoii TeopeMsl clieyeT yTBepKaeHue:

PasHocmpb deyx uyensix uucen a' ua'' deaumcs Ha HamypansHoe
yucno b Hayeno moeda u moavko mozda, kozda a' u a'’ umewom

0duUHaKoébie ocainkil npu denenuu Ha b.
(JokazaTenbcTeo. CHayana BCMIOMHMM, YTo eciM a,b,c €, a'ic, b
c, Toa+bic Orciona cnenyer, uTo eciu cyMmmMaS=(a+b)icH
OIHC M3 CIaraemMelx a i ¢, TO ¥ BTOpoe caaraemoe b i c. 3To NoToMmy,
4yTo B CYMMe b = § + (—a) o0a cnaraeMsix Halleno JelaTcd Ha c.
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[Iyeth @' =bg"+r.0<r' <b, a"=bg"+r".0<+" <b. Ecnu
a'-a” genutcs Ha b Haueno, To b(q" —q") +(r" — r’") nennTca Ha b
Halleno, moaTomy M ' — r" genautcs Ha b Haueno, Ho

b=y —r"<bh,
a Ha npoMexyTke (—b, b) TonbKo oaHo uMcno 0 gendTcs Ha b
Haueno. 3HauuT,r’' —r” =0= r' =r", O6paTHo, eciu r' = r",TO
a-a” =b(g"—q'"), To ecTb a'- a"” AeJUTCA Ha b Halleno).

B HaweM cnyvyae b = 9, M MUMeeM yTBepKIeHHe:

Jlioboe HamypaisHoe uUCI0 U cyMMa €20 yudgp umewm
oduHakossle ocmamku npu denenuu Ha 9 (Gmu ocmamxu Mmozym
umems 3Hauerus om 0 do 8).

CnejgoBaTe/ibHO, KOrja MPOMCXOAMT I[epexol OT uieHa a,
MporpeccuM K CYMMe ero wieHoB, 3aTeM OT Hee K HOBOH cymMMe
YWIEHOB M T.JI., — MCXOJIHOE YMUCIO a,, BCe MPOMEKYTOUHbIE CYMMBbI
umudp ¥ urtoropas uudpa b, MMEIOT OJMHAKOBbI OCTATOK TIpH
nejieHnn Ha 9.

Ina ypoOGctBa HaszoBem umdpy b, oOpasom umucia a, Npu
npeoOpa3soBaHMM JIAHHOI MporpeccMM B  HOBYIO UMCJIOBYIO
nocie/IoBaTe/IbHOCTb, a YMCI0 a, — npooOpazom UMDpPbI b,,.
OO0paszom umucia a, asasgercs umdpa, umeloulas ofMHAKOBBIN C a,
OCTATOK IPH JIeJIeHUM Ha 9.

PasnuuHbIX 3HaueHuit b, uMeeTcss Bcero 9, mosTomMy MOMKHO
NpeanoaoXUThb, UTO Yepes Kakable 9 HOMepoB 3TH 3HaUeHud OyayT
nopropatbed. [Ipogepum. [Ing nwbsix n, k € N

Apiop — Ap =a; + (N +9k = 1)d — (a, + (n — 1)d) = 9kd.
Buaum, UTO pasHOCTb @,4q; — Ay, HALIEJO OeNMTCH Ha 9. 3HauuT,
Apior M @, UMEKOT TIPM JeneHuM Ha 9 oauHakoBble ocraTku. Ho
TOTr1a TAKME JKe OIMHAKOBbIE OCTATKN MMEIOT MX o0pa3bl
by 4o M by, ¥ IOTOMY pasHocTb b, o — b, Halleno geautcd Ha 9. Ho
9TO — pasHocTh MOP oT 1 A0 9 M MOXeT AeluTbCca Ha 9 TOJNBKO
ecnu uudpel byor M b, coBnagawT (Torga byiqr— b,=0).
[lokaszaHo, 4TO b, 49 = b,, TO €CTb Uepes  Kaxable 9 HOMepoB
3HaueHus b, nosTopswTcd. Hajijmem nepeble 9 3HaueHMi
(Tabn.2.10).

Tenmepp Mokem HaiiTu moboe 3HaueHue b, npun = 10.
Hanpumep, byy5 = beysse = bg = 9.
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6) 1000=9-111+1, Mo3TOMY IIepBafg ThICAYA UMCEN
nocaeqoBaTeIbHOCTH (by) - e =
coCTOMT M3 111 MOBTOPOB uMCen i e |
7,2,6,1,5,9,4,8,3 ueule uucaa ; ;E:: - 1_'1 - ;
bigoo = b, =7. CymMmMa nmnepBoit -

THICAYUM umcen |>| 240 - :
nocie/10BaTebHOCTH paBHa el i 1
G+ 2i64 - 886045 |2]o%e B ?
8+3)+7=111-45+ 7 = 5002, i el i

B) IIpencraBum ceGe |7 |2092 st 4
nociegosatenbHocTs (b,) B Buge |8 | 2105 & 8
GeckoHeuHoro cronbua, u mycrp |° | 2118 w1l 3
nepeeie 9 wumcen b, , cymma
KOTOPBIX paBHa 45, HAKpPbITHI Ta6m.2.10
MOJOCKO. Korpa MOJIOCKA,

nepeMellasch, HakpblBaeT colenyouyl uudpy, wu3-nog Hee
ocBo0oxaaeTca TOUHO Takad Xe uudpa. CnemoBaTenbHO, NpH
nepeMelieHnM MoJOCKM CYMMa HaKpPBITBIX UMCel He M3MeHAeTcs,
TaK uTO cymMMma 9 mnofapsaj MAYLIMX uucesl Bcerga paBHa 45.
Paccmotpum 1010 nogpan uayimmux uucen b,,. Ilpeacrasum 1010 B
BUIE CYMMBI 9-1124+2=1008+ 2. I'pynna u3 1008 noapsamg
UAYIMX umcen b, coctouT M3 112 geBATOK NMoapsaa MAYLIMX duce
b, u He3aBMCMMO OT pAacnoJACKeHHMs TPYNNbl  MMeeT CYMMY
45- 112 = 5040. BoiGepem B Talnuue jaBa Moapsan MAYIIMX udMcia
b,, c HauOonbImei cymMmoii: 3To bs =5 u by =9, ux cymma 14. Cpasy
3a TMMM YMcIaM¥ pacnonokum emle 1008 moapsaa MAVIIMX vKce
b,. llomyunm 1010 nogpag MAYIIKMX WIEHOB MOC/IEe0BATEbHOCTH C
HauGonbIIel cyMMoii
5040 + 14 = 5054.
OTper: a)7. 0) 5002. B) 5054.

Bapuanr 17
B poTe OBda E3B0[4, B [TIEPBOM B3BOOE COJOAT MeHbIIe, UeM BO

BTOpPOM, HO Gosbliie yuem 50, a BMecTe conjaTt meHbiue yem 120. Ko-
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MaHIMpP 3HAEeT, YTO POTY MOXHO MOCTPOUTh M0 HECKO/BKO UeloBeK
B pAfl TaK, UTO B KOKAOM paay OyeT oAMHAKOBOE UMCIO COJJAT,
Gonbinee 7, M TIPM 3TOM HM B KaKOM paay He OyaeT congaT M3 IBYX
Pa3HBIX B3BOJIOB.

a) CKo/bKO conjaT B MepBOM B3BOJE M CKOJIbKO BO BTOpom?
[TpueepuTe xota Obl OJUH NMpHUMep.

0) MoKHO JIM MOCTPOUTD POTY YKAa3aHHBIM criocobom 1o 11 con-
JIaT B OJIHOM psay?

B) CKO/IBKO B poTe MOKeT ObITb conmaT?

Pemenne.

CornacHo YyCI0BMIO, JBa B3Boda MOTrYT ObITh MNOCTPOEHBI
oTaenbHo. Tak u Oyaem cuutaTh. [IycTh a — uMc/I0 CONAAT B IEPBOM

B3BOJe M b —uMcIo congart Bo BTopoM B3soje. Torga
{50 <a<b

a+b <120
Yueno congat B oJHOM psify 0603HauUMM k (110 yc/IoBuio k = 8).

OnpeeauMm rpaHULibl SHAUEHWIA a U b.

Cpasy Bugum, uTo a =51. M3 HepaBeHctBa 120 >a+b ¢
yueToM YIoBMA b > a nonydyaeM 120 > 2a < a < 60, 1noatomy
a < 59. CnegoBarenbHo, 51 < a < 59.

Tak Kak b>a, TO nmno KpaiiHeii wmepe b=052. U3
HepapeHcTBa b < 120—a ¢ yyeToM HepaBeHcTBa —a < —51
noayuaem b < 69, moaromy b < 68. CnefioBare/ibHO,

52 <= b < 68.

HajigeM BO3MOMHBIe BapMaHTbl 3HaueHWii a u b. [lnga atoro

3aMeTHM, UTO

b—a=68-51=17,

TO €CTh YMCJIO COJIAAT BO BTOPOM B3BOJ€ MOXET MpeBbIlaTh YMCI0
COJIIAT B MepBOM B3BoJe He Gojiee ueM Ha 17. A TaK KakK COCTaBbl
B3BOJIOB OT/JMUAlOTCS TOJbKO IleJbIM YMCJAOM PAO0B, TO 3TO
O3HavyaeT, YTO B OJHOM psaay MoxeT ObiTb He Gonee 17 conjar:
k =17. Tenepp NpocTo paccMOTPUM [0 TMOPAAKY BCe 3HAUEHUA
8<k=<17.

k = 8. Hago mogo0OpaTth 3HaueHMe a, KpaTHoe 8 (uMciao coagar
B3BOJA JO/DKHO [elMThCcd Ha 8 Haueno), K HeMmy nogoGparhb
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3HaueHue b, Toxe KpaTHoe 8, u urobbl ObI0 a< bua+ b < 120.
HmeeTcsa olHO 3HaUeHHe a, KpaTHoe 8: 3To a = 56. K HeMy MouTH
MOgXoAMT 3HaueHMe b =64 , ogHako 56+ 64 = 120, a Hamo
MmeHblne. Heygaua.

k =9. HIMeercs oaHO 3HaueHMe a, KpaTHoe 9: 3to a = 54. K
HeMy MOAXOAMT 3HaueHWe b =63 (KpaTHoe 9); 54 + 63 = 117 < 120.
Bapuanm 80amoxceH.

k = 10. H1 ogHo 3HaueHue a He kpaTHo 10. Heypaua.

k = 11. ImeeTcs ofHO 3HaueHue a, KpaTHoe 11: 3To a = 55.K
HeMy IMOYTH MMOAXOOMT 3HaueHMe b = 66, OOHAKO 55+ 66 = 121 > 120.
Heynaua.

k = 12. H1 ogHO 3HaueHue a He KpaTHO 12. Heynaua.

k = 13. ImeeTcs ogHO 3HadyeHMe a, KpaTHoe 13: 3toa =52.K
HEMY TMOOXOAMT 3HaueHue b =65 (KpaTHoe 13); 52 + 65 =117 < 120.
Bapuanm eoamoxceH.

k = 14. UmeeTcs oJiHO 3HaUeHMe a, KpaTHoe 14: aTo a = 56. Ho
K HeMy HeT MoAxXojsilero 3HaueHus b (KpatHoro 14 M OGoJibiliero
uyem 56). Heynaua.

k = 15. H1 omHO 3HaueHue a He KpaTHO 15. Heynaua.

k = 16. H1 oiHO 3HaueHue a He KpaTHO 16. Heynaua.

k = 17. UmeeTcsa ogHo 3HaueHme a, KpaTHoe 17: sToa =51.K
HeMy MOAXOAMT 3HaueHMe b =68 (KpaTHoe 17); 51 +68 =119 < 120.
Bapuanm eoamoxcen.

Ternepb MOXeM OTBETUTb Ha BOITPOCHI.

a) Hanpumep, 54 u 63: B neppom B3BOjJe 6 psagoB no 9 conpar,
BO BTOPOM B3BOJle 7 TakuX pajios. BmecTe 117 conpar.

0) Henb3s (3HaueHme k = 11 He MoJOILIO).

B) 1171 119,

Oteer: a) Hanpumep, 54 u 63. 6) Her. B) 117 man 119.

BapuanT 18 (coBnapgaeT ¢ 3agaueii 5.6.12 nm.2.1),

Bapuanr 19 (coBnagaeT ¢ 3agaueit 5.6.14 1m.2.1)
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BapwuanT 20

Tpu pasnuuHbBIX HaTypaJbHBIX uMCIA SABIAOTCA IJIMHAMM
CTOPOH HEKOTOPOro TYIOYTO/IbHOTO TPeyroJibHMKa.

a) Mosker M oTHOLIeHKMe OOMbILEro M3 3TUX UMCce K MeHblIeMy
M3 HUX ObITh paBHO 2?

0) MoskeT /i oTHOLIeHWe GOJIbIIero U3 3TUX uMce/l K MeHbllIeMy
M3 HUX ObITh paBHO 4/37?

B) Kakoe HaumeHblllee 3HAUCHME MOXKET MPUHUMATh
OTHoOIeHue GoMNblIero M3 3TUX UMce/]l K MeHbIIEMY M3 HMX, el
M3BECTHO, UTO CpeiHee Mo BeTMUMHe UMcI10 pasHo 207

Pemenmne.

[Iycte paHbl a,b,c € N. Tak Kak oHU P
pPasaMUHbI, TO MX MOXKHO PacnoloKUTh B a
nopsijike BO3pacTaHms, CoeIMHUB
crporumiM  HepaBeHcTBamMu.  [lycth ¢
a<b<c Camasg OoabllIass CTOPOHA ¢ Puc.2.11
JIeKUT NPOTMB camoro OoJbIIOrO VIja
TpeyroJibHUKA, TaK YTO TYIbIM siBasgercsa yroa € (puc.2.11). Tak Kak
cosC <0, To, MCTONb3yS TeopeMy KoCHMHYcoB (c? = a?+bh?-—
2abcosC), monyuaeM HepaBeHCTBO ¢ > a” + b?. YuuTbiBas ewie, uTo

1 — HaMMeHbIIasa CTOpPOHA, HMeeM CHUCTeMY  HepaBEHCTB
2 2 2
IC == t:: ; b ' [logenue neppoe HEPABEHCTEO Ha ﬂz, 4 BTOpOe Ha a,
a .

nepeiiieM K paBHOCHJILHOM cucTeMe
€32 LAY
©2>1+®

1

L (N
a

4}1+€F

b

a) Ecan E = 2 To cucTema (1) umeeT BHI:
1<-
a

ﬁlif—l{ﬁ.

b
B KauyecTse — MOXKHO B3SiTh a0y oObBIKHOBEHHYI Apol0b M3

b 3
uHTeppaia (1,v3). Bosbmem -=z Ilanee MOXHO B38Tb a = 2k,

b = 3k npu mobom k € N.Ilycte k = 1. Torpga
a=2,b=3,c=2a=4
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Hamwmmes Tpu nopxomsamumx umciaa 2, 3, 4, rakue, uro 4?2 > 22 +
3%, 902 3. ;: 2. OTBeT: MOXeT.

16 b
c 4 ? >1+ (;)2
0) EcaM - = -, To cuctema (1) MMeeT BMIO: 5 ol<
a 3 1 q'_: w
(¢
b _ 7 .
= < 5> 9 <7 - nporusopeune. OTBeT: He MOXKeT.

c? > a? + 202
c<a+ 20
Paccmotpum  mpou3BosibHOe  pellieHMe (a,c) CUCTEMBI M
YBeJIUUUM 00a uyucaa Ha eIMHMILY. Torpga 1no-
S {(.-: +1)? > (a+1)*+20°
c+l1<(a+1)+20
HepapBeHCTBa NMpUOaBMIM
2c+1,a K npapoif — mMeHblllee uuciao 2a + 1, K obeuMMm yactam
BTOpOro HepaBeHCTBaA ]'I]]HﬁaBHJ’]H HG[}GBHY}, To eCcTb IIapa
(a',c")=(a+1,c+ 1) Toxe sBagerca pemenuem cucremsl. Ho npu
c c+1 c a-=¢

cr
3TOM OTHOIIeHHE YMEHbUIMWIOCh ( ——-=——-= <0=
a a atl a al(a+1)

;—’, ::E ). Iloatomy [ yMeHblleHMs OTHOLIEHMS ﬂi Oynem,
npubasngs eIUHULLY 3a e[JMHULIEH, YBeIMUMBATEL a U ¢ 0 TeX Top,
MOKa a He JOCTHTHeT Haubo/blliero BO3MOXKHOIo 3HaueHus 19 (no
yeaoBuio a < 20). Ha sTom arane oTHOLIEHHWE CTaHeT paBthM%
NP1 HEKOTOPOM c.

Tenepp nns manbHelilllero yMeHblIeHWMS OTHOIEHUs Oyaem
MpocTo YMeHbLIATD ¢ MOKA 3T0  BO3MOXKHO, TO ecThb
MOKa COXPaHAEeTCH HEPABEHCTBO

2>192+20%2e ¢ > 761.
Tak Kak c? € N, TO 3T0 paBHOCWIbHO HEpPABEHCTBY c? = 784, TO
ecTh ¢ 2 28. BHI[HM, UTO ¢ MOXHO YMeHbIIATE TOJBKO OO 28.
HaumeHblllee oTHOLLIEHWE E MOJIYUAeTCs PaBHbIM %
[Ipm aTOM MMeeM TpeyronbHHUK 19, 20, 28.

OTtBer. a) Moxet: 2, 3, 4. 6) He mosker. B}E.

C
B) JIo/3KHO OBITH [ , M HY)KHO MMHHMM3UPOBATD —.

" (K 71eBOif uyacTM MepBOro
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Bapuanr 21

a) CyumecTsyeT MM Takoe KpaTHoe 11 TpexXsHauHoe 4uCloO, Y
KoToporo BTtopas uudpa B 14 pas meHblle MpOM3BeIeHMs IBYX
npyrux ero uudp?

0) CymiectByeT nM Takoe KpaTHoe 11 TpexsHauHoe uuciIo, Y
KOTOPOTo CyMMa Bcex Ludp papHa 7?

B) Haigure Haubonplee KpaTHoe 11 BOCBbMM3HAUHOE YMCIIO,
cpenu 1Mdp KOTOPOro Mo OJHOMY pa3sy BcTpeualoTces uudpsr 1, 2,
3,4,5,6, 7Tu9. Oreer obocHyiiTe.

Pemenmne.

a) Ilycth abc — mosuuMOHHAs 3amMCh TPEX3HAUHOLO YMCIA,

a,b,c — ero uudps (a=1). JomkHo ObiTb abc:11, b =1—14a-::,

bynem nopbupate uudpy b.
Ecoub=1,T0a=2,c=7uwm a=7,c=2. 00a uucna 217 u

712He : 11.

Ecrmb=2,T0a=4,c=7umma=7,c=4.00a uucna 427 u
724 He : 11.

Ecnmb=3,Toa=6,c=7wima=7,c=6.00a uncia 637 u
736 He : 11.

Ecmmb=4,10a=7,c=8mwma=8,c=7.00a uucna 748 u
847 kpaTHbl 11.

0) McrionbsayeMm npusHak JeJMMOCTH Ha 11, npefBapuTe/bHO
JIOKa3aB ero.

Hamypansroe uucno

App_ - Gz0;0, = ag+10a; + 10%a, + -+ 10" 'a,_, + 10"q,
denumca Ha 11 moeda u monsko mozda, koeda Ha 11 denumcsa
3HaKkouepedyrwasca cymma ezo yugp ag— a, + a, — -+ (639Moix 10
nopaoky).

Jins nokasaTtenbCTBa CHauasla 3aMeTHMM, UTO Bce umMcia BMJA
10%*~* 4+ 1 (k € N), To ecTb uncna 11, 1001, 100001, ...nenarca Ha
11 (3to BepHo a8 k = 1, tak kak 10 + 1 : 11, [Ipeanonoxum, urto
yTBepxkJeHHe BepHO 1 k=n, To ecth 10°"' +1:11. Toraa
1021-1 4 1 = 10271102+ 1= (101 +1-1)102 + 1 =
(101 +1)10° —99 : 11,
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Tak Kak o0a cjaaraembie pgenarca Ha 11. Ilokasano, urto
yTBepXkKaeHHe BepHo a9 k =n+ 1. CorgacHo MNPUHLMUITY
MaTeMaTMUecKoit MHIOYKLIMM yTBEpKIeHMe BepHO [ Bcex
HaTypaJbHbIX k).

JlaHHOoe uMCI0  @,Q,_y ..0;0,0, PachMiieM CcAegyIIMm
obpazoM:

Anln—1 420,09 =
ag + (11a, — a;) + (99a, + a,) + (1001a; — a3) + -+ =
(11a, + 99a, + 1001a; + 9999a, + 100001ag + -+ ) +
(ag—ay+a;—as+ a,—as+-).

Bce cnaraemple B MepBoii ckoOKe pensaTcs Ha 11, moatomy
UMCI0 Jeaurcd Ha 11 Torja M ToJALKO Torja, Korja Ha 11 genurcs
BTOpas cKoOKa (3[1ech MoJib3yemMcsl TeM, UTo ecima,beZ,aic, b:
c, Toa+b:ic Orcroga cneayer, UTo ecii cyMMaS=(a+b):icu
OJHO M3 C/laraeMblX a ic, TO M BTOpoe cjaraemoe b:c. 3TO
MOTOMY, 4To B CyMMe b = § 4+ (—a) oba ciaraemsIX Halles1o J1eJsiTcs
Ha ).
[Ipu3Hak genumocTH Ha 11 lokasaH.

[lyeth abc — NO3MIMOHHAA 3allMCh TPEX3HAUHOTO YMCIA,
a,b,c — ero uudpsl (a = 1). JlomkHo Geitbabci1l,a+b+c=7.
[To npu3Haky geanumMmocTy Ha 11 uMmeem

a-b+cill.
3amMeTHM, 4TO a — b + ¢ MOXeT MMeTh HaMMeHblllee 3HaueHue —8
(mpu a=1,b=9c=0) U Haubonbllee 3HaueHue 18 (rnpu
a=9b=0,c=9). Ha orpeske [—8, 18] gpa umcia 0 1 11 KpaTHbBI
11. [ToaToMy BO3MOXHBI J1Ba BapMaHTa:a—b+c=0 Ma—-b+c=
11. 3naumT, nubo
a+b+c=7 a+b+c=7
[a—b+c=ﬂ’ Imm{-’l-h+c=11'
B nepsom ciyuae cnoXMB paBeHCTBa, nojayuuMm 2(a + c¢) = 7, uTto
HEeBO3MOJKHO, TaK KaK 7 HeueTHoe uucjio. Bo BropoMm wiyuae
BbIUMTAs paBeHCTBa MNoayuum 2b= -4, urto pgna uudpsl b
HEeBO3MOMKHO.
OTBeT: He CyllleCTBYeT.
B) Hago pasgenuTth gaHHble uMdpsl B JIBe TPYNmbl 1Mo 4 c
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CYMMaMM x M y TaK, uTOoOBl BBITIOJHSA/IOCE PABEHCTBO x +y = 1+
24+344454+46+7+ 9=237.004a u3 rpynn OygeT cocTOATb M3
LM(pp, cTOAMMX B 8-3HAUHOM UMC/Ie Ha HeUeTHBbIX MecTax, Apyras —
M3 uHi:]J]J Ha YeTHbIX MecTax. 3aMeTuM, UTo He MOXeT ObIThb x =y,
TaK KakK uMxX cymma HeueTHasi. [Iycth x > y. Hckomoe 8-3HauHoe
UMCIO KPaTHO 11, MO3TOMY COIMIACHO MPU3HAKY JIe/MMOCcTH Ha 11
pasHOCTb x — y KpaTHa 11. BbiicHMM, B KaKMX IpaHMIAX MOXeT
HaAXOOUTHLCA 4YucHo x —y . HaumeHsblllee BO3MOXKHOE 3HaueHMe
1-5+4+42-6+3-74+4-9=-17, HauGonpiiee BO3MOXKHOE
JHaAuUeHue
9-14+7-24+6—-3+5—-4=17.
Ha orpeske [-17, 17] comep:uTcd TPH uMclia, KpaTHBIX 11: 3TO
—-11,0,11. Tak Kak x—y >0, To x—y=11. H3 cucremn
x+y=37
Ix ~y=11 Haxoaum
x=24, y=13.

Tenepr Hago nocTpouTh HambGosblliee 8-3HaUuHOE YMCIO0 TakK,
ytoObl cCyMMa LMQpP HAa HEUeTHBIX MecTaX paBHsAJach 24, a cymma
uudp Ha yueTHBIX MecTax 13, uan HaobopoT, uToOBl cyMMa UMdp Ha
HeUeTHbIX MecTaX paBHsiJlach 13, a Ha ueTHBIX mMecTax 24. UtoOsl
yucao Obulo HamOonblIMM, HAaA0 HauMHas cleBa MNoadMpaThb
MaKCUMMalbHble LIM(PBI.

bygem HagesTbcs, uTO Hadas umMcio ¢ uudp 9, 7, cMoxkem
NoNyuMuTh pesynbTaT. [IpM TakoM Hauaze cpaszy oOHapykKMBaeTcd,
YTO cymMa 1Mdp Ha HeUeTHbIX MecTaxX He MOKeT paBHsATbcs 13. B
caMoM Jiefle, ec/IM Ha 3-e MeCcTO MOCTaBUM JH00YI0 M3 OCTaBILIMXCS
undp 1, 2, 3, 4, 5, 6, To gobasneHMe CyMMbl OCTABIIMXCS ABYX Lmdp
Ha 5-M ¥ 7-mM MecTax K MoJyueHHoOii cymme mudp Ha 1-M U 3-Mm
MecTax He gaet 13 (Hanpumep, ecam HauHeM umcao ¢ uudp 9, 7, 3,
TO Ha 1-M M 3-M MecTax MoJyuYuM cyMMy 12, Ha OCTaBUIMXCS IBYX
MecTax HaJlo MOAYUMTh CYMMY 1 M3 MMEIIIMXCcsA K 3TOMY MOMEHTY
undp 1, 2, 4, 5, 6, uto Hepo3MoxHO). Takum oOpaszom, Hauas
CcTpouTh uMciao ¢ uudp 9, 7, mbl BpiOpanu cymmy LMdp Ha
HeUeTHbIX MecTax paBHOM 24, a cymmy LUMQp Ha UeTHBIX MecTax
paBHOil 13. JIng ocTaBHIMXCA TpeX UETHBIX MeCT MMEeM CyMMy
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13 -7 =6. U3 ocraBmumxca umudp 1, 2, 3, 4, 5, 6 ToabKO OfHa
TPOJMKa JaeT TaKyl cCyMMYy: Tpoiika 1, 2, 3. Pacrionoxum Ux B uucie
B yOpIBalomem nopsake: 97 — 3 — 2 — 1. Ocrapummmucs uudpamu
4, 5, 6 3aM0MHMM OCTaBLIMECs HeueTHble MecTa, Pacro/iOKMUB B
nopsigke yobiBauma: 9763524 1.

[Tonryumnu HauMMeHbllee KpaTHoe 11 BOCBMM3HauHOe UMCJIO
97 635 241.

OTBer: a) cymecTByloT: 748 1 847. 0) He CylecTBYeT. B)
97 635 241.

Bapuant 22

a) CyuecTsyeT /M Takoe KpaTHoe 11 TpexsHauHoe 4uClIo, Y
KOTOporo BTopas uMdpa paBHa NMpoM3BeIeHMIO JIBYX IPYTHMX ero
unp?

0) CyulectByeT JM Takoe KpaTHoe 11 TpexsHauHoe uMC/IO, Y
KOTOPOro cyMma Bcex nmdp
paBHa 5?

B) Haiigure HauMMeHblllee KpaTHoe 11 BOCEMM3HAUHOE UMCIIO,
cpenu uudp KoTOporo Mo oJjHOMY pa3y BcTpeuaroTcs wudps 1, 2,
345 7.8u9.

OTBeT oboCHYIJiTE.

Pemenne.

a) Ilyctb abc — MO3MLUMOHHASA 3allMCh TPEX3HAUHOTO YMCJA,
a,b,c —ero uudpsl (a = 1).

JlomkHo 6bITh abc : 11, b = ac. Bynem noa6upats mudpy b.

Ecmub=1T0a=c=1,uucno 111 He: 1l.

Ecrmb=2,T0a=1,c=2uma=2,c=1.UY4cna 122 wu 221

He : 11.

Ecrmb=3,T0a=1,c=3uwma=3,c =1.UYucna 135 u 331 He
:11.

[logxonur 3Hauenme b =4, ecim B3ATh a=c=2. Yucao
242:11.

0) Henmonesyem INpusHaK JeauMMOCTH Ha 11, nmpeaBapuTenbHO
JIOKa3aB ero.
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HamypanbHoe uucio

Anly_1 G0, = ag+10a; + 10%a, + -+ 10" 1a,_, + 10"a,,
denumca Ha 11 moeda u monvko moeda, kozda Ha 11 demumncs
3HaKouepedywanca cymma ez2o yupp ag— a, + a; — -+ (834mMuix N0
nopsadky).

Jins nokasaTe/nbCcTBa cHauvajla 3aMeTHMM, UTO Bce umc/ia BMJa
1021 4+ 1 (k € N), To ectb umcaa 11, 1001, 100001, ...meastcs Ha
11 (3To BepHOo ans k = 1, Tak kak 10 + 1 : 11. [Ipeanonoxkum, 4To
VTBepXkKIeHe BepHo i k=n, To ectb 10" 1 +1:11. Torga
1020+1)-1 4 1 = 10271102 4+ 1= (101 +1-1)102+1 =
(10"~ +1)10% — 99 : 11, TaKk Kak oba caaraemble fenasitcss Ha 11.
[lokaszaHo, uTto yTBepkaeHue BepHo s k =n + 1. CorgacHo
NPUHLMITY MaTeMaTHUeCKON WHOYKIMM YTBEPKIEHUEe BEepHO s
BCEX HATYpanbHbIX k).

JlaHHOEe uMCIO0 @,a, ; ..0,0;0, pacnuieM ciegyliImm
obpazoM:

Qplp-1 -~ A2,

= (11a; + 99a, + 1001a; +9999a, + 100001as + ---)

+(ag—a;+a,—as+as—as+-).
Bce cnaraemble B nepBoil ckoOKe pensitcs Ha 11, noaromy
UMCIo JenuTcd Ha 11 Torga M TOJBKO Torga, Korja Ha 11 menures
BTOpasi cKoOKa
(3mech Moab3yemMca Tem, uUTo eciMa,be Z,a:c, bic, Toa+ b :c.
OTciopa crnegyer, uto eciM cymma S=(a+b)ic M omHO U3
claraemblX a i ¢, TO M BTOpoe ciaraemoe b : ¢. ITO MOTOMY, 4TO B
cymme b =S + (—a) o0a cnaraembIX Hale/lo Ae/[Tcs Ha ).
[Ipuanak menumocTy Ha 11 mokasaH.

IlycTb abe — MO3ULIMOHHAS 3alMCh TPEX3HAYHOTO UMcia, a, b, ¢ -
ero nudpel (a=1). JlomwkHo ObITh abcill, a+b+c=5.Tlo
MPU3HAKY JeauMocTH Ha 11 umMeem a — b + ¢ i 11. 3ameTUM, UTO
a—b+c MOXerT HMeTb HaMMeHblIee 3HaueHue -8 (npm
a=1b=9,c=0) u HauOonbliee 3HaueHue 18 (mpma =9,b=
0,c=9). Ha orpeske [—8,18] nBa umcna 0 u 11 kpartHwer 11.
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[loaTomy BO3MOXHBI IBa BapMaHTa:a—b+c =0 ma—b+c=11.
+b+c=5 a+b+c=5
JHauuT, 1Mdo [” ,HHGG{ ;
a—b+c=10 a-b+c=11

B mepsom cayuae c/I0OXKMB paBeHCTBa, Moayuum 2(a + ¢) = 5, uto
HEBO3MOXXHO, TaK KaK 5 HeueTHoe uucao. Bo BTopoMm ciayuae
BbIUMTAs paBeHCTBa Mnoayuum 2b= -6, uto pmaa uudpsl b
HEBO3MOMKHO.

OTeeT: He CyllleCTBYeT.

B) Hajmo pasmenuts JaHHble UM@pPbL B JABE TPYNIbl Mo 4 ¢
CYMMaMM x M y TaK, uTOoObl BBIMIOJHSAIOCE PABEHCTBO x +y = 1+
243444547+ 8+ 9 =239.0nHa u3 rpynn OyaeT cocTOATh U3
LM(pp, cTOAMMX B 8-3HAUHOM UMC/Ie Ha HeUeTHbIX MecTax, JApyras —
M3 MQp Ha UeTHBIX MecTaxX. 3aMeTHUM, UTO He MOXeT ObiThb X =y,
TaK KakKk uMx cymMma HeueTHas. [lyctb x > y. Hckomoe 8-3HauHoe
YMCI0 KpaTHO 11, Mo3TOMY cOITIacHO TPM3HAKY JelMMOocTi Ha 11
pasHOCTb x — y KpaTHa 11. BbIAICHMM, B KaKMX IrpaHMIIaXx MOMKeT
HaAXOOUTLCA 4MClo x —y . HauMmeHblllee BO3MOXKHOE 3HaueHMe
1-5+4+2-7+ 3-8+ 4-9=-19, HauGonpiee BO3MOXKHOE
3HaueHHe 9—-1 +8—-2+ 7—-3+5 -4 =19. Ha orpeske [-19, 19]

COHEePIKMTCS TpM uMcaa, KpaTHeix 11: ato —11,0,11. Tak Kak

x+y=39

x—y>0,T0 x—y=11. U3 cucremnl [x—i: 11
x=25 y=14.

Tenepb Hag0 MOCTPOMTbH HaMMeHblllee 8-3HauHOe UMC/IO Tak,
yToObl cyMMa LMQp Ha HEUeTHBIX MecTaX paBHAMAch 25, a cymMma
uMd@p Ha yeTHbIX MecTax 14, uan HaoGopot, uToObl cymMma umndp Ha
HeUeTHBIX MecTaX paBHAJach 14, a Ha ueTHBIX mMecTax 25. UToOwl
yucao OblJI0 HaMMeHbIIMM, HAaOo HauMHas cjaeBa mon0MpaThb
MMHUMa/bHbIE LU(PBI.

bynem HapmesaTbcsi, YTO HauaB uuciao ¢ umudp 1, 2, cmoxem
MOJYUHUTL pesyibTaT. ]T]JH TAKOM HaudJle cpasy DﬁHH]JY}I{HBHETCH,
YTO cymMMa 1Mdp Ha HeUeTHbIX MecTaxX He MOKeT paBHsAThcs 14. B
CcaMoM Jiefle, ecIM Ha 3-e MeCTO MOCTaBUM JH00YI0 M3 OCTaBIIMXCS
uudp 3, 4, 5, 7, 8, 9, To nodaBreHUe CYMMbI OCTaBIIMXCA ABYX LMP
Ha 5-M M 7-M MecTax K MojyuyeHHoi cymme umdp Ha 1-M U 3-M

Haxoaum

209



B. T'. A6agpaxmaHOB. «3amaud ¢ mapameTpoM U HectaHgapTHble 3amaun EI'D 2019, 2020. [Tocobue mist abUTyprueHTOB»

MecTax He gaeTr 14 (Hanpumep, ecaM HauHeM uMciao ¢ umudp 1, 2, 3,
TO Ha 1-M M 3-M MecTax IOAYUUM CYMMY 4, Ha OCTaBUIMXCH JIBYX
MecTax HaJo NoayuuTh cyMmy 10 M3 MMeIuXcsa K 3TOMY MOMEHTY
umndp 4, 5, 7, 8, 9. Ho Hu opHa napa 3tux LUudp He JaeT B cymMme
10). Takum oOpaszom, HayaB CcTPoOUTb uucio ¢ uudpp 1,2, MbI
BoIOpanu cymMmy uudp Ha HeueTHbIX MecTax paBHOi 25, a cymmy
LMQp Ha YeTHBIX MecTax paBHoii 14. JIns ocTaBiiMxcd Tpex YeTHbIX
MecT uMmeeM cyMmMmy 14 — 2 = 12. U3 octaBmuxca uudp 3, 4, 5, 7, 8,
9 TONBKO OfHA TpPOiiKa [JaeT TakKyw CyMMy: Tpoiika 3, 4, 5.
PacnonoXum MX B Uuclie B Bo3pacTallleMm nopaake: 1 2 - 3 - 4 -
5. OcraBmumuca umdbpamu 7, 8, 9 3amoJHMM ocCTaBlIMecs
HeyeTHbIe MeCTa, Paclo/IoKUB B IOps/iKe Bo3pacTaHus: 1 27 58 4

95.

[Tonryumin HauMMmeHbllee KpaTHoe 11 BOCBMM3HauHOe YMCJIO
12 738 495.

OTeer: a) cywectsyer: 242. () He CYUeCTBYeT. B)
12 738 495.
Bapuanr 23

Ha pocke ObIM HANTMCAHBI HECKOJBKO 1eblX uucest. HecKo/ibKo
pa3 ¢ JOCKM CTHPAJIM T10 IBa YMC/Ia, CYMMa KOTOPbIX JeJIMTCH Ha 3.

a) Moxer aM cymMMa BCex OCTaBIIMXCA Ha [0OCKe uMces
paBHATLCA 8, ec/iM cHAauala 1o ofHOMY pa3y ObIM HanmMCcaHbl UMCIA
5,4,5,6,7,8,9,10,11, 127

6) MoxeT M Ha JIOCKe OCTaThCd POBHO JIBA UMC/Ia, Pa3sHOCTh
MeXIY KOTOpPbIMM paBHa 54, eciM cHauaja 1o oJlHOMY pasy ObLIu
HalMcaHbl Bce HAaTypasibHble uncaa oT 200 no 299 BrAUMTENBHO?

B) H3BecTHO, UTO Ha [IOCKe OCTAJIOChL POBHO JiBa uMcia, a
CHauaja o oIHOMY pa3y ObLIM HalmucaHbl BCe HATYpa/ibHble UMCIa
ot 200 no 299 srawunTensHo. Kakoe Hanbonblliee 3HaUeHUe MOXKeT
MOJIYUMTHCS, €CM MOJAeJIUTh OJHO M3 OCTABIIMXCHA YMCes Ha BTopoe
M3 HUX?

Pemenne.

a) CymmMa repBoHauaJbHO HalMMCaHHbIX UKMcesa paBHa 75.
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(2ro 10 uneHoB apudMeTHMUeCcKOH nporpeccHum: a, =3, d =1,

a,o = 12. Tlo d¢opmyne cymMmbl n uwieHOB apudMeTHUeCKOH

1y +ia 3+12
nporpeccum S, = % n HaXOMMM: Sy = ——10 = 75).

[Tocne mo0oro yucia CTUPaHUiA U3 3TOM CYMMBI BBIUMTAETCH YMCIIO,
KpaTHoe 3 BBIUMTASTCH UMCHAO 3 m, e m HeKoTopoe
HaTypanbHoe uuciao. Octaetrca cymma 75 — 3m. Ecim 75 —3m =8,
TO 3m = 67, YTO HEBO3MOXKHO, TaK KakK 67 He meauTcs Ha 3. OTBer:
HE MOJKET.

0) IlpuBaeueM M3BECTHYIO TEOPEMY O JIeJIeHMM C OCTATKOM:

KakoBbl Obl HM ObLIM lleJioe UMC/IO a U 1iefoe umucio b # 0,
BCEra BO3IMOXKHO, M IIPUTOM e[MHCTBeHHBIM CIIoco00M, pasae/iuTh
a Ha b ¢ ocTaTKOM: HAlTH Takue JBa LleJIbIX UMCIA g (UACTHOE) U r
(ocTaTok),utoa=bg+r, 0<r < |b|.

HUcnonbayeM ocTaTKM uuce Mpu geneHuu Ha 3. [Tyets (m,n) -
cTupaemass mapa uMcen. Torma m =3q, + r,n=3q, +r,, rae
1. G921, € Z, 0 <1, 1, < 2. CyMMa cTUPaeMoii rapsl paBHa

m+n=3(q, +q,) + (r; +13).
ITo ycnosuwo m + n @ 3, 3SHAUMT, U ry + 15 & 3.
(3mech mosb3yeMcsa Tem, UTo eciMa,be Z,aic, bic, Toa+bic.
OTciofia cnejyer, uTto ecliM cymMMma S=(a+b)ic U OJIHO U3
cjlaraeMbiX a i ¢, TO M BTOpoe cjaraemoe b i ¢. ITO MOTOMY, 4TO B
cymme b = § + (—a) o0a cnaraeMsIX Halles10 Je/sTcs Ha ).
Tak Kak 0<ry+1r, <4, To MMbo r, +r, =0, imbo r; + 1, =3. B

Pt | 1 3 nepsoM ciyuae r,=r,= 0, BO
BTOpOM CIyUae MMeeM BapHMaHTDBI
200 | r)=(2)u(21) wim - Ges

Nauusre | 201 | 202 | 203 yueTa nopsaaka — sapmanr (1,2).
— 204 | 205 | 206 WTak, cTMpaloTCcd Mapbl 4Mcen,
MMeHRIHe napobl OCTATKOB
294 | 295 | 296 | (0, 0)u(1,2). IlocMOTpUM, CKOIBKO
297 | 298 | 299 | Tap MOXeT OCTaTbcs TOC/Ae BCeX

CTUPaAHUA. CocraBum  Tabnuiy
Ta6n.2.12 (rabGm.2.12), pacnionoXMB [JaHHbIE
uyKucaa B CTO/OLBI MO MX OCTaTKaM
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npu geneHuu Ha 3. B oroit Tabnamie 33 MoOAHBIX CTPOK (OHM
cojiepskar umucna 201, 202, ..., 299 — scero 299 — 200=99

YMces Mo 3 B CTPOKe).

Ocrarok 0 npu geseHMK Ha 3 MMeloT 33 uucia.

OcraTtok 1 umelot 33 uncia.

OcraTok 2 uMeloT 33 + 1 = 34 uucia.

C octatkamu (0, 0) MmoXKHO cTepeTb 16 map umcen, ogHO UMCI0
¢ ocraTkoM 0 He MoxeT ObITh cTepro. C octaTKaMu (1,2 ) MOXKHO
cTepeThb 33 napsbl, OJJHO YMCJIO € OCTATKOM 2 He MOXeT ObITh CTepTO.
Ecnu monmkHbl ocTaThCA iBa UMCIa, TO OJIHO M3 HUX ¢ ocTaTKom 0,
npyroe ¢ octratkom 2. [lycTb 2710 uncaa

a=3q,+0 U b=3q, + 2.

Ecau |a—b| =54, 10 |3(9;, —q2)—2| =54 = 3(gq, —q;) -2 =
+54, 1.e.3(q; — q,) = =52 uan 3(q, — q,) =56. Ho-52 u 56 He
neasaTcs Ha 3, TO3TOMY OTBeT OTpMilaTe/IbHBbIi.

B) M3 npenpiayiero myHKTa sHaeM, UTO Ha JIOCKe OCTaJIMCh JBa
yMciaa, MMeloume npd gedeHun Ha 3 octatku 0 m 2. Tloatomy
uMeeM JIBa BapuaHTa 1) BeiOepeM B TabJuMLe MaKCMMaJbHOE UKCIO
¢ octaTkoMm 0 M MMHMMAaIbHOe uMcio ¢ octaTkom 2. IToayuum
yacTHoe %. 2) BoiDepem B Ta0aMie MaKCMMaJIbHOE UUCJIO C

ocTaTKoM 2 M MMHMMaibHoe umcno ¢ ocratkom 0. ITloayumm

299 299 297
HaCcTHOe E. Tak kak — > m, TO Bh]ﬁHpaEM HauOoabllee 3HaUeHHe

201
299

201
Otset: a)Her. 0) Her. B) %

Mpumeuarue. B cGopHuKe oTEET a) « MoXeT» HenpaBWILHBIA.

Bapuanr 24

Ha nocke GblIM HanmMcaHbl HECKOJIBKO LelblX uMcel. HecKolbKo
pa3 ¢ JOCKM CTUPAIM 110 JIBA YMCIa, CYMMa KOTOPBIX JIeJIMTCH Ha 3.

a) Moxer M cymMMa BCeX OCTaBIIMXCA Ha JIOCKe uuces
paBHsATbCS 11, ecnM cHauala Mo OJHOMY pasy ObUIM HANMCAHDI
uucaa 2,3,4,5,6,7,8,9, 10, 11?

6) MoxeT M Ha JOCKe OCTATLCS POBHO JIBa UMc/a, Pas’HOCTh
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MeXKIY KOTOPBIMM paBHa 24, ec/iM CHauajla Mo ofHOMY pa3y ObLIM
HaIMcaHbl Bce HaTypanbHble uucaa oT 100 go 151 BIKOUMTENBHO?

B) H3BecTHO, UTO Ha [OOCKe OCTaJOCh POBHO JBa uMcia, a
CHavaIa 1o oJfHOMY pa3sy ObUIM HANMCaHbl BCe HATYpPaJibHble UMciIa
ot 100 go 151 srawunTenbHo. Kakoe Hanbosbllee 3HaUeHMe MOMKET
MOJIYUUTBCS, eC/IU NMOJAe/IUTh OJHO U3 OCTABIIMXCS UMCeN Ha BTopoe
M3 HUX?

Pemenne.

[IpuBneuem M3BECTHYIO TEOPEMY O JIeJIEHUM C OCTATKOM:

Kakoebl Obl HM ObUIM IleJloe UMCIIO a M 1enoe uuciao b # 0,
BCETZIa BO3MOXKHO, M IIPUTOM e[MHCTBeHHBIM crioco0oM, pa3aenmnThb
a Ha b ¢ OCTAaTKOM: HalTH TakMe [Ba LeNbIX q (UacTHOe) U r
(ocTtatok),utoa=bg+r, 0<r <|b|.

HcnonesyeM ocTaTKu uMces npu geaeHun Ha 3. Ilycete (m,n) -
cTupaeMasi mapa uMcen. Torma m =3q,+ r,n=3q, + 1, rie
G142 1.7 €Z, 0 =r, 1y, < 2. CyMMa cTHpaeMoii maphbl paBHa

m+n=3(q +q;) + (r + ).
ITo ycnoBuw m + n : 3, 3SHAUUT, U1y + 715 i 3
(3mech noJb3yemcs Tem, uto eciMa,be Z,aic, bic, Toa+b:c.
OTcropga cnepyer, uTto eciu cymma S=(a+b)ic MU oHO U3
c/laraemblX a i ¢, TO M BTOpoe cjaraemoe b i ¢. 3TO MOTOMY, 4YTO B
cymMe b = § + (—a) o0a c1araeMbIX Halle/lo Je/ISTcs Ha ¢).
Tak kak 0 <ry+1r, <4, To IMbo ry + 1, =0, imbor, +r, =3. B
MepBoM ciyuae r; =1, =0, BO BTOPOM clyuyae MMeeM BapUaHThbI
OcTaTKu o1 2] br)=(L2)u(2,1), win
—~ 0e3 vyuerta TMnopsjiKa -
2 BapuaHT (1, 2).
JlaHHBIe uMcIa AFRE Hrak, cTupalorca mnapbl
8

uMces, WMEWIIMe Iapbl
octatkos (0, 0)u (1,2).

a) CocraBum Tabamiy
(Tabn.2.13), PAacIioJoXuB
JlaHHBIE uucaa B cToA0LbI MO
MX OCTaTKaM MpM OeleHuH

Tabn.2.13
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Ha 3.
Ocrarok 0 npu JeneHMH Ha 3 MMEIOT 3 UMciIa.
OcraTtok 1 uMeloT 3 uucia.
OcraTok 2 umMeloT 4 uncia.
C ocrarkamu (0, 0) moxxHo cteperb 1 mapy umcen. C ocTaTKaMu
(1,2) MoKHO cTepeTh 3 mapbl. EciiM MX Bce crepeTs, Npu mobom
BapMaHTe OCTAHeTCH He CTepPThIM OJIHO UMCIO ¢ ocTaTKoM 0 ¥ oIHO
YMUCI0 ¢ OcTaTKOM 2. Mbl ocTaBum 6 1 5. CymMMa OCTaABIIMXCS UMCeNl
OyzmeT paBHa 6 + 5 = 11. OTBeT: MOXeT.

0), B) IloBTOpsieTca pemeHue BapMaHTa 23 IpM JAManasoHe
yucen 100 — 151 emecto 200 - 299.

Otger: a)/la. 6) Her. B)1,5.

BapuanT 25

Ha nocke ObiIM HanmMCcaHbl HECKO/IBKO LienbiX uKcen. Heckonbko
pas ¢ JIOCKM CTUPAIM T10 IBA UMCJIa, CYMMa KOTOPBIX JIe/IUTCS Ha 3.

a) MoxeT M cyMMa BceX OCTABHIMXCS Ha [JOCKe uMcesn
paBHATbCE 13, eyl cHauala Mo oAHOMY paszy ObUIM HANMCAHBI
yucna 1,2,3,4,5,6,7, 8,9, 10?

0) MoxeT i1 Ha JJOCKe OCTAThCS POBHO JIBa UMCJIa, PAa3HOCTh
MEJKIY KOTOPhIMM paBHa 21, ec/iM CHauajsia 1Mo oJHOMY pa3y OblIn
HalMcaHbl BCe HaTypaibHble uucaa oT 140 no 191 sBraouMTeNbHO?

B) H3pecTHOo, UTO Ha JOCKE OCTaJOChH POBHO JBa uMc/aa, a
CHavasa o ogHomy pasy OblJIM HalMcaHbl BCce HaTypaJibHble UMcIa
oT 140 no 191 sxmounTensHo. Kakoe Haubonbilee 3HAUEHUE MOXKET
MOJYIUTHCS, eCJIM MOIe/IMTh OJIHO M3 OCTaBLIMXCA YKMCesl Ha BTopoe
M3 HUX?

Pemenne.

[IpuBneueM M3BECTHYIO TEOPEMY O IeJIEHUM C OCTATKOM:

Kakoepl Obl HM ObUIM LieJloe uMC/IO a M uUenoe uuciao b =0,
BCEr/1a BO3MOXKHO, M IIPMTOM €JMHCTBEHHBIM CII0co00M, pasiennThb
a Ha b c oCTaTKOM: HAalTH TaKkue JIBa Lie/IbIX uMc/a q (YacTHoe) U r
(ocTaTok),utoa =bg+r, 0<r < |b|.

HcnonbsyeM octaTKu unce] npu geaeHuu Ha 3. [lyerb (m,n) -
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ctupaemass mnapa uMcen. Torma m =3q,+nr,n=3q, +r, rae
q1.G2. 1,72 €Z, 0 <1, 1, < 2. CyMMa CTHpaeMoii Napsl paBHa
m+n=3(q, +q;) + (r, +13).
Ilo yenopuwo m + n : 3, SHAUUT, U1y + 715 i 3
(3mech mosb3yemcsi Tem, uTo eciMa,be€ Z,aic, bic, Toa+bic.
OTciopa ciefyer, uTo ecliM cymMma S=(a+b)ic U ofHO U3
cjaraemMbiX a i ¢, TO U BTopoe ciaraemoe b : c. 3To [OTOMY, 4TO B
cymme b =S + (—a) o0a cnaraemMsIxX Haleslo JenaTcs Ha ¢).
Tak Kak 0 <r,+r, <4, To AMbo ry +1r, =0, nmbor, +r, =3. B
nepsoM ciyuaer; =r, =0, BO BTOPOM cJIyuae MMeeM BapUaHThI
(ry,15) = (1,2) n (2,1), nau — Oe3 yueTta nmopsjgka — sapuanr (1, 2).
Hrak, cTMpaloTcd mapel uuces, MMelollMe Mapbl OCTATKOB
(0, 0)u (1,2).
a) CoctaBum Tabmuuy (tadn.2.14),

Pacrno/ioKMB JaHHbIe UMC/IA B CTOJOLLBI vorern (@1 |7
MO MX OCTATKAM NPY JleJIeHHH Ha 3. 2
Ocrarok 0 npu geneHuu Ha 3 uUMeOT 3 | Jaunpe |5 | 4 |5
! ; 6|7 |8
mMcna —

Ocrarok 1 umerT 4 uncia. 9 |10

OctaTok 2 UMelT 3 uMucia.
C ocrarkamu (0, 0) MoXKHO cTepeThb 1 TaGn.2.14
napy umcen. C ocrtatkamu (1, 2) MOXHO cTepeThb 3 napsl. Ecin ux
BCe CTepeTb, Mpu M000M BapMaHTe OCTAHETCH He CTepPThIM OJIHO
UMcao ¢ octaTtkom 0 M ofHO uMc/io ¢ octaTkoM 1. Mbl ocTaBuM 3 M
10. Cymma octaBmmxcs umucen Oyaer paBHa 3+ 10 = 13. Orger:
MOXKEeT.
6), B) IloBTOpsieTca pelleHMe BapMaHTa 23 Ipu AuanasoHe

yucen 140 - 191 emecto 200 - 299,
191

Oteer: a) /la. 6) HerT. B) —
Bapuanr 26
Ha pocke GbUIM HanucaHbl HECKOIBKO LebIX uMcesl. HecKoabko

Pa3 ¢ JOCKH CTHPAJIH IT0 B4 UMCI4, CYMMa KOTOPBRIX NEeIMTCH Ha 5
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a) Moxer M cymMMa BceX OCTABHIMXCSI Ha [IOCKe UMCen
paBHATbCA 20, ecsiM CHavaaa Mo OAHOMY pa3sy ObUIM HanMCaHbl
uucaa 2, 3,4,5,6,7,8,9,10, 11, 12, 13?

06) MoxeT M Ha JIOCKe OCTaThCA POBHO [ABa yMcaa, PAasHOCTD
MKy KOTOpPbIMM paBHa 45, eciM cHauala 1Mo ofHoMy pasy Obliu
HalucaHbl Bce HaTypasibHble uncaa oT 103 1o 208 BKAOUMTENBHO?

B) M3BecTHO, UTO HAa [OCKe OCTaJIOCh POBHO [Ba uuMc/ia, a
CHavasa Mo oJIHoMY pa3y OblJIM HANMCAHbI BCe HATYpaJibHble uMclia
ot 103 no 208 BxawounTenbHo. Kakoe HanbGosnblliee 3HaUeHe MOMKET
MOJIYUUTBCS, eC/IU NOJAe/IUTh OJHO U3 OCTABIIMXCSH UKUCesl Ha BTopoe
M3 HUX?

Pemenne.

[IpuBneuemM M3BECTHYIO TEOPEMY O Je/ieHMH C OCTATKOM:

Kakosbl Obl HM ObUIM Liefloe UYMCJIO @ M Liesoe uuciao b =0,
BCerja BO3MOXKHO, M IPUTOM eMHCTBEHHbIM crioco0oM, pa3ie/lnThb
a Ha b ¢ ocTaTKOM: HaiTHM Takue JBa LelbiX q (YacTHoe) M r
(octatok),utoa=bg+r, 0<r < |b|.

Hcnonb3yeM ocTaTKu umcen npu genedum Ha 5. Ilyets (m,n) -
cTMpaemass mnapa umcen. Torga m =5q, + r,n=>5q, +r, rae
q1,q2. 11,172 € Z, 0 <1, 1, < 4. CyMMa cTHpaemMoii mapbl paBHa

m+n=5(q +q;) + (r; + ).
IloycnoBuw m +n : 5, 3SHAUUT, U1, + 715 i 5
(3mech monb3yemcsi Tem, uTo ecima,be€ Z,aic, bic, Toa+bic.
OTcioga cinegyer, uTo eciM cymma S=(a+b)ic M OOHO U3
cjlaraeMsiX a i ¢, TO M BTOpOe cjlaraemoe b : ¢. ITO MOTOMY, 4YTO B
cymMMe b = § + (—a) o0a c1araeMbIX Halle/lo JesISTcs Ha c).
Tak kak 0 €, +r, <8, To Mbor, +r, =0, 1Mbo r; + 1, =5. B
nepBoM ciayudaer; =r, =0, BO BTOpOM cjyuae MMeeM BapUaHTbI
(r.r) =(1,4),(4,1),(2,3),(3,2), mnm — Oe3 yuera MOpAAKa —
BapuaHTel (1,4) u (2,3).

Htak, cTupaloTcsi mapel uMcesl, MMEIOUIME Mapbl OCTATKOB
(0, 0),(1,4)m (2,3).

a) CoctaBum Tabnumy (Tadn.2.15), pacnonoxue JaHHbIe UMCIa
B CTOJ0LBI 110 MX OCTATKAM IPH JeJeHUM Ha 5.
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Ocratok 0 npu pgeneHuM Ha 5

Oeratkn 0 1 2 3 4
UMeT 2 uMena.

Janmsie 2 3 |4
Ocrartok 1 umeloT 2 uMcia. -
OcTtarok 2 UMEIoT 3 uMc/a. 5. |8 |7 |5 |2
OcTaTok 3 MMeloT 3 uMcia. 10111 |12 |13
OctaTok 4 uMeloT 2 uMucia. Taom.2.15

C ocratkamu (0, 0) MOMKHO

crepets 1 napy umcen,. C octaTkamu (1,4) MOXKHO cTepeTh 2 Mapsl.
C octatkamu (2,3) MOXKHO cTepeTh 3 napbl. Bce uncaa MoryT ObITh
creptbl. MBI ocraBum mnapy c ocrarkamu (0, 0), T.e. mapy umces
5,010, v opuy mapy c¢ ocratrkamu (2, 3) - mnapy uMcen
2,3.OctanbHble umucna corpeMm. CymMa ocTaBlimMxcs umucen Oyger
paHa 54+ 10+ 2+ 3 = 20.
OTBeT: MOXeT.

OcTaTen 0 1 2 3 4

0) Kak " B
105 | 104 rpeblayiuem MYHKTe,
Jlanusie | 105 | 106 | 107 | 108 | 109 | COCTaBUM TabmuLly

(Tabn.2.16). IlocmoTpum,
CKOJIBKO nap MOJKeT
OCTaThCH nocne BCEX
200 1201 1202 1203 | 204 cTrupaHuii. B aToit Tabnuie
20 1nonHBIX CTPOK (OHM
cogep:kat umcaa 105, 106,
ey 204 —
Brero 204 - 104 = 100
uuces Mo 5 B CTPoKe).
Ocrarok 0 npyu geneHuu Ha 5 umeet 20 + 1 = 21umcio.
Ocrarok 1 umeet 20 + 1 = 21umncio.
Ocrarok 2 umeet 20 + 1 = 21uncio.
OcraTtok 3 umeet 20 + 2 = 22uncia.
Ocrarok 4 umeer 20 + 1 = 21unwio.

C ocratkamu (0, 0) MmoxHO cTepeTh 10 nmap umcesn, 0IHO YHCJIO C
ocrtaTkoM 0 He MoxeT ObiTh cTepto. C ocrarkamu (1,4) MOXHO
crepetb 21 mapy. C octatkamu (2, 3) MOXKHO cTepeTh 21 napy, ogHO

uMcaa 110 | 111 | 112 | 113 | 114

205 | 206 | 207 | 208

Tabn.2.16
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YMCIO € OCTATKOM 3 He MoxeT ObITh cTepTo. Ecimm JO/DKHBI
OCTAaThCA JBa uMCJa, TO OJHO M3 HUX ¢ octaTkom 0, Apyroe c
octatkom 3. [lycte 3T0 uMcnaa=5q, +0ub=>5q, +3. Ecau
la — b| = 45, To |5(q; —q,) — 3| = 45 = 5(q, — q;) — 3 = ¥45, T.e.
5(q, — q,) = —42um 5(q, — q,) = 48. Ho —42 1 48 He mensircs Ha
5, MO3TOMY OTBET OTPULIATENbHbIi.

B) M3 npenpiayiiero NyHKTa 3HaeM, UTO Ha JIOCKe OCTaJIMCh Ba
upcaa, umeronme npu aeneduu Ha 5 ocratrku 0 u 3. Tlosromy
uMeeM JIBa BapuaHTa 1) BeiOepem B Ta0/uile MAKCMMaIbHOE YHCIO

¢ ocratTkom 0 M MMHMMAaJbHOE UMC/IO C OCTAaTKOM 3. HCIJIWHM

205
YyacTHoe - 2) Boibepem B Tabauile MakKCMMalbHOE YMCIO C

OCTATKOM 3 M MMHMMaJbHOe uMcI0 ¢ octatkom 0. HGHY'-IHM

208 205, 208
vacTHoe —. Tak Kak — > —, To BbiOupaeM HauGosblee 3HaUEHN e
205

103"
205

OtBeT: a) [la. 0) HeT. B) —

103"

BapuanTr 27

Ha nocke ObUIM HamMMCaHBI HECKOABKO LeNbIiX uKces. Heckonbko
pas ¢ JIOCKU CTUPAIHK 110 IBa UYMCIa, CYMMa KOTOPBIX Je/IMTCH Ha 5.

a) MoxeT M CcyMMa BCeX OCTABUIMXCA Ha JOCKE YMCen
paBHsATbC 24, ecaM cHauala Mo ogHoMy pasy ObUIM HANMCAHBI
yucna 3, 4,5,6,7,8,9,10, 11, 12, 13,14?

6) MoxeT M Ha JOCKe OCTATLCHA POBHO JIBa UMC/Ia, Pas’HOCTh
MeXIY KOTOpPbIMM paBHa 45, eciM cHava/la no ofHoMYy pa3sy Obliu
HaIMcaHbl BCe HATYpaJibHble UMc/aa oT 53 1o 158 BKaounTe/nbHo?

B) MspecTHO, UTO Ha JOCKe OCTaJoCh POBHO JBa 4uc/la, a
CHauvana 1o ogHoOMY pasy Obl/IM HanMcaHbl Bce HaTypalibHble YMC/IA
oT 53 no 158 srmounTtenbHo. Kakoe Hanbosbliee 3SHAUCHUE MOMKET
MOJAYIMTHCA, eC/IM MOAEeANTh OJHO M3 OCTABILIMXCA YKMCe/l HA BTOpoe
M3 HUX?

Pemenne.

a) CymMMa neppoHauyaJIbHO HaIlMcaHHBIX umucen papHa 102.
[Tocne mobGoro uKcaa cTUpaHmii U3 3ToM CyMMBbI BBIUMTAETCSH YMCIIO,
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KpaTHOoe 5 — BBIUMTaeTcsd uMCAO Sm, Ilie m — HeKOTOopoe liejioe
yucio. Ocraerca cymma 102—5m . Eom 102-5m =24, TO
5m = 78, yTO HEBO3MOKHO, TaK Kak 78 He genutcs Ha 5. OTBeT: He
MOMKET.

0) IlpuBneuemM M3BECTHYIO TEOPEMY O JIe/IeHMM C OCTATKOM:

KakoBbl Obl HM OblnM Lle/loe UMCIO a U Uenoe uucio b #0,
BCET1a BO3MOXKHO, M IIPUTOM e[IMHCTBeHHBIM CIIOCO00M, pasie/nTh
a Ha b ¢ oCTaTKOM: HalTM TakMe [Ba LeNbIX q (UacTHOe) U r
(octaTok), utoa =bqg+r, 0 <r <|b|.

Mcnonb3yeM ocTaTKM umcen npu geneduu Ha 5. Iyets (m,n) —
cTupaemas mnapa uMcen. Torma m =5q, + r,,n=5q, +r,, rae
1,21, €Z, 0<r,r,<4. CymMMa cTHpaemMoii mnapbl paBHa
m+n=5(q, +q,) + (r;, + r»). [loycaoBuw m + n i 5, 3HAUMUT, U
ry+nrib
(3mech monb3yemcsi Tem, uTo eciMa,be Z,aic, bic, Toa+bic.
OTcioga ciefyer, UTO e cyMMa S=(a+b)ic U OJHO Wu3
cjaraemMeiX a : ¢, TO M BTOpoe ciaraemoe b : c. 3TO [OTOMY, 4TO B
cymMMme b = § + (—a) o6a cnaraeMsIX Haleno JeJsTcst Ha c).

Tak kKak 0 <r, +r, <8, To AMbo ry + 1, =0, nmbor, +r, =5. B
nepsoM ciyvae r; = r, =0, BoO BTOPOM — BApUaHTHI

(r,12) =(1,4),(4,1),(2,3),(3,.2), mnm — 0Oe3 yuera mnopsgka —
BapuaHTel (1,4) u (2,3).

Hrak, cTupaloTca mnapbl umMces, MMelollMe Iapbl OCTaTKOB
(0, 0),(1,4) n (2,3). ITocMOTpHUM, CKOJBKO MMap MOX¥eT OCTaTbCs
nocne Bcex ctupanuii. CocraBum tabnuiry (tadn.2.17), pacnonoxus
JaHHble uucaa B cToAbLbl MO MX OCTATKaM INpM JeleHuu Ha 5. B
9TOMi Tabnuue 20 MOJHBIX CTPOK (OHM copepikaT uucia 55, 56, ...,
154 — Bcero 154 —54 = 100 uucen 1o 5 B cTpoke).

Ocrartok 0 npu fgeneHuu Ha 5 umMeeT

20 + 1 = 21umncino.

OcraTtok 1 umeer 20 + 1 = 21unwio.
OcraTtok 2 umeet 20 + 1 = 21uncio.
Ocrarok 3 umeer 20 + 2 = 22uncia.
OcraTok 4 umeer 20 + 1 = 21umncio.
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C ocratkamu (0, 0) moxkHo cTepeTb 10 map umcen, ogHO UMCIO
¢ octraTkoMm 0 He MoKeT GbITh
crepro. C ocTaTKamu
(1,4) MoxXHO cTeperh 21
napy. C octatkamu (2,3)
MOKHO cTepeTh 21 mapy, lauusie | 55 56 57 58 | 59
OJHO YMC/I0 C OCTATKOM 3 yncia 60 | 61 | 62 | 63 | 64
He MOXeT ObITb CTepTo.
Ecnu mo/mKHBI OcCTaThCs
IBa UMcaa, TO OOHO M3
HMX ¢ octaTkom 0, apyroe
¢ ocraTkoM 3. [lycTe 3TO
yucaa a=5¢+0 #H
b=5q,+3 . Eciu |a—b|=45 T10 |5(g9,—q,)—3|=45 =
5(q1 — q2) —3 = +45, 1.e. 5(q, — q2) = —42 nau 5(q, — q2) =48 .
Ho —42 u 48 He fgensaTcs Ha 5, MO3TOMY OTBET OTPULIATE IbHBbIIA.

B) M3 npenbiayinero nyHKTa 3HaeM, YTO Ha JOCKe OCTAJIMCh [IBA
yucaa, MMelme npu gedeHun Ha 5 ocratku 0 u 3. Ilostomy
MMeeM JiBa BapuaHTa 1) BeiOepeM B Tad/MLle MaKCHMMaJIbHOE UMCIO
¢ ocraTkom 0 ¥ MMHMMAaJbHOe UMc/I0 ¢ ocTaTkoM 3. Iloayuum

155
HacTHOE 33" 2) BbIﬁEPEM B Taliuile MakCMMaJlbHOE YMCIO C

OctaTen 0 1 2 3 4
53 54

150 | 151 | 152 | 153 | 154
155 | 156 | 157 | 158

Tabn.2.17

OCTATKOM 3 M MHMHMMalbHOe uMcIo ¢ octaTkom 0. IMomyunm

158 155 _ 158
uacTHoe —. Tak Kak — > —, To BbiOMpaem HauGorbliiee 3HAUCHHE
155

53°
155

OrgeT: a) Her. 0) Her. B) —_—

MMpumenanue. B chopHuKke oTeeT a) «MoxeT» HenpaBWIbHbINA,

Bapuanr 28
KoHeuHasi BospacTaiollasi T1ociefoBaTe/IbHOCTh ay, dy, .., a4y,
COCTOMT M3 n =3 HaTypaJbHBIX uMces, TpUUeM Tpu Bcex
HATYpaJibHBIX k < n — 2 BBINOJHEHO PABeHCTBO
3apyp = Sy — 2a.
a) IlpuseauTe npuMep Takoli nocaegoBaTebHOCTU MPU n = 4.
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0) MoxeT /M B TaKoit 1Mocsie0BaTe/IbHOCTH NMPU HEKOTOPOM n=>
3 BBHITIOJIHATHLCA PABEHCTBO
a, = 3a, — 2a,?
B) Kakoe HauMeHblllee 3HaueHMe MOXKeT IMPUHUMAThL a, ,
ecin a, = 6677
Pemenmne.
[Tonpobyem monyuutsh dopmyary mas n-— [0 wWieHa

nocaegoBaTeabHOCTH. UMeem
_ SAgs—2ay _ 3y +2age—2ag 2
Agyz =— 5 = = = Qg1 + 5 (A1 — @) =

2
Qg4 — Apg1 = ;(akﬂ — Q).

I[lycth agyq —a, = b, (Mo ycnoeuiwo by, > 0). Torma by, =§ by, TO
eCcTh TMOoJMIyun/iach reoMeTpuueckas nporpeccus M3 HaTypajJbHbIX

2
umcen (by) ¢ mepBbIM WiI€HOM by = a, — ay M 3HAMEHAaTe/leM q = =

CBspKeM a,, ¢ 3TOJ nporpeccueii, 115 yero rnpeiacTaBuMm ero B Buje
ay = a; +(a; —a,) + (az — az) + -+ (-1 — Ay-3) + (ay — ay-4)
(ecau OTKpoeM CKGﬁKH. TO Kaxjoe MoJIoXHTe/IbHOE UMCIOo,
HauMHadA C IIepBOro, YHUUTOXKHUTCA C OTPHLATEIBHBIM YHMCJIOM B
i’.‘.FlEJJyH}MEﬁ CKGﬁKE, OCTaHeTCHd TOJBKO MMociefHee NMOJOKHUTe/lbHOe
UHUCIO ay,. DTPH]J,HTEJ]EHI}]X UHMCe/]l He OCTaHeTCHd, TaK KaK Kaxoe
OTPpHMLATENbHOE YMC/0, HaUMHAA ¢ MocaeHero, YHMUTOAKHUTCH C
Moo HMTEeIbHBIM YHMCJIOM B an,[[bII[YLIJ.Eﬁ {.‘K'DﬁKE}. HG,ILCTHBJIHH
gy —ap =by(l<k<n-1),nonyuuMa, =a, + by + b, + by +
was bn_ 1:
[To opmyiie cyMMbI UJIEHOB F€OMeTPHUECKOIi TTporpeccuu
2

B n—1
b1+h2+b3++bn_1=b1#_=3b1(1—(§) ),

L&

Mo3TOMY
n—1
an=a1+3bl(1—(§) ) (1)
[‘,II,'E' bl = 'ﬂz = ﬂl.
a) Ilo dopmyne (1)

2
ﬂ3=|‘11+3b1(1—(§) ):al +;b‘1*
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a, = a, + 3b, (1 N @3) =a, + b,
MoxHO B34Tb JilO0OOE HaTypajJibHOoe uMciao a, =1 u moboe
HaTypa/lbHoe uuciao b,, KpatHoe 9. Hanpumep, a, =1, b, = 27.
Torga
a,=a, +b, =28, a;=a,+>b, =46,a, = a, + b, =58.
[Tonyumnacek nociaegoBaTeJbHOCTh 1, 28, 46, 58.
0) JomycTum, uTto a, = 3a, — 2a,. [To popmyne (1)

a, +3b, (1 = (3)"_1) =32, 2a,:

3

n-=1
Ilopacrasum a, = a, + by. Torma 3b, (1 - G) ) =3b,. Tak Kak

3b, % 0, TO 1—(%)"_1=1=p(

OTEeT: He MOMKeT.

n—1
B) Ilo dopmyne (1) a, =ﬂ1+351(1 —G) )= a, + 3b, —

zr!‘-.‘l.hl
gn—2 °

2

n-=1
5) = 0. Ho 3T0 HEBO3MOMKHO.

ofi=1p, o
= € N, T0 b, Haueno jenmrcs Ha 3"2:

Tak Kax

b, = 3" %m npu HeKoTopom m € N.

BeIsICHUM rpaHuily, KOTOPYIO HaBepHSKA He MOXeT MpeB3oiTH
n — UMCJ0 WIeHOB MocjegoBaTelbHocTHM. M3  mociaemHero
paBeHCTBa BMAMM, uTo b, =3""2 C Jpyroii cTopoHbl, b, =
a, —a, < a, < a, =667. [Moatomy 3" %< 667. YuMThiBasi, UTO
Omkaimeit K uncny 667 (cBepxy) cTeneHbl0 uMciaa 3 sBaseTcs
3% =729, mMoxeM 3anmMcaTth 3"?2<729, TOo ecTh 3"2% < 38
OTciona cnemyer, uTo n<8 &en<7. Hrak, n He MoXer
npes3oiiTi 7, M JocTaTouHo nepedpath cayuau n = 3,4,5,6,7.

2
n=3.b =3m a3 = a1+3bl(1—(§) )= a1+§bl.

667 = a, + 5m & 667 —a, = 5m.
HaumeHbIIMM 3HAUeHWeM a,, NMPH KOTOPOM PasHOCTb 667 —a,
KpaTHa 5, aBisercs a, = 2.
OcTtanoch NpoBepuTh, He TOJAYUMTCH JIM MeHbllee 3HaueHue
a, = 1 Npu Apyrux 3HaUeHUAx n.
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3
n=4. b, =9m, ﬂ4=ﬂ1+3b1(1_(§) )=1+§bla

667 =14+ 19m < 19m = 666.

Ho 666 He kpaTHo 19, ¥ 3TOT c/yuait HEBO3MOMEH.
2

4
n="5. by=27m, a5:a1+3b1(1'—'(5) )=1+§—:b1-

667 =1+ 66m & 65m = 666.
Ho 666 He KpaTHO 65, M 3TOT C/Iyuaii HeBO3MOXKEeH.

5
n=6. bl=31m, ﬂ.5=a1+3b1(1-(§) )=1+%b1:

667 =14+ 211m < 211m = 666.
Ho 666 He KpaTHO 211, ¥ 3TOT c/1yuaii HEBO3MOMEH.
&
n=7 by=243m, ay = ﬂ1+3111(1 —G) )= 1+E
667 =1+ 666m < 665m = 666,
Ho 666 He KpaTHO 665, M 3TOT cJTy4aii TaK e HeBO3MOXKeH.
HUTak, a, umeeT HauMeHbllee 3HaueHue 2 npu n = 3. [Ipu
a1, = 2 UMeeM
667 —a; =5Sm=>m =133, b, =3m =399, a, = a, + b, = 401.
[Tosyuaem nocnegoBatenbHocTh 2, 401, 667, YIOBJAETBOPSAIOIIYIO
VC/IOBMIO 3aJlauM.

OTeert: a) Hanpumep, 1, 28, 46, 58. 6) Her. B) 2.

bll

Bapuaur 29

Tpu pasnuuHbIX HATypajJbHbIX uUMCAa ABASKTCA JIMHAMM
CTOPOH HEKOTOPOI'O TYIOYTOAbHOIO TPeYroJbHMKA.

a) MoeT 1M oTHOIIEeHKMe OONbIIero M3 3TUX UMCcesl K MeHbIIeMy
M3 HUX ObITH paBHO 13/7?

6) MoskeT 11 oTHOLIeHHe DONbILero U3 3TUX YMcell K MeHbllleMy
M3 HMX ObITE paBHO 8/77?

B) Kakoe HauMmeHblllee 3HaueHMe MOXeT [PUHUMATH
OTHOLIeHHe OOJbIIero M3 3THUX uMcesl K MeHbIlleMy M3 HMX, eclii
M3BECTHO, UTO CpeHee 10 BeIMUMHEe YMCI0 paBHO 257

Pemenme.

[lycte maubi a,b,c € N. Tak Kak OHM pPasiIMUHBI, TO UX MOMKHO
PaACNoJIOXMTh B TOpAAKe BO3pacTaHUd, COeIMHMB CTPOrMMM
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HepaBeHCTEAMM.

[Tyctb a < b <c¢. Camas OGonbuias < a
CTOPOHA ¢ JIEXKUT MPOTHB CaMOro b />
Oonbuioro yriaa TpeyroibHHKa, Tak /;f?"'

YyTo TYMNbIM  gBAsSeTcd yroa C =

(puc.2.18). Tak Kak cosC < 0, To, Puc.2.18

MCTIO/b3YH TEOPEMY KOCHHYCOB (c2=a®*+b*-
2abcosC), nonyuaemM HEPaBeHCTBO ¢ > a® + b?. YuuTsIBag elle, UTo
a— HaMMeHbIIasi CTOPOHA, WMEeM CUCTEMY HEPaBeHCTB
Icz > a’ + b?

a< b. :
nepeiiieM K paBHOCHJIbHOM cHCTEMe

P sEcy

' [logenus IMepepoe HEPABEHCTBO Ha ﬂz, 4 BTOpOe Ha a,

(1)
&2
a
a) Ecimn E — 1?3 TO cucTema (1) uMeeT BUIL:

169 b o
» o 110) 1<b 230

§an !

[

B kauecrpe E MOHO B3ATb J100yI0 OOBIKHOBEHHYI0 Jpo0b M3
MHTEpBaia (1,@}. Tak kak 5 < /30, Tﬂ? < 2@ = 1?_0 € (l.z—iﬁ).
[loaToMy MOXeM B3AThb E: % Hanee moxHo Opatb a = 7k,
b = 10k npu mobGom k € N. [lycts, Hanipumep, k = 3. Torga
a=21,b=30,c="a=39.
Hammes Tpu noaxopsmmux umcna 21, 30, 39, Takue, uTO
392 > 212 + 302, 21 < 30. g = 2. OTBeT: MOXer.
0) Ecau E = g, TO cucTeMa (1) umeeT B :
= by
. }11':1;(“) el < E < E::- 7 <V15- nporusopeune. OTBeT: He
a

MOMKET.
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c? > a® + 252,

c<a+25 : & s

B) JlomKHO ObITh I

c
MHMHMMHIUPOBATDE =

PaccMoTpuM  TNIpOM3BOJIBHOE  pellleHMe (a,c) CUCTeMbl M
yBeJIMUMM o0a uucaa Ha eqMHMILY. Torma 1o-
T, [(-:: +1)2> (a+1)% +25%

c+1l<(a+1)+25
HepaBeHCTBa npubasuaM 2c + 1, a K MpaBoil — MeHbIlee UKUCI0
2a+1, K o0eMM yacTaM BTOPOr0o HepaBeHCTBa MpuOaBMIK
NopoBHY), To ecth napa (a',c')=(a+1,c+ 1) ToXe sABAsAETCH

peleHeM CMCTeMBbl. Ho IMpH 3TOM OTHOIIEHWEe YMEeHBIITW/IOCH
o c+l ¢ a-c

(==——m=—— === < (= :—i < :'.}* [Toatomy i yMeHblleHHs

a' a at+l a ala+1)

(K 7eBoif 4YacTM MepBOro

OTHOUIeHWS ﬂi Gymem, mnpuOaBnas eauMHULY 3a eIMHMUIe,

yBeJIMUMBaTh @ M ¢ [0 TeX Mop, TNMOKa a He J0CTUTHeT
HauOo/blIero BO3MOXHOTO sHaueHus 24 (mo ycnosuio a < 25). Ha
ITOM ITalle OTHOIIeHUe CTAHeT PABHbIM 214 MPU HEKOTOPOM .

Tenepb nns ganbHeiilllero ymeHblIeHMS OTHOLIeHMs Oyaem
[MpocTo YMEHbIIATD ¢ TTOKa aTo BO3MOXKHO, TO eCcThb
MOKa COXpaHsieTcs HepaBeHCTBO c? > 242 + 252 & ¢? > 1201. Tak
Kak ¢? € N, TO 3TO PaBHOCMJIBHO HEpPaBeHCTBY c¢? = 1225, To eCTh
¢ = 35. Buaum, 4TO UMCIO ¢ MOXKHO YMEHbIIATh TOJABKO Oo0 35.
HaumeHblllee OTHOIIEHUE E MOJyuaeTcsl PaBHbIM g. [Ipu sTom
MMeeM TPeyrolbHMK 24, 25 35.

OTeer. a) Moxert: 21, 30, 39. 6) He moxkeT. B) E.

Bapuanr 30.

Tpu pasaMuHbIX HATYpaJdbHBIX UMC/IA ABASAIOTCH JJIMHAMM
CTOPOH HEKOTOPOTo TYMOYroIbHOTO TPeYTroJIbHUKA.

a) MoxeT i oTHOIIeHMe DOBLIEro M3 ITUX UKMCe/ K MeHblIeMYy
13 HUX OBITH paBHO 3/2?

0) MoskeT iu oTHOLIeHMe GO/bLIero U3 ITHX UKMCe/T K MeHbllIeMy
M3 HUX OBITh paBHO 5/47
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B} Kakoe HaMMeHbIIee JHaUeHHe MOMeT MPpUHMMATDb
OTHoOlLIeHHe GOJbIIero M3 3TUX UMceNl K MeHbIeMy M3 HMX, eclH
M3BeCTHO, YTO cpejiHee M0 BeJIMuMHe YMCI0 paBHo 18?

Pemenne.

[losTOpsieTca pelieHMe BapMaHTa 29 ¢ JOPYyrMMHM UMCIOBBIMM
JaHHBIMHK. PaccMOTpPHMM TOJBKO I1. &).

9 I

c _3 =] o (')2
- E a
Ecnu - =, To cucTeMa (1) umeeT BUI:

1<= %" 2

a
B KauecTse E MOJKHO B3ATb J100yl0 OOBIKHOBEHHYIO Jpo0b M3
E 5 11 5
MHTepBasa {1.%}. Tak Kak 2,2<v5, 101,1< g = =€ (1.%).
b 11
[ToaTomy Moxem BT ~ = —. JIlanee moxHo OpaTtb a = 10k, b =

11k nmpu mwoGoM k € N. Ilycth, HanpumMep, k = 1. Torgaa = 10,b =
116= %a = 15. Hamnmcepr TpM noaxopsmmx umcaa 10, 11, 15,

takue, utro 152 > 10% + 112,10 < 11. E = g OTBeT: MOXeT.

Oteer. a) Moxert: 10, 11, 15. 6) He moxeT. B) %

Bapuanr 31
KoHeuHasi nociefoBaTe/lIbHOCTDb ay, A, ..., A, COCTOMT M3 n =
3 HaTypaJbHBIX UMceJ, MPUUEM TpPU BCeX HaTYPaIbHBIX k < n —
Z BBITIOJTHEHO PABEHCTBO
Ay = 2034y — ax — 1.
a) [IpuseguTe npumep TaKoM nocjeoBaTe/IbHOCTH MpU n = 5,
B KOTOpOi a; = 4.
06) Moxer M B Takoii MocnefoBaTe/llbHOCTH HEKOTopoe
HaTypaJlbHOe YMCJI0 BCTPeTUTLCS TPU pasa’?
B) IlpM kakom HauOo/bLIeM /1 TaKasg [0C/eL0BATEbHOCTD
MOJKeT COCTOATh TOJIBKO M3 TPEX3HAUHBIX UMcen?
Pemenne.
N3 pgaHHOro paBeHCTBAa BMJHO, YTO [OC/AEIOBaTeIbHOCTD
(a;) NonHOCTBIO omnpegenseTca BuIGOPOM IEPBLIX IBYX WIEHOB a, M a,.
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[Tonpobyem  monyuuth  dopmyay pgag k- Tro  wieHa
nocaegoBaTeIbHOCTH. HMeem
Apg = Qpgy + Qg — Qe — 1 2D Ay — gy = Qg — @ — L
[IycTb apyq — ai = by. Torga byyqy = by — 1, TO eCcTb NOAYYMJIACH
apudmMeTHUecKas TMporpeccusi M3 HaTypalibHbIX umcen (b,) ¢
MepBeIM WIeHOM b; = a, —a; M pasHocTbio d = —1. CBfXeM ay C
3TOii Mporpeccueit, /15 uero npeacraBMm ero B Buje
ax = (a,) + (a; — ay) + (a3 — @) + -+ + (AQg—1 — Ax—2) + (A — Ax—,)
(ecsm oTKpoeM cKOOKM, TO KaXKIoe MoJ0KUTeIbHOe UKo,
HauMHas ¢ MepBoro, YHMUTOXKMUTCA € OTPULIATEILHBIM UMCIIOM B
cneayiouleit ckoOKe, OCTAHETCS TOJIBKO TOC/IeJHee MOMOXKUTeTbHOoe
YMCI0 a,. OTpuLiaTe/IbHbIX Uices He OCTAaHeTCs, TaK KaK Kaxiaoe
OTpULATEbHOE UMC/I0, HAUMHAas C MocIeqHero, YHMUTOXKHUTCS C
TOJIOJKUTEBHBIM UMCJIOM B npebiayieii ckooke). [logcrasnss
Aoy —ap=by(1<k<sn-1),nomyuuma, =a, + b, + b, + by +

oot by_y.
ITo dhopmyne cyMMBI U€eHOB apuMpMeTHUeCKOoif Tporpeccumn
by + by
by 4 by +bg + 4 by =IT“{A:- 1) =
b1+bl+{z‘2}'{'1} {k o 1} _ bl{k i 1) e ':k'l}z“f'z‘jl
[loatomy a;, =a; + by(k—1) — w WA
ak:—%k2+(b1+%)k+(ﬂ1*b1“1) {1]
a) ITo popmyne (1) umeem as = 4b, +a, — 6 = 4(a, —a,) +a, —
6=4a,—3a,-6 = 4a, -3, ~6=4>a, =22 TloxGepem

HaTypaJbHbIE UMC/Ia a, M a,.
[Iyctb 3a, + 10 = 16, To ecThb a, = 2. Toraa
a, =4, a3=2a,—a,—1=5, a,=2a;— a,—1=5.
[Moayumau noaxoAguylo Mocie1oBaTe/IbHOCTh 2,4, 5, 5, 4
0) PaBeHcTBO (1) 03HauaeT, UTO WieHbl MOCIEL0BATEIbHOCTH.
(ay) npeactaBasioT coboii 3HaueHMs KBaApaTMUHOM QYHKLMM
HEeMpepbIBHOTO aprymMeHTa

y() = =37+ (by +2)x + (a, — by = 1) 2)
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MpM HaTYypa/ibHbIX 3HAUEHMSX aprymeHTa: a, = y(k), Tak uTo Bce
TOUKM € HATYPaJIbHBIMM KOOpAMHAaTaM¥u (k, a;) nexat Ha napabone,
Hampap/leHHoO# BeTBAmM BHM3. KBagpatuuHas QyHKIMS MOMKeT
UMEeTh OJMHAKOBble 3HaueHust y(x;) = y(x,) He Oonee uem Ipu
IBYX  3HaueHMAX  aprymeHTa
Xy P X 3HAUMT, YIeHbl
nocaeqoBaTe/bHOCTH a; M a,,
MOTYT ObITb pPaBHBIMM He OoJiee
yeMm IIpM J[BYX HoMmepax k # m.
[ToaTomy MOTYT BCTpedaThCd
TOJIBKO Mnmapbl OIHHAKOBBIX
YWIeHOB TOocAeNoBaTe/IbHOCTH
pasHbiMM Homepamu. HuMKakoe
HaTypaJibHOe UMCIO a, He MOMKeT
BCTPETHUTHCSH TPM pa3a.

B) Hapo nogo0paTh
noc/jie10BaTe/IbHOCTh Puc.2.19
HaTypajibHBIX umucen ( 1 ),
YIOB/IE TBOPAIOIMX HEepaBeHCTBaM 100 = a, =999,

HaubONBIIMM KOJMMUECTBOM uieHoB n. Jlig 3Toro JoCTATOUHO
BIOpATh TMepBbie JIBa WieHa a, M d,, TO eCTb nmapaMeTpbla, u b, B
dopmyne (1). T'eomeTpuuecku 3To o03HavaeT Moao0paTh TaKyIo
napabony (2), uroObl Bce ee TOUKM ¢ KoopauHatamu (k, ay) mpu
k =1,2,..,n0Kasaaucb B mnoaymnosoce P:x =2 1,100<y <999 #u
uToOBl TAKMX Touek ObUIO Haubosbiee KonuuecTBo n (puc.2.19).

3ameTuMm, uTo (QyHKUMA (2) npu Beex LeNbIX 3HaAUeHUsX
aprymeHTa x = k € Z MMmeer 1Lie/ble 3HauUeHus. [lelicTBUTeNbHO, o
YCIOBMIO 3ajauM a, , a €EN = by =a,—a; €Z U mNnoromMy B
BbIpakeH M1 v(k) = -%kl + (b1 + S)k +(a; = b, —1) TpeTbe
cnaraemoe (a; —b; —1) € Z. CymMy nepBbIX [BYX Cjlaraembix
npeAcTaBUM B BUJE

Ecnu k € Z ueTHoe, TO Moc/e ero cokKpaulieHuss Ha 2 nojyvyaercs
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npouseeneHMe 1enbix umMcen. Ecim k HeueTHoe, To k —3 ueTHoe
M noroMmy k—3-—2b, ueTHoe, TaK 4TO TIIOC/Ie COKpalleHud
k —3 —2b, Ha 2 ToXe mnoJsyuyaeTcd NMpPOM3BeleHMe 1le/bIX UMCel.
CnegosatesibHO, y(k) — Lie10e uucio.
Muoxkectso Touek (k; y(k)) ¢ uenbiMmm KoopauHatamm k, y(k)
HasoBeM duckpemmoii napabonoii
(nat. discretus npepbIBUCTDIMN,
MpepbIBHLbIN), a caMM TOUKH
B.¥B3))  (k; y(k)) — ee yanamu. MHOXecTBO
y3noe (k, a;), NpeacTabBisiOIMX
Mnocae10BATe/IbHOCTh { ap ),
ABJIETCS YacTbl0 JIUCKPEeTHOI

AY

(1y(1)

napalobl.
Kak M3BECTHO, 0ChIO
| 5>  CMMMETPHH napaboibl
0 1 Z X  y=ax?+bx+c CIYKUT npsimas
x= -—% ITO 3HAUMT, UTO eciu
Puc.2.20 TOUYKM Xx; M Xx; PAacnoNoXeHbl

CUMMEeTPUYHO OTHOCUTE/ILHO
Tmmu-% (paBHOOTCTOAT OT Hee), To y(x;) = y(x;). B obiem
Ccliydae Y3lbl ,[[HCK]JETHDﬁ Hapﬂﬁﬂ.ﬂ bl MOrYT pacnolaraThCsa He
CMMMETPHYHO OTHOCHTEJILHO OCH napaﬁmm M3-34 TOr'O, UTO LEJIbIE
TOUYKM Ha ocu Ox pacnoiaraioTca He CMMMETPHMYHO OTHOCHUTE/IbHO
TOUKM —i (puc.2.20). Ho B Hamem ciayuae a = —%, b=b, + g

b 3 3
—--=Dby+>, 1 OCbl0 CMMMETPUM AIBISIeTCS TipsMast x = by +-.

2a

3
Yucno by +E HaXoIUTCH MmocepeuHe MeXXIy coceJIJHMMM LeJbIMH

yucaamMm m=by+1um+1=>b;+ 2 (puc.2.21). IloaTomy 1ensie
yyc/la MOTYT pacrofaraTbCi CMMMETPMYHO OTHOCHMTE/IBHO 4YMC/Ia

3 1
b, + S=m+s. bnarogapsi sTOMy y3/bl  Halieil  JIMCKpeTHO
napabosibl  pacronaraercs CUMMETPMUHO OTHOCHUTENBHO OCH

1
Uncno  y(m+7) ABISETCA  MAKCMMaIbHBIM  3HauYeHHeM
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dyukumM (2). 3HaveHmst PYHKUMKM B OAMKaNHIIMX K m +% 1eJIbIX

TOUKax — 3HaueHus y(m) u y(m + 1), paBHble JPYr ApVyry B CWIY
CUMMETPHH, ABJISIOTCS MAKCMMATIbHBIM 3HAauUeHueM QyHKLMM npU
1eJIbIX 3HAUeHUAX apryMeHTa.

BakHo ykasaTb Ha pasHocTb y(k + 1) —y(k) = *%(k +1)%+

(b +3)(k+ 1)+ (ay — by = 1)—3k> + (by +3) k + (a, — by, — 1)

=b+1—-k=m-—k.

B vactHocTH (puc.2. 21),
yim+1)—y(m)=m—-m=0,
ym)—y(m-1)=m-(m-1) =1,
yim—-1)—-y(m-2)=m-(m-2) =2,

C vypmaneHuem umcaa k OT uMcaa m BeduuuHa |m — k|
BO3pacraeT, TO eCTh PacCTOSHME MeXJY COCeIHUMM 3HAUeHMSIMMH
y(k)ny(k + 1) no BepTUKaJM yBeJIMUMBAETCA. ITO O3HaUaeT, uTo
MJIOTHOCTb Y3JIOBBIX TOUEK (MX KOJMUYECTBO HAa eMHMIIY [JIMHBI 110
BEPTMKaJIM) MaKcMMaabHa  BO/mM3M mnpsamor y=y(m) wu
YMeHbIIAeTCs NP ABWKeHUU BHU3.

Ecnm m+ 1 okaxeTcsi HaTypalibHbIM uMcioM, To y(m+ 1)
OymeT MakCMMa/JbHBIM WIEHOM @44 ITOC/AEJ0BaTEAbHOCTH (ay) C
HoMepoM m+ 1 (m+1=1):y(m+1) =ay,:;- A ecIM OKaxeTcs
m € N, 1o 6ynet y(m) = a,,, ¥ B nocje0BaTe/IbHOCTH OKKYTCH JIBa
OJIMHAKOBBIX MaKCMMaJIbHbIX  WIeHa o = Opivy:
COOTBETCTBYKOIIHE TOUYKM (m; ay,) M (m+1; apy,)
CMMMeTPHUYHbI OTHOCHTEebHO MpaMoit x = m + %

Korga B vypaBHeHMM (2) MeHsIIOTCS [lapamMeTpbl a; U by,
napabosa napaunesbHO MepeHocuTcs (coxpaHas ¢Gopmy) B HOBoe
nojiokeHue (B J000M TMNONOKEHMM OHa MOXeT ObIThb MoJyueHa
napauie/ibHbIM nepeHocoM napabons y(x) = —%xz).

Kak u3BecTHo, npu napauie/ibHOM IepeHoce napabosbl y = ax?
¢ nepeHocoM BepmuHbl (0;0) B TOUKY (xg; V) OHa mnpuoOpeTaeT
ypaBHeHMe y —y, =a(x —x,)® . VpaBHeHMe y =ax’+bx+c
MOXXHO MPUBECTM K TAKOMY BMY, BbIJIeJIMB NMOJHBIA KBagpaT M3
WIEHOB C X:
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J’=(ﬂxz+bl‘)+C=ﬂ(x2+§x)+c=a(x2+2%x)+c=

T NS e - L LT b2
az((x +22ﬂx+4ﬂ22} 4a2)+c" a(x+m) m+.—:.,a(x+2ﬂ)
b*-4ac _411:'—11 e o _i 2

4a =Y 4a “ﬂ(x ( za)) :

CnepgoBarenbHo, mnapabona y=ax?+bx+c¢ mnonyuaercs

napajyie/lbHbIM  TiepeHocoM  napabossl y = ax? ¢ NepeHocoM

b 4ac-b®
BepuIMHBI (0; 0) B TOUKY (xo; Yo) = (— 5 — )
B oOmem ciayyae npM mapajiie/ibHOM IepeHoce MapadoJibl
y = ax? + bx + ¢ y3/I0Bble TOUKM MOTYT TepecTaTb ObITb Y3/I0BbIMM
M3-3a M3MEeHeHus MX KoopauHaT. Ho B HallleM ciyuae 3TOro He

npousoiifer. B camom jene, npu moObiX 3HaueHusx b, mapaGona

M

y
L y(m) = y(m+1)

yim—1) = y{m+2)

y(m—2) = y(m+ 3)

- e — — — — — — S — e — —
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3
NO/KHA MMeTb oCbhb x = by +E nocepeamMHe Mexagy cocelqHHMMH

BEPTUKAIbHBIMU TIPIMBIMM x = b, +1 M x =b, +2 ¢ LeIbIMU
3HaueHusMu b; + 1 u b, + 2. M3-3a sToro napauieibHslii epeHoc
napaGosibl BJIEBO WIM BIPABO BO3MOXKEH TONbKO Ha I€0€ YUCI0
enuuull,.  CrnemopartenbHo, abCuMcchl  Y3/0BBIX TOUEK MOIYT
M3MEHMTbCS TOMbKO Ha 1[eJI0e YMCI0 eJMHUI] M TMOTOMY OCTaloTCA
teasiMu. OpAMHATBI TOXKE OCTAHYTCS Lie/IbIMM, Be/lb Mbl JIOKa3a/Iu,
uTo (PYHKUMA (2) MpM LenbIX 3HAUEHUAX apryMeHTa MMeeT Lie/ble
JHAYEHMSI.

HMrak, npu moGom napa/iesbHOM MepeMelleHMH napabosibl ee
Y3/bl OCTATCH HAa CBOMX MecTax, MeHsSsl TOJbKO KOOPJAMHATHI.
IMonbayack 3TUM, pacrionoxum mnapabony Hauboee BBIFOJIHBIM
obpazoMm. Yrolbsl B mnoaymnoioce P OblzI0 MakcMMalbHOe
KOJIMYECTBO Y3/I0B, HAJ0 MOMECTUTb B 3Ty MNOAYNONAOCY KYCOK
Hﬂpﬁﬁﬂﬂbl ¢ HaubonbllIei TIOTHOCTbIO Y3NOBbIX TOUEK. B kauectBe
TAKOr0 KycKa BO3bMeM KYCOK JieBOii TOJOBMHBI JIUCKPeTHOI
napaGonbl ¢ BepxHeit Toukoi (m;y(m)) = (m;999). Tak Kak
y(m+1) =y(m), To ¥ CHMMeTpHUUYHAas MpaBas yacTb Mnapabo/bl
oKaxeTca B monaynonoce P. Torga a,, =a,.; =999 Oyayr
MaKCHMMaIbHBIMM WieHaMM 1OC/IeloBaTe/IbHOCTH, KoTtopas Oyner
COfepKaTh n = 2m uJleHoB. YuMThiBasg ycjoBue a, = 100, Haiigem
MadKCMMa/JIBbHO BO3MOMXHOE 3JHaAUECHHE M.

CornacHo ¢opmyne (1) ¢ yuetrom paBeHcTBa b, =m-1

nosyuaem
—— - 1 ) e R i
9919_ 21m +(m+2)m+(a1 m)=sm‘+a;—;m=
ay =—sm? +sm+999.

Yenoeue a, = 100 gaer HepaBeHCTBO —%mz +%m + 899 = 0.
OHO BLIMOJHAETCHA MPU M < %(1 + V1 +4-1798). YuuTbiBasg, 4TO

42,90 < %(1 +v1 +4-1798) < 42,91, nosiyuaem m < 42, TO eCTb B

BO3pacTaweii  4JacTu MOXeT ObTb J0 42  WIeHOB
nocjaegoBaTeJIbHOCTH.
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EHH.IIHT, MaKCMMaJIbBHO BO3IMOMKHOE UHCITO IeHOoRB
nocne1oBaTe/JIbHOCTH n = 84, Hamu Yixe CI}HKTH‘[{‘CKH [mocTpoeHa
NMNoagxoodailad IMMocJaedqoBaTe/IbHOCTD C n = 84 YJIeHaAMH, TaK KakK
napameTpsl a, ¥ by dopmysl (1) MOXKeM Tenepb yKasaTh:

by=m-1=42-1=41,a, = - 427 +;-42+ 999 = 138,

M
gy = Qg3 = 999 prr
Ay = A4y = 998 — : }-’— 999
I
|
ﬂa = ﬂag = 1?9 N }
|
a; = ag, = 138 f i
|
|
|
Ul 2 42i 43
x =425
Puc.2.22

Halua nocieoBaTeabHOCTDb 3aaeTcs hopMyIoit
1 3 1
a = - 5K? +(41 +§)k+ (138 - 41 = 1) = — k2 + 42,5k +96.

Puc.2.22 wanoctpupyeT MocTpoeHHYIO Mocae/l0BaTe/lbHOCTb.
OTeeTr: a) Hanpumep, 2, 4, 5, 5,4. 6) Het. B) [Ipn n = 84.

Bapmuanr 32
[Ilycth ¢ — HauMeHblllee obuiee KpaTHoe, d — HauOONbILINIA
o0mmit nenuTeNb HATYPalbHBIX UMCEI X M y, YIOBIETBOPSIOIINX

paBeHCTBY 7x = 16y — 73.
a) Moxer nu % ObITh paBHBIM 204?

0) MoskeT i1 % ObIThH paBHbIM 2?
B) HaliguTe HaMMeHblllee 3HaueHHne % s

233



B. T'. A6agpaxmaHOB. «3amaud ¢ mapameTpoM U HectaHgapTHble 3amaun EI'D 2019, 2020. [Tocobue mist abUTyprueHTOB»

Pemenne.

[To ceoiicTBy Hamubosbliero oOulero AeauTens CYIecTBYIOT
B3AaMMHO MpPOCThie HaTypajJbHble 4YMUIA u M v TakMe, 4TO
x=d u,y=d-v. HiumeHbllee olLiee KpaTHOE MOXHO MOJYUUTD,
no0aBMB K pa3iokeHMI0O UMCIa x Ha TMpPOCTble MHOXMTEIN
HeJlocTallMe MPoCcTble MHOXHUTENIM M3 pas/okKeHMs uUMciaa y.
Hemocralolue MHOMXMUTENM colepXkaTcs B v, TaK KakK u M v He
UMelT o0IMX MNPOCTHIX  MHOXMUTeNeit (oTIMuHBIX  oT  1).
[loatomy gq=d-u-v. Orcioja %: uv . llogcTaBuM x MU y B
paBeHCTBO 7x = 16y — 73:

(16v — 7u)d = 73.
Tak kak uMcino 73 — mpocToe, TO 3TO BO3MOXHO TOJNBKO B JIBYX
ciyyaax:d =1ud = 73.

I[lpu d = 1 umeem 16v—7u=73=>
__ 734+7u

vi=— (1)
[lpud =73 umeem l6v—-T7u=1=
1+7u
e (2)

F
a) llycts %: 204. Ecmmd=1,10 (1) = 204 = uvr = ?3!:14:11 .

[TonyuaeM KBaipaTHOE ypaBHEeHME
7u? + 73u — 3264 = 0,
T3+717

uMelolllee OfIMH HaTYpalbHbIi KopeHb u = 17. Torga v = R
12. x=1-17=17,
y=1:12=12, 7-17=16-12-73, q=204,d =1, %:2(]4,

Cnyuaii d =73 MOXHO He paccMaTpuBaTh, OTBET ViKe
MOJIy4eH: MOJKET, HanpuMep npu x = 17, y = 12.

2
6) Ilyctb %: 2. Eomd=1 10 (1) = 2=uv= ?au:u _

[MonyuaeM KBagpaTHoe ypaBHeHMe 7u’?+73u—32=0, He
F
uMelolllee LeaplX KopHeid. Ecnmmd =73, 10 (2) =22=uv = ut7u

[Monyuaem KBajgpaTHoe ypaBHeHue 7u? +u — 32 = 0, He uMelolee
LeJIbIX KopHeil. OTBeT: He MOXeT.
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B) Ilyctb d = 1. Torpa

q _ 73u+7u?

a- 16
lpadmukoM  KBaapaTHUHOI

yHRIMHK HelpepbIBHOTO

73u+Tud

4pPrymeHTa 2 = ——— ABJAETCA

Mapa ﬁ-cma, HallpaB/IeHHAA

BETBAMM BBEPX H
Mepecekawilass och Ou B TOUKAaX

u= —?—: Uu=0(puc.2.23). Ilpu

u=1 QyHKUMA BO3pacTaer. Puc.2.23
[lostomy  cpenu  3HaueHui

z(1), z(2), z(3), .. HauMeHbIIMM ABJasgeTcd z(1) = 5.
u+7u?

[Tycte d = 73. Toma% = Kak u B npenbiayiieM ciayuae,

16

u+7u

(hyHkuMa z = npu u = 1 pospacrtaet. I[IpocTeiM niepeGopom
HeCKOJIbKUX 3HaueHui u yoeaumcs, UTo B 3TOM c/Iyuae :11 He MOXeT

GBITh MeHblle 5. B camom jene, z(1) ==, z(2) = lg, 2(3) = 4=,

1
z(4) = ?;‘ — He lejble 4vuciaa (a % = uv - uenoe). Janbiue z(n)
1
Gonpie 7 <.
HTak, HauMeHblIee 3HaUeHUe f—f = 5 npu u = 1. [Ipu satom

_ 73471

- =5 x=1-1=1, y=1-5=5 7-1=16-5-173,
q=5.d=1,%=5.
OteeT: a) /la. 0) Het. B) 5.

Bapuanr 33

Kpacubiit kapangam crout 18 pyOneit, cuumit — 14 pyGneii.
HyXHO KynuTh KapaHpaaim, umes Bcero 499 pyOneit u coOmwoaas
NIOMOJIHUTE/IbHOe YCIOBME: YMC/I0 CMHMX KapaHalleil He MO/DKHO
OTAMYATBCA OT UMCJIa KPpacHbIX KapaHjaleii Oosblie ueM Ha 1IeCTh.

a) Moo nu kynute 30 Kapangameii?

6) MosKHO 1M KyIIUTh 33 KapaHaaia?
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B) Kakoe Haubonblee uMcao KapaHaamei MOXKHO KYTTHMTb?
Pemenue.
IlycTh s - uMcn0 KynJieHHBIX CMHMX KapaHpgauieit, k — 4dwuciao

i 14s + 18k < 499
KYIUIEHHBIX KpacHbIX KapaHpgaueii. Torma ls—kl<6 WIIH
[145 + 18k < 499 1)
-b<s—-k<6"

aA)Ecmms+ k=30, T0(1)=2-6<30-2k<b6e12<k < 18.
Bosbmem k=12, Torga s=18. 18—-12=6, 18-12+14-18=
568 < 499. OTBeT: MOXKHO.

0) Hewesne Bcero 33 KapaHpgama OyQyT CTOMTb, €CM KYIUTh

Haubo/blllee BO3MOXKHOE YMCI0 CUHMX KapaHjaniei M
HaMMeHblllee BO3MOXKHOEe UMCI0 KpacHbiX. XoTenoch Gbl 1O
s+ k=233

MakcMMymy s =k + 6, HO  cucTema [ HE MHMeeT

s=k+6
nejsouncieHHoro peuenus. [logxoaut s =k + 5. B aTom ciyuae
s=19, k=14 . 3HauMT HaMMeHblllas BO3MOXHas#d CTOMMOCTb
nokynkn 18 14+ 14-19= 518 (py0.), u He XBaTUT AeHer. OTBeT: 33
KapaHjailia HeJb3sl KYTIMTh.

B) O003HAaUMM uepes n obllee YMCI0 KYIUIEHHBIX KapaHaaleii.
O1leHMM 3HAUEHMe n CBepXy: MCMoab3ysa yoiaosue (1), nmepeiigem K
HepPaBeHCTBY BWAA n<m, IJe m — UMC/Io, KoTopoe — Oyaem
HajJeATbCd — OKakeTcsd HauOOMBIIMM BO3MOXKHBIM  UKMC/IOM

KYTIJIEHHBIX KapaHJalleii.
14s 4+ 18k < 499 14s + 18k < 499

() @{-6<s-k<6> —6£s—k£6={14n+4k < 499

—6=<n-2k<6
n=s+k s=n—k = o
499—14n
k<
= n—6 _ 499-14n 15
L e =n<3l-—.
“_64::}(-!::“-'-& 2 4 16
ol e

Takkakn € Z, Ton < 31.
[TokakeM, uTO n JAefCTBMTENLHO TPUHMMAaeT HauOobluee
sHaueHue m = 31. [logbGepem s u k. KoHeuHo, s JOMKHO OBbIThb

MaKCMMaJbHBIM.  BapMaHT s =k + 6 He TMPOXOAMUT: cUCTEMA
[s +k=131

CEEiG He HMMeeT LeJOUYHCIeHHOrD pelleHMA. [Mogxomut
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s=k+5.Barom cyuaes =18, k = 13.18 — 13 <6, 18 13+ 14-18=
486 < 499,
OteeT: a) /la. 0) Het. B) 31.

Bapuanr 34

B pesyibTaTe onpoca BbSICHWIOCH, YTO NpuUMepHO 58%
ONMPOIIeHHBIX MPeanouMTAIT MCKYCCTBEHHYIO €KY HaTypa/ibHOi
(uncmo 58 MonyueHo ¢ NOMOoNIbI0 OKPYTJIeHUA JIo 1lefioro uucna). U3
3TOTO JKe OIpoca MocaefoBalo, YTo NpMMepHo 42% pecroHIeHTOR
HUKOra He oTMeuanu HoBblit rog He moma.

a) Morno nu B onpoce yuacTBoBaTh poBHO 40 uenopek?

0) Mor/o i B onipoce yuacTBOBATh POBHO 48 uenoBek?

B) Kakoe HaumeHbllee KOIMUECTBO Ue/NOBEK  MOIJIO
YUYACTBOBATH B 3TOM oIpoce?

Pemenne. [lpu okpyrieHum umcia A0 Lea0ro Bce UUQpbI
rocJie 3andaToi oTOpackiBaloT, ecJiM nepsasi U3 HUX MeHblle 5. Eciu
JKe oTOpolueHHas yacTh HauMHaeTcs ¢ udpol, paBHO# MK foblie
5, TO UMCJI0 YBEJIMUMBAIOT Ha 1.

a) [lyctb B omnpoce NpMHMMaJO YUyacTHE n UeJIOBEK, M3 HUX
x TIPeINOUUTAIOT UCKYCCTBEHHYIO EJIKY HaTYpaJibHOI, y HUKOI/Ia He
ormeuaau Hoebiit rog He poma. Torma cornacHo npaBuny

OKpYT/IeHHS
X
Ly S = 100 = 53,4# [ 23 < x < 23,36
415 < ﬁ 100 < 42,4 16,6 = y =< 16,96
BT'D]JGE' HEPABEHCTBO HE MMEET LEJT0ro pelneH . OTBET: HeT.

6) Umeem

X
57,5 < 100 < 58,4 27,6 < x < 28,032
#21,5<2100 <424 [19-92 =y = 20,3526
» —_— 43 —_— r

Hmeetcsa pemeHue B LeJbIX umciaax x = 28,y = 20, [Ipu aTom
E' 100 = 58,33 ... = 58, E 100 = 41,66 ... ® 42. OTBeT: 1a.
B) Umeem
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57,5 <100 <584 (0575, < x < 0,584n
41,5 <2100 < 42,4 o~ {0.415n <y <0424n
n

HeoOxopumo HaiTH MMHMMAaJbHOE 3HaUeHMe n, TP KOTOPOM 3Ta
CUCTEMA HEPABEHCTB MMeeT Lie/IOUMC/IEHHbIe pelieHus. 3aMeTUM,
uTo oTpesku [0,575n,0,584n], [0,415n,0,424n], Kyga OO/KHbBI
MonajgaTh Liejble YMC/Ia X M y COOTBETCTBEHHO, MMEIOT JIMHY

1
0,009n = 1 npu n = 12 (nMpM HaATYPaJILHOM n HEPABeHCTBa n =
0,009

M n = 12 paBHOCH/IbBHBI). 3HAUMT, NIPHU BCeX n = 12 cucTemMa MMeeT

lesouncaeHHbie peieHus. OcTtaeTcs NMPoBepuUTh 3HaueHMs n oT 1

oo 11.

n = 1: {D,E?S <x<0,584
T 0415 sy <0424

1,15 <x<1,168

HeT penleHMii. n = 2: {u_gg <y <0548

HeT pelneHmit, u T.0., n = 11: {6‘325 Sxs56424 HeT pelieHui
. " (4,565 = y < 4,664 A
69 < x <7,008
n=12: {4;93 <y <5088 MMeeTCsl pelleHMe B LEeAbIX uucaax

x=7,y="5.Tpu stom =100 =5833.. % 58, =100 =41,66... %
42,

HaumeHbllee KoIMuecTBO yesoBex 12.

Otper: a) Het. 0) lla. B) 12.

Bapuanr 35
HUspectHo, 4TO a,b,c M d - T1NONApHO  pas/iUUYHbIE
nonoXcumMenbHsie IBy3HauHble uncia.

7
a) MOJKeT /11 BBITIOJIHATBCS PABEHCTBO —E: = =2
a+tc
6) Moxer am apoOb et OpiTb B 11 pa3 MeHblue, uem

cymma%+§?
B) Kakoe HauMMeHblllee 3HaueHMe MOXeT MPUHHUMATDb

npo0b g, ecima>3buc>6d?

Ipumenanue. B cGopHMEKe HET C0BA «MOMGKMTEIbHbIE, OHO J0/IKHO GbiTh
noGagneHo, noTOMy uTO nogpasymesaerca. Bes storo cnoea oteer 0)
HETIPABMMALHBIN: ecnM B3dTh, Hanpumep, a =-19.b=10,c =16, d = 20, TO

a+e (4] [
PaBEHCTBO — 11= 3 + 7 BHIMOIHAETCS,
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Pemenme.
7 7'5 T(2+43) 14421
a) MD}I{ET, Halnpumep, —= = = 5
19 19-5 19(1+4) 19476
a=14b=19c=21.d =76.

0) Ilpexpnonoxum, 4TO :TJ";H :%+§. Torpa, npueens K

o0lemy 3HaMeHaTe/dl, MPUPABHAB UMCAMTEIM M TpUBes
1ojo0Hble WieHbl, MOJyuUMM
10abd + 10bcd = b?c + ad? & 10abd — ad? = b*c — 10bed &
ad(10b — d) = be(b — 10d).
[lo ycnoBuiw 10 < a, b,c,d < 99. [loatomy 10b —d = 10-10—-99 >
0,b—10d <99-10-10<0, TaK 4TO Jiepasg M IIpaBasl uacTH
MOC/eJHEer0 PaBeHCTBA MMEIT IIPOTHBOINONOXKHBIE 3HAKM, UTO
HEBO3MOXKHO. OTBeT: He MOXeT.

B) Hcnonbsys vyenosua a>3b M ¢ > 6d , MNocrapaemcs
MOJAYUMTh HEPABEeHCTBO BHA

a+te

— 2 f(d),
rae f(d) - HEKOTOpoe BbipaKEHME, COOEpKallee KpPOME uMces
TONbKO OfAHY OykBy d. Ilocne aToro, monb3ysach orpaHMueHHem
d = 10, npuageM K HE}JEIBE‘HETBYET:: = m, rjae m — HEKOTOpPOoe UMCIo,
KoTopoe, OyaeM HageAaTbCcs, OKAKeTCS HAMMEHBIUMM 3HaueHueM

a+c

apoou —

Tak Kak JaHHbIe YMcIa Lejable, TO HepaBeHCTBa a > 3b M ¢ > 6d
PaBHOCH/IbHBI COOTBETCTBEHHO HEPaBeHCTBAM

a=3b+1 uMc=6d+1. (1)

M3 nepBoro HepapeHcTBa UMeeM3b+1<a=3b+1=99=bh < ? .

a 9TO PABHOCH/ILHO HEPaBeHCTBY
b <32 2)
Hcnonb3yem HepaseHcTBa (1):
a+tc 3b+1+6d+l _ 3b+ad+2
brd = ~ btd  b+d
IIng ucrnonb3oBaHMA HepaBeHcTBa (2) pasoObeM apolGb Ha JBa
cnaraeMbIX Tak, uToObl TepBoe He cofepxano b, a BTopoe
COJIepIKaIo ero ToJbLKO B 3HAMeHarene:
3b +6d+2 _ 3b+3d +3d+2 _ 3d+2

bd b+d 3+ b+d*

-
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3d+2 3d+2
Tenepp  McnosbsyeM  HepaBeHCTBO (2): 3+ — :-‘_;3-:32”.
[MTonyunnock HEpaBEHl’_‘TBG:T-: > f(d), roe f(d)=3 +32:.:z' [Tpu

3x+2
32+Xx

x =10 ¢yHKuMs  HemnpepbiBHOro  aprymeHTa [(x) =3+
94

BO3pacTaeT MOCKOJMBKY ee TpousBodHas f'(x) =
¥

(32+x)%
[loatomy
d=10 = f(d) = f(10)=Z (Hamwioch uncio m=2). Mrak |
atc 79
b+d = 217
HaumeHsbllIee JHaUueHue E ﬂpﬂﬁh ;T.'.; ﬂ,EﬁCTBHTE‘ﬂBHﬂ

NpMHMMaeT: MoOXHO nomgoOpate uMcaa a,b,c u d. Ilo xomy

peleHMda MCIONbB30BAIM HepaBeHCTBA b=32udz=10, MoaToMYy
a+c 79

Bo3sMeM b = 32, d = 10. HyKHO BbINOJHEeHMe paBeHCTBa e

2 = & a+c=158. Boibupaem
32+10 21

a=3b+1,ToecTb a=297uc=6d+1, To ecTbc = 61. Kak pa3s

noaxoafaTa = 97 uc = 61 (B cymme gawT 158). [Ipu BbIGpaHHBIX

3HAUeHMAX a, b, c M d mosyuaem st ALt P
i b+d ~ 32+10 217
a+c

MTaK, 1poGb —— NMpuHUMAeT HauMeHblllee 3HaueHue g npu
a=97,b=32,c=61,d =10.
OtBet:a) [la, Hanpumep, eciM a=14,b=19,c=21,d=
76. 6) Her. B) —.

TO eCTh PaBEHCTBEA

Bapuaur 36

a) [lpuBenuTe npumMep TaKOro HaTypajJbHOIO uMcian, UTO
uyucaa n? u (n + 16)? nal0T OJMHAKOBBIN OCTATOK MpPU JeeHUM Ha
200.

0) CKOMBbKO CYLIECTBYET TPEX3HAUHBIX UMCEJ n ¢ YKA3aHHBIM B
MyHKTe a) CBOHCcTBOM?

B) CKOMbKO CYIIeCTBYeT [JBY3HAUHBIX YMCesI m, /Il KaXKA0T0 U3
KOTOPBIX CYILECTBYeT POBHO 36 TPEX3HAUHBIX 4UMCEN n, TAKMUX,
uro n? M (n+ m)?AA0T OJMHAKOBLIA OCTATOK IPU JeleHUM Ha
200.
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Mpumevarue. Tlo yMOAUaHWIO NPeaNoIaraeTcd, YTo M B MyHKTax 6) U B) peub
HIET TOMWE O HATYPAJIbHBIX YHCIAX.

Pemenne.

OTMeTMM cHauvada, uTO ABY3HAUHOE YMCJIO m M TpexX3HauHoe
UHCIO0 n  XapakTepusyloTcd COOTBETCTBEHHO HepaBeHCTBAMM
10=m=99u 100 <n < 999.

Ente ucnosibayem U3BeCTHYIO TeopeMy O JIeJIEHUM C OCTATKOM

KakoBbl Obl HM OblaM liesloe 4MCI0 a M Leaoe uuciao b # 0,
BCErjga BOIMOMHO, M TIPUTOM e IMHCTBEHHbIM (‘HDEGEGM, pasienuTb
a Ha b ¢ OCTATKOM: HAlTHM TaKMe [OBa LeIbIX YMCIA q (YACTHOE) U
(octaTtoK),utoa=bg+r, 0<r < |b|.

13 aToit Teopemsl ciieyeT YyTBepKIeHHE:

Jlea yenvtx uucha a' u a” umelom oO0UHAKOSLIE ocmamku npu
deneHull Ha HamypaasHoe uucio b mozda u monavko mozda, kozda
pasHocms 3mux uucea Hayeao deaumca Ha b (a' — a" : b).

([lokazatenscreo. CHavana BCIIOMHMM, YTo eciM a,b,c€Z,aic, b
¢, Toa+bic OTCloga cieoyeT, 4To ecid cymMasS =(a+b)icH
OlHO M3 CJlaraeMblX a ic, TO WM BTOpoe cilaraemMoe bic. 3TO
MnoToMy, 4To B CYMMe b=5+ [—ﬂ} ofa craraembix Halleno qenaTcd
Hac.Ilyctoa' =bg" +r,0=r'<b, a”" =bg" +r",0 =" < b. Eciu
r'=r",Toa-a"=blqg'—q"), To ecTba’'—a” i b. OOpaTHO, ecau
-a" ib, To blqg"— q")+(' —r")i b, noaTOMYH ' — 1" i b. Ho
—b<r'—r"<b,
A Ha npoMmexyTee (—b,b) Tonbko ogHo uMcno 0 genuTcs Ha b
Haueno. 3HauMT, r' —r" =0= r' =r").
IMoatomy ycnoBue «(n + m)*u n? JalOT OJAMHAKOBBINH OCTATOK MpM
neseHnn Ha 200» MOXKHO 3anMCcaTh B BUE

2
(n +m)" —n?): 200 o 240

200
a) Tlpu m = 16 umeem (1) = -ﬂn 8)

(1)
321‘;+256 € z €Z. 90

YC/I0BME BBIMOJHEHO, Hampumep, eciMn+ 8 = 25, TO ec*n: =17
((17 + 16)% = 172 =800 : 2{10}.
6) U3 ycnosus {’; € Z cnegyer, uto n+ 8:25(TaKk Kak

4 qe : 25). 3HauMmT,n + 8 = 25k npu HekoTopom k € N, u orcloja
n=25k-8. Tak KaKk 100 <n <999, 10100 <25k -8 <999 &

103 IDD?
= <ks— = Ilna k € N umeeM paBHOCH/IbHBIE HepaBeHCTBA
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5 <k < 40. Takux 3HaueHwuit k Bcero 36, Tak uTo MMeeTca 36
TPeX3HaUHBIX YMCEJI C YKa3aHHBIM CBOICTBOM.

2mn+m?
B) (1) ®—=

UETHOTO YMC/IA 2mn M HEUeTHOro umcsia m? Obia Obl HEUETHbIM
yucaoM) M nmoromy m =2k npu Hexkotopom k € N. Tak Kak
10=m <99 u m 4vetHoe, TOo 10 <m <98 . CrnemoBaTe/bHO,
S5<k=<49.

Venoeue
kin+k)
2:25
KOTOPBIX OHO Bbl HDJ]HHETCH

€ Z. 3HauUMT, m — YeTHOe YMCJIO (MHaye cymma

4kn+4k?
el nepenuinem Terneps B BHOE T:

EZMN DHCCMGT]JHM BCe BO3MOMXHBIE BAapPMaHTBI 114 k, npu

2mn+m?

TPeEX3IHAYHOM

yucae n (n + 25 ISwJ,ET yeTHBIM). TaKMX Tpex3HAUHBIX uMce] MHOIo
Oonblre ueM 36, a HaM HYJKHO POBHO 36. BapuaHT oTnagaer.
k=25 Ho k:5 Torga un+ k :5 (uHaue k(n+ k) He : 25), a

OTCHOa clegyeT, ¥ToMn : 5.

kintk
(225 ) eZ [IpH nwobom TpexX3sHauYHOM 4HMc/ie n,

KpaTHOM 5, a TakuxX MHoro Oossiue, ueM 36. Eciim k HeueTHoe, TO

Rz'::} €Z npu mobom

HEeUYeTHOM TpPexX3HAauHOM uMcIe n, KpaTHOM 5, a TakuMX TOXe
Oonblue, uem 36. BapuaHT ornajaer.

Ecau k ueTHoe, TO

n+ k 4eTHoe, a 3HAUMUT n HEUYEeTHOe, M

kne:5 , k HeuetHoe. Torma kg:;)ez npu moboM n+

k,kpatHom 50. C yuerom yciaoBuit 100=n <999 u 5<k <49
umeeM 105<n+k <1048, a pgna uucenn+ k, KpatHeix 50,
uMeeM rpaHmiibl 150 < n+ k < 1000. B 2THX rpaHMiiax cogep:KaTcs
KpaTHele 50 wumcna 3-50, 4-50, 5-50, ..., 20-50 - Bcero
20 — 2 = 18 Takux uMces, a HaM HYXXHO 36. BapMaHT oTrnajiaer.

k me : 5, k uerHoe. Torga —— k{"”{} € Z npu Mo6oM n + k, KpaTHOM
25. B arom cnyuae (k IIETHc-e} HMEEM HepaBeHCTBa 6 < k < 48,
100 = n < 999.

[Ipu k =6 nna Bcex umucenn + k umeeM rpaHuibl 106 < n+
k < 1005, a gag uMcea n + k, KpaTHbIX 25 — rpaHMULLbI

242



B. T'. A6agpaxmaHOB. «3amaud ¢ mapameTpoM U HectaHgapTHble 3amaun EI'D 2019, 2020. [Tocobue mist abUTyprueHTOB»

125 <= n + k < 1000 (2)
B 3TMX rpaHMuax cogepxarcs uucaa 5-25, 6-25, 7-25, ..., 40
25 — Bcero 40 — 4 = 36 pa3nuMuHbIX uMcen n + k, KpatHeix 25. OHm
clleflaHbl M3 36 pasAMYHBIX uYKcen n fobasleHHeM uuciaa k = 6. 310
JHAUMT, 4YTO /i [BY3HAuUHOro uMcia m = 2k = 12 cyuiecTsyeT
POBHO 36 TpPEéX3HAUHBIX UMCeJ 1N, VAOBAETBOPAIIIMX YCIOBUIO
3a/aumn.

B cuny kpatHocTH 25 rpaHuubl (2) ang uucen n + k, KpaTHbIX
25, OyayT coxpaHATbes s Bcex k € [6,24]).  Hanpumep, 1ipu
k=24 pna Bcex uuMcen n+k uMeeM 124 <n+k <1023, a
IJist uMcen n + k, KpaTHbIX 25 — ToxKe 125 < n+ k < 1000.

[Ipu octaneHbIX k € [26,48] nna umcen n + k, KpaTHBIX 25,
uMmeeM rpaHuilbl 150 < n+ k < 1025 (Hanpumep, npu k = 40:
mas uucen n+ k umeem rpaHmibl 140 <n + k < 1039,a 3HauUMT
IS uMcen n + k, KpaTHbiX 25, oOKa3biBalOTcs rpaHmiibl 150 < n+
k < 1025). B aTHX rpaHMIiax cOAepPKUTCS TOXe 36 umcesl, KpaTHbBIX
25 (ot 6-25 mo 41-25).

Hrak, Bce BO3MOXHEIE BAPUAHTBI PACCMOTPEHBI; /1 KaXJ10ro
yeTHOro umcia k € [6,48], He KpaTHoro 5, MMeeTcs POBHO 36
TPeX3HAUHBIX UYMCeJl n TakuMX, UTO uMcia n U m=2k
VIOBAETBOPAIOT YCIOBHIO 3afaun: n’ u (n + m)? npu geneHMn Ha
200 MMelT 0JIMHAKOBbIE OCTATKM.

[To TaGnuue 2.24 nogcumMTaemM KOJMUECTBO UMCes mn.

k|e 8 12 14 16 18 22 24 26 28 32 34 36 38 42 44 46 48
m |12 16 24 28 32 36 44 48 51 56 o4 68 T2 T6 B4 38 91 96

TaGn.2.24

Becero 18 3HaueHuii m.
OTseT: a) 17. 6) 36. B) 18.

Bapuant 37

JlaHbl MATH pa3/JIMUHBIX HATYpa/JbHbIX uMcel. H3BecTHO, UTo UX
npousBeieHHe papHo 792.
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a) Moryr nu Bce nATh uMcen oOpa30BbIBaTh reoMeTpHUUecKyIo
nporpeccuin?

0) Morytr aM ueThipe uMcAa M3 ITUX MATM 00pa3oBbBIBATh
reoMeTPUUeCKYIo Tporpeccuio?

B) Moryr num TpM umcaa w3 ITMX MATH 00pa3oBbIBATh
reoMeTpHUecKylo nporpeccuio?

Pemenme.

PaccMoTpuM  cHavana B o0lemM BUIE TeoMeTpPUUecKylo
MPOrpeccuio U3 k UieHoB:

b, bq, bq?, ..., bg*,

[lo ycnoBuiwo b€ N (Moxer ObiTb b=1), q — MNONOXUTENbHOE
palMoOHaIbHOE UMCA0 (3TO OTHOLIEHME CJ/leIVIOLIero wieHa
nmporpeccMM K TMpeabiayiieMy M IOTOMY MoxeT He ObiTb
HATypaJIbHbIM YMCIOM),
g # 1, Tak KaK JaHbl pasaMuHblie uncaa. PaccMoTpuM oTie/ibHO [Ba
ciyuas: q - LIeJ/Ioe M q — HelleJloe.

1) q - uenoe. Ilpou3sseieHe BceX WiIE€HOB IPOrpeccuu

P = bkq”z*'"*(k_” i

[To ¢opmyre cymmbl wieHOB apudMeTHMUecKoil mporpeccun

(5‘,1:@1&,? Hac n=k—-1,a, =1, a,=k—1)  Haxogum
142+ -++k-1)= RED , O3TOMY
kik—1]
P=>bkq 2z .

B arom cayuae g € N, ipuueM q = 2, Tak Kak g # 1. Kak 1 mo0oe
OTAWYHOe OT | HarypaJlbHOe uMCJI0, ¢ pa3naraeTcd Ha
nMpoM3BefieHMe TIPOCTRIX MHOMKMTenel. 3HauMT, B COCTaBe
npousBeaeHus P umeeTcsa XoTs Obl OJHO MPOCTOE YMCJIO B CTENeHH

k(k-1) J(k-1
% (% € N Kak cyMMa HATYpPaJbHbIX YMCE).

2) q - He 1efoe. PalMoHaNbHOe YMCJIO q TIPEICTABUMO B BUJIe
HeCOKpaTumMoi JpoGu % rme m,n € N, [03TOMY MpOrpeccus
JallMilueTcd B BHOe

m
b, b—, b
n

m m*3

ﬂ.z » T nk—l'
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ITo ycmoBmio Bee 9TH UMc/Ia HaTypaJibHbIe, B YACTHOCTH, MOCTEqHEe
k-1
m
TOXe: b—— € N . 3uauut, bm

MHoOXHUTETb m"'“ Ha HETO OeJIMThCA HE MOMKET, TadK KdK HE UMEET C

HUM OOIIUX MHOMXMUTe/e, OTIMUHBIX OT 1 (BBMIY TOrO, UTO M U n
B3aMMHO TmipocTbie). [loaTromy MHOXUTENb b JeIUTCs Ha HEro:

k-1 k-1

HalleJio JOJelIMTCA Ha n

b=n*"'-a, rge a — Kakoe-TO HaTypaibHoe umcao. Temeps
MnmporpeccHs alnMumeTcd B BUae
- 3 m L 2 _ k-1
nkl.q nk1.q2 pkt.a o0k lal — wm
n n nk-1
an®*1, an®*2m, an*3m?2, ..., an®m*3, anm®*2, amk!.

[logcuntaem rnpousseeHue P:

kik—1) k(k-1)
P= l.:IJ:i.llik—1]+|{:|:—2)+---+z+1

n z m 2

mit2 +o+(k—2)+(k-1) — ak

m
HGCKDJ’]EK}" YMCI0 —He lenoe, Ton # 1 M nNostomy n = 2. 3HAUMT,
n

n pasjlaraeTcd Ha IMPOM3IBedeHHME MPOCTBIX MHOUTENe, U moTomy

B COCTABE MPOM3BENEHUA P UMEETCH XOTH Obl 0JIHO MpocToe YMcjio
B CTEeleHH M

Hrak, B mobom ClIyuae B COCTABe IIpOM3BeeHMA P umeercs
xoTs Obl OIHO IMMpoCcTOoE YUCI0 B CTEITEHHM k{k2_1}+

H]JGHBBE_I[EHHE UJIeHOB Mporpeccud P [O/KHO BXOJAUTL B
COCTaB MPOM3BEINEeHUA BCeX JaHHBIX uucea 792, cneloBaTe/lbHO,
upucno 792 pomKHO MMeTh XOTd Obl OAMH NPOCTOi JenuTeNlb B

ke (k—
CTeneH ! (z D

U3 pasnokenus 792 = 2%-32-11 BuAMM, UTO MOXET OBITh

el k"D < 3. Pemmm 370

TOJIEKO

=12 wm 3, TaKk uTO

HepPaBeHCTBO: @53 e kl-k-6<0e -2<k<3. Tak

Kakk € N, To k < 3.
Teneps MmoxeM OaTh OTBeThl K 3amaue. Tpu uMcia M3 NATH
NaHHbIX umcen (k =3) wmoryr o0pa3oBaTb reoMeTPHUECKYIO

nporpeccuio. Hampumep, u3 2° u3BleueM TreoMeTpHUECKYIO
nporpeccuto: 1, 2, 4. Torga, Kak BapuaHT, 5 uncen GyayT
1,2,4,9,11.
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UeTpipe uMcIa M3 MATH WM BCe MATh UYMCEaT He MOIYT
o0pa30BaTh reoMeTPUUECKYI0 MPOTPeccHio.
Oteer: a) Hetr. 06) Hetr. B) Moryr, Hanipumep, 1, 2,4, 9, 11.

Bapuanr 38

MUmeerca 8 Kaprouek. Ha HMX 3almMcbIBAlOT 110 OJHOMY KaxKaoe
M3 ymcesn -1, 2, 4, —6, 7, =8, —-10, 12. Kaprouku
MepepopauMBaloT M MnepemMelinBaloT. Ha MX uMcTBIX cTOpoHax
3aHOBO TMIUYT IO OJHOMY Kaxmoe u3 umcen —1, 2, 4, —6, 7,
—8, —10, 12. TIlocne s3Toro uueIa Ha KakOoil KapTouke
CK/Ia[bIBAIOT, a MOJ/IyYeHHbIe BOCEMb CYMM IM€PEMHOKAIOT.

a) MoxeT nu B pesyibTare noayuntbes 0?

0) MoxkeT /11 B pesy/bTaTe NoJIyuuThes 1?

B) Kakoe HauMeHbllee LleJloe HeoTPULIATEeIbHOE UMC/IO MOXKET B
pe3yJ/ibTaTe MoaYUMThCH?

Pemenne.
[Tyctb
a,=-1,a,=2, a3 =4, ay = —6,
Qs = ?, Qg = —B, i, = —1[]', g = —12,
by, by, ..., bg— uncna, 3anucaHHble Ha 00pPaTHBIX CTOpOHAX 1-ii,

2-1, ..., 8- KapTouek cooTBeTCcTBeHHO. Toraa umMmeem pesyiabTaT
P = (a; + by)(az + by) - (ag + bg).

a) Cpeny TaHHBIX UMCEN HeT NMPOTUBOMONOXKHBIX, TO3TOMY BCe
CKOOKM OTTMUHBI OT HY/I4. 3Hauut, P # 0.

6) 1 - HeueTHoe umcno. IlocMoTpum, MoxkeT m P GbiTb
HeueTHbIM uncioMm. Ecim P HeueTHOe uMC/IO, TO BCe CKOOKM
NOMKHBI GBITh HeUeTHBIMM (eciM XoTsl Obl 0oJHA cKOOKa — ueTHoe
YyKCa0, TO Bce NpousBeneHue P — ueTHoe umcno). Jlns atoro B
kakmoit mape (aq, by), (as, by), ..., (ag, bg) omHo wu3 umcen
JOJKHO OBITh YeTHBIM (HEeBayKHO — MepBoe WK BTOpoe), a Ipyroe —
HeueTHbIM (uToObl MX cyMMma ObUIa HeueTHbIM uuMcjioM). A s
3TOTO BO BceM HaOope u3 16 uncen a,, a,, ..., ag, by, bs, ..., bg

MO/DKHO OBITh 8 ueTHbIX 1 8 HeueTHbIX uMcen. Ho B Halem Haﬁnpe
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12 uvernwix umcen u 4 HeueTHbIX. 3HauuT, P He MoxeT ObITb
HeueTHbBIM UMC/IOM M IMMOTOMY HE MOXeT PABHATHCH 1

B) 3 myHKTOB a) M 0) ciaemyeTr, UTO MCKOMOe HauMeHbllee
Hes10e HeOTPUMUIATENBHOE YHMCIO P otnuuHo ot HYJ/IA M YETHO — 3TO
UeTHOE HaTypalbHOE UMCIIO. Cpenu 8 JaHHbBIX 4YMCesn 6 UeTHBIX M
JBa HeUYeTHBIX. HaumeHblllee KOJIWUECTBO KapTouek c UeTHOM
cymmoii Oyaet, eciim o6a HeueTHbIX uMcia —1u 7 yyacTByior B
napax TOJbKO ¢ YeTHbIMM uMcaaMu. TakuMx KapToueK ¢ HeueTHOM
cymmoii Gymer 4. OctanbHbie 4 KapToukM OYOYT € YeTHbIMM
cyMMaMM M MoToMmy npou3sBefeHue P Oyner KpaTHO Mo KpaiiHeii
Mepeuncny 2-2-2-2 = 16.

a 1| 2 [ 4 [-6] 7 [-8]-10] 12
by 2 [-1 -6 4 [ -8 7 |12 [-10
ay + by 1 L =2 | =2 | =1 [—L [ 2 2
Ta61.2.25

HaumeHbIIMM HaTypaJbHbIM uMc/IOM, KpaTHbIM 16, siBasieTcs
camo umcno 16. 3nauenme P = 16 nonyumrtces, ec/ii COCTABMM JIBE
KapTOUKM ¢ OJMHAKoBOi cymMMoii 1, iBe KapTOukM ¢ OJMHAKOBOI
cymmoit  —1, JBe KapTOUKM € OJIMHAKOBOH cymMoil 2 w

IIBe KAPTOUKM C OJMHAKOBOM cymmoii —2 (TaGn.2.25)
Orger: a) Her. 6) HeT. B) 16.

Bapuanr 39

BospacTtalomas KoHeuHass apudmeruueckass nporpeccust
COCTOMT M3 pPa3/IMUHBIX He/blX HeOTPHMUATEJNbHBIX  UYMCE.
MaTteMaTHuK BbIUMCIMA PAazHOCTE MeAIy KBaJgpaToM CYMMbBI BCEX
UIeHOB IporpeccuM M C}’MMGﬁ MX KBaJpaToB. JaTemM MaTeMaTHK
nobGasun K ITOH MporpeccuM clefyloliMii eé wieH M CHOBa
BBIUMCAWI TAKYI0 JKe Pa3sHOCTb.
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a) [lpueeauTe npumep Takoii mporpeccuu, eciu BO BTOPOIt pa3s
pa3HOCTb OKasanach Ha 40 Oonblue, yeM B NepBblii pas.

6) Bo BTOpOIt pas pasHocTh oKasanach Ha 1768 Gonbilie, yem B
nepeplit pas. Morsa au nporpeccusi cHavajJda cocTosATb M3 13
YIeHoB?

B) Bo BTOpOIi pa3s pasHocTb OKasanach Ha 1768 Gosblue, uem B
nepsbliit pa3. Kakoe HauOoubliee KOJMUYeCTBO WIeHOB MOIJIO ObITh B
nporpeccum cHauana?

Pemenne.

O0o03HaUMM  U/lIeHbl [porpeccuMu a,,da,,..,d,. TaK KakK
nporpeccuss Bo3pacTaeT, To ee pasHocTh d = 1. Ilyers S, =
a, + a, + -+ a, — TNepBOHauajlbHasi cymMMma TIporpeccum, S, =
a, + a, + -+ a, + a,,, — HoBaag cymMa. Torga nepBoHaua/JbHO
BbIUMC/IEHHAS Pa3HOCTh paBHa

5f —(af + a3 + -+ a3).
a BHOBb BbIUMCJICHHAS paBHa
S2—(a2+a+ +ad+a,)).

Hac uHTepecyeT pasHMIIa 3TUX pasHOCTeH
R=S?—-(a2+aZ++ai+a2,,)—(SE—(ai+a?+-+ad))=
S3—St—az 1 =(52-51)(52+51) —az, =

a, + a,

B2 (25 + @p11) = ﬂ:?lﬂ = 25 ay4, = ETHHH+1 =
(ay + (ay + (n = 1)d)n(a, + nd) = (2a, + (n — 1)d)(a, + nd)n =
R =(2a, + (n - 1)d)(a, + nd)n. (1)

a) [TlompoGyem a, =1, d =1. Torma () = 40 = (2+
(n=1))(1+n)n & (n+1)?n =40. HarypaibHoe uUCIO n He
noabupaercd (npun = 1M n = 2 noayvyaeTrcss COOTBETCTBEHHO 4 M
18, a mpu n = 3 — Gonbiue 40). Bosbmem a, = 2, d = 1. Torga (1) =
40 = (4+(n-1D)2+nne n+3)(n+2)n=40. Ioaxoaut
3HaueHue n = 2. [loayuaem nporpeccuio 2, 3. PasHocTb KBajpara
CYMMBI M CYMMBI KBajipaToB paBHa 25 - 13 = 12. Eciu nobaBuTh
uucao 4, To pasHocTe Oyzer pasHa 81 - 29 =52, uto poBHO Ha 40
Oonbuie, uem ObITO.

6) (1) = 1768 =(2a, + (n —1)d)(a, + nd)n. Tlo ycaoBuiO
a, 20,d =1, mnosromy 1768=(2:0+(n—=1)-1)(0+n-1)n=
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(n=1n? = 1768 = (n—1)n?. Ecau n =13, To nNpuxogum K
nporusopeunto: 1768 = 2028. 3Hauur, 13 uileHOB B Hadya/IbHOM
nporpeccuu ObIThb He MoxkeT. C BO3pacTaHMeM n MpaBast 4yacThb
HepaBeHCTBa Bo3pacTaeT, MosTomy Tem Gonee He MoKeT GbITh
Oosbliie 13 ueHOB.

B) Kak BMIHO M3 mnpeabiayllero MYHKTa, HauOo/Ibllee
KOJIMUECTBO UJIEHOB TME€PBOHAYAIBHON MPOrpeccHMu n He MOXKeT
ObITh Gonbie 12. [IpoBepum no nopaaky sHauenus n = 12,11, 10, ...
M JoijeM 10 MHTepecylolero Hac HauOo/blIero 3HaueHus n.
[lonbayemcs pageHCTBOM (1):

1768 = (2a, + (n — 1)d)(a, + nd)n.
Tak Kak a; =20,d =21 n>1, To uMciao 1768 npeAcTaBIeHO Kak
MPOU3BEIEHNE TPEX HATYPAIbHBIX UMCEJ, M N ABJIAETCH Je/MTe/IeM
umciaa 1768.

n=12,11,10,9 He gBIATCA OeIUTENAMM uMcaa 1768 u
MOTOMY OTTIAJAK0T.

n=8 = 221 = (2a, + 7d)(a, + 8d). Ecim packpeITh crpasa

ckoOKM, TO Oymem uMeTh 56d? + eme HeOTPULIATENbHbIE

221 221
cnaraemble. [loatomy 56d? <221=d?< — Tak Kax e

d < 2.Hono ycnosuio d = 1, Takutod = 1. [loatomy

221 = (2a, + 7)(a, + 8)e= 2a® + 23a, — 165 = 0.
ITO ypaBHeHMe MMeeT eJMHCTBEeHHBIN LeNblif HeoTpULATeNbHbI
KOpeHb a; = 5. n = B NnoaxoauT.

B neproHauanbHOli mnporpeccuu HauOonblIee KOJMUECTBO
wieHos morao ObiTh 8. [Iporpeccus u3s 8 unexos 5, 6,7, 8, 9, 10, 11,
12 ypoBieTBOpsieT YCJIOBUIO 3a1auM.

Otger: a) 2, 5. 0) Her. B) 8.

BapuanT 40

Bospactalomas KoHeuHas apudMeTuuecKas Tporpeccus
COCTOMT M3 pasiMuHbIX LeJbIX HeoTpulaTelbHbIX UMCel.
MareMaTHMK BBIUMCJIMJI PasHOCTL MeXIY KBaJIpaTOM CYMMBI Bcex
WIEHOB MPOrpeccuu M CYMMOI MX KBaJpaToB. 3aTeM MaTeMaTHMK
noGaBua K 3TOi Mporpeccuu clefylolimii eé wieH M CHOBa
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BBIUMCJ/IM/I TAKVIO JK€ PA3HOCTh.

a) [lpueeguTe npumep TaKoi nporpeccuu, eciu BO BTOPOi1 pas
pa3HOCTh OKa3sajiach Ha 48 Gonblilie, uem B MepBblii pas.

0) Bo BTOpoOili pas pasHOCTb OKasajach Ha 1440 Oosblue, uem B
nepebiit pa3. Morna M nporpeccus cHauajJa COCTOSTh M3 12
WieHoB?

B) Bo BTOpOI1 pa3 pasHOCTb OKasajach Ha 1440 Oosblie, uem B
nepeblii pa3. Kakoe HauOonplilee KOJIUUECTBO WIEHOB MOIJIO ObITh B
nporpeccum cHauasa?

Pemenne.

O003HAUMM  WIeHbl TMPOrpeccMu a,,ds,,..,d,. TaK KakK
nporpeccuss BO3pacTaeT, TO ee pasHoCcTb d = 1. Ilyete §; =
a, + a, + '+ a, — TMepBOHAUa&/JbHAas CyMMa [pOrpeccuu, S, =

a, + a, + -+ a, + a4, — HoBag cymMa. Torga neppoHauyaJbHO
BBIUMC/IEHHAs! pa3HOCTh paBHA
SZ—(a2+a2+--+ad),
A BHOBb BBIUMC/IEHHAs! paBHa
5§53 —(ai+ai+-+aj+ai,,).

Hac unTepecyeT pasHMila 3TUX pasHOCTel
R=Si—(ai+ai+-+ai+aiy)—(ST—(ai+as+-+a}))=
S;—St—aki 1 =(S2—S)(S2+ S1) —azs =

a, + a,
An41(28) + Apyy) — @hyy = 281004, = zTﬂﬂnn =
(a, + (ay + (n = 1)d)n(a, + nd) = (2a, + (n— 1)d)(a, + nd)n =
R=(2a;+ (n—1)d)(a, + nd)n. (1)

a) [lonpoGyem a, =1, d = 1. Torga
(1) 2 48 = (2+(m=-1D)1+n)n & (n+1)?n = 48. Noaxoaut
sHaueHue n = 3. Illonyyaem nporpeccuto 1, 2, 3. PasHocTb
KBajipara CYMMbl M CYMMBI KBaJpaToB paBHa 36 - 14 =22, Ecam
noGapuTh unciao 4, To pasHocth Oymer pasHa 100 - 30 =70, uro
POBHO Ha 48 Gonblie, uem ObUIO.

6) (1) = 1440=(2a;+ (n—1)d)(a; + nd)n. Ilo ycaoBHIO
a, 20,d=1 nosromy 1440=(2:04+(n—=1)-1)(0+n-1)n=
(n=1n? = 1440=(n—1)n?. Ecmm n =12, TOo MNpUXOAMM K
nporusopeunto: 1440 = 1584 . 3”HaumuT, 12 uieHOB B HaUYa/IbHOM
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nporpeccu ObITb He MoxKeT. C Bo3pacTaHMEM n Mpapgas uyacTh
HepaBeHCTBA BO3pacTaeT, Mo3ToMy TeM Oojee He MOXKeT ObITh
Gonbie 12 uneHoB.

B) Kak BuMAHO M3 mnpejblaylllero nvHKTa, HauOolbluee
KOJIMUEeCTBO WIEHOB MepBOHAUAIbHONM MpOrpeccMu n He MOXKeT
ObiTb Gonbiue 11. [IpoBepuM Mo nopsaky 3HaueHus n = 11,10,9, ...
M JoiieM [0 MHTepecylollero Hac HaMO0oOJblIero 3HAUeHMS n.
[Tonb3syemcs paBeHCTBOM (1):

1440 = (2a, + (n — 1)d)(a, + nd)n.
Tak Kaka; 20,d =21 n>1, To uncno 1440 npencraplieHO Kak
Mpou3BeeHHe TPpeX HAaTYPaAIbHBIX UMCesl, M n SBAsSeTCs aeuTeseM
umnciaa 1440.

n=11 He gaBaserca JenuTenem umcia 1440 u moTomy
oTragaer.

n=10= 144 = (2a, + 9d)(a, + 10d).

Eciu packpeiTh crnpaBa cKoOKM, To OygeMm umeTb 90d? + ewie
HeoTpMllaTenbHble ciaaraembie. [loatomy 90d? <144 = d? < ﬁ

Tak kKak % <4,T0d < 2.Ho no ycanosuwo d =1, Tak utod = 1.
[Mosromy 144 = (2a, + 9)(a, + 10)= 2af + 29a, — 54 =0. 3ro0
YpaBHEHME /11 a, He MMeeT LeJbIX KOpHei, Tak urto n = 10
oTnmajgaeT.

n=9= 160 = (2a, + 8d)(a, + 9d).
Hmeem 72d? < 160 = d? i%. Tak Kak % <4 T10d <2 Hod=1,TaK
uto d = 1. [loatomy 160 = (2a, + 8)(a, + 9) & a? + 13a, — 44 = 0.
ITO ypaBHEHMe /I a, He MMeeT Ie/biX KOpHei, Tak uton =9
OTmnagaer.

n=8=180 = (2a, + 7d)(a, + 8d).

HUmeeM 56d2 < 180 = d? < E‘ Tak Kak E <4,Tod <2 Hod =1, TaK
uto d = 1. Tloaromy 180 = (2a, + 7)(a, + 8) & 2a} +23a, —124=0.
ITO ypaBHeHMe MMeeT eJAMHCTBEeHHbII Lie/blii HeoTpuLATeIbHbIA
KOpPeHb a; = 4. n = 8 NOAXOAMUT.

B mnepBoHauanbHOM Tnporpeccun HauOomblliee KOJIMUECTBO
u1eHoB Moo ObITh 8. IIporpeccust U3 8 uleHOB
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4,56,7,8,910,11
VIOBJIeTBOPSAeT YCA0OBUIO 3aauM.
OteeT: a)l, 2, 5. 0) Her. B) 8.

Bapuanr 41

Y Hropsi HeT MCTOUHMKA BOJIbl, HO ©CTh TPM BeJipa pas/IMUHbIX
o0bEMOB, B [JBYX M3 KOTOpPBIX eCcTb Boja. 3a oauH mar Hropb
nepejauBaeT BOAY M3 BeJpa, B KOTOPOM OHa €CTh, B IPYroe BeJpo.
[lepenuBanue s3aKkaHUMBaeTcsd B TOT MOMEHT, Korja WiM TepBoe
BeJIPO OIyCTeeT, WM BTOPOE Beapo 3alojIHUTCA. BouiMBaTh BOY
M3 BeJlep 3anpeniaeTcs.

a) Mor i Urops yepes HeCKOJIbKO 1IATOB MOTYYUTh B OTHOM U3
BE/lep POBHO 3 J1 BOJIbI, €C/IM CHauaja y Hero ObliK Bepa o0beMaMu
5119 51, nonHble BOABI, a TaKXKe Mmycroe pejipo oobémom 10 n?

6) Mor nu Hropp uepe3 HecKOJbKO LIATOB MOJYUMTh PaBHbIe
00BbEMBI BOJIbI BO BCeX Bejpax, ecjii cHauala y Hero OblIM Bejpa
o0pémamm 11 1 u 7 74, NMoaHbie BOJbl, a TaKkKe MMYCTOe BeJpo
obbémom 8 n?

B) CHauana y Mrops Obiin Bespa o0béMamu 6 1 u 12 11, osHbIe
BOJIbI, a Takxe mycroe Bejpo 00béMOM n . Kakoe HauOonbluee
HATypa/JlbHOE 3HAUeHMEe MOXET MPMHMMATh n, ecJiM M3BeCTHO, UTO
yepes HecKoJIbKO maros Mropb cMoXeT NMoJyuuTh POBHO 7 J1 BOJBI B
OJIHOM M3 Bénep?

Pemenne.

[lyers 3ammch (a, b,c) 03Hauaer, UTO B [€pPBOM, BTOPOM,
TpeTheM BeJipax COJlep:Karcd COOTBETCTBEHHO a, b, c IMTPOB BOJIbI
(3TO ynopsaaoueHHasa Tpoiika: Hanpumep, (4,7,0) = (7,4,0)).

3ajlaua peliaeTcs IPOCTBIM MepebopoM BCeX BapUAHTOB
MOLIAroBOro MepeauBaHus BOAbI 10 TeX 0P, MOKA He [epecTaHyT
MOSIB/AATHCS HOBbIe TPoiKK (a, b, c). [locne HeKOTOpPOro KOHeUHOro
yMC/la 1IaroB HOBble TPOMKM  JECTBUTE/NbHO IIEPecTaHyT
MOSIB/IATHCS, TAK KaK MX UMCI0 KoHeuHo. B camoMm fene, Kaxmgoe M3
yucen a, b, c MOXeT NMPUHUMAThL OJHO M3 L1eIbIX HeOTPULATEIbHbIX
sHaueHuit ot 0 mo a+ b+ c. Ilyctb BO BCceM Mpolecce
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nepeuMBaHMsl BOMbl pPeaJbHO YUACTBYIOT k M3 3THUX 3HaueHMii.
Torpa uncio a MoXKeT NpUHUMAaTh He OoJiee k 3HAUeHMI; ¢ KaykKIbIM
JHauUeHMeM uMc/ia a coueTaeTcas He Oomee k sHaueHMit uucaa b,
TaK UTO KonuuecTBo map (a,b) Oymer He Oonee k- -k =k?; ¢
Kamoit mapoii 3HaueHwmii (a, b) couetaercsa He Oosee k 3HAUeHMIA
YMCaa ¢, TaK UTO KOJIMUECTBO PasiMuHbIX Tpoek (a,b,c) Oyner He
Gosnee k? - k = k* — KOHEUHOE UMCIIO.

B nmnpouecce ogHOTO WMIM HECKOMbKUX BapUAHTOB MOXET
MOABUTHCA WM He MOABUTHCS MHTepecylollas Hac Tpoiika (a, b, c).
Bo3HMKawllee npu 3TOM JiepeBo BapMaHTOB opopMMM B BMJE
Tab/mupl. Ha kKaxgom mare Oymem mnepeOMparh BapMaHTBI
nepeauBaHus

1—=2 (31 —roBegpaBo2—e),
1-3 (M31-—rosegpas 3 —e),

2-1(m32—-rosegpaBl—e),
2 -+3(mM32—-roseapas 3 —e),

3 +1(m33—-rosegpaBl—e),
3 = 2,(M33 —roBejpaBo 2 —e),

MpomnycKass HeBO3MOXKHble BapuaHTbl. [Ipu monyueHMM TpOIKM,
VIKe BCTpeuaBlleiics o 3Toro wara, Oyiem ee BblUepKMBAaTh, TaK
KaK OT Hee BeTBb JiepeBa YiKe Molia o 3Toro. Ecim Ha HeKoTopom
are MOSBMIOCH HECKONbKO OJMHAKOBBIX Tpoek, Oyaem
BHIUEPKMBATL BCe KpoMe OJIHOM, uToObl BeTBM Jepesa He
nospropanauchk. Kakpas BeTBb JepeBa Ha HEKOTOpPOM liare
3aKOHUMTCH — MepecTaHyT MogBAATLCS HOBbIE TPOIKK (BCe TPOIKM
OyIyT 3auepKHYTHI).

a) Tabnuua Haunetcs ¢ 0-ro wara (5,9,0).
Ilns 1-ro mara BO3MOXHbIE BAPUAHTBI

1-3 (0,95), 2 -3 (5,09).

Buaum (puc.2.26), uto Ha 5-M Liare nepeiMBaHua Bo 2-M BeJpe
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lllm‘: O6vemsl Begep 5,910 1
0

OKasaioch poBHO 3 /1 Bojpl. [IpogomxaTh oCTaBUIVIOCHS cCIipaBa
BEeTBb JiepeBa HeT HeoOXOJMMOCTM, TAaK KaK OTBeT Y)Ke IMOJyueH:
Hrope mor. Hanpumep, neicTBys 1o BapMaHTy

(5,9,0) = (5,0,9) = (0,5,9) = (5,5,4) = (1,9,4) = (1,3,10).

0) [locne kaxmoro mnepeaMBaHuMs b0 OHO |3 Bejep
CTAHOBUTCA ITYCTBIM, MO0 OJHO M3 Belep CTAHOBUTCS IOJHBIM.
Ecau Bo Brex Bepax OK43dJIMCh pPaBHbIE o0beMBI BOIOBI, TO B
KaK0M M3 HUX OKa3aJuch 6 J1 BOfbl. 3HAUUT, HU OJJHO U3 BeJep He
MmycTo U He nosHo. [Ipuman K nporusopeunio. Hrops He mor.

B) PaccmoTpum cyuait n = 6 + 12 = 18. [IoCKO/IbKY B 3-€ BeIpo
Gonpire 18 n1 BoAabl He HaabeTcH, TO MpH n = 18 odbeM ero
He3arno/MHAeMOoi yacTM He MMeeT 3HAueHMsl: OH He BIAMSeT Ha
npouenypy nepenusaHus. [lostomy OyaeM cuMTaTh, UYTO 00BEM 3-
ro segpa 18 n.

Hrtak, umeem Begpa obvemamu 6, 12 u 18 n. Crapropas
nosumud (6,12,0).
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[lpouenypa mnepenuBanua B w00OOM  BapMaHTe 3aKOHUeHa
(pmc.2.27). Hu npu KakoM BapuaHTe npu o0beme 3-ro egpan = 18

lar | O6nemsr Benep 6,12,18

Puc.2.27

He/b34 TMOAYUMTh 7 J1 BOJAbI B KAKOM /MO0 Beape (MeXay MpoumnMm,
BCe 00beMbl OKa3aJIMCh KpaTHbI 6). [TonpoGyem n = 17.
Bugum (puc.2.28), uto Ha 4-M 11are BO 2-M BeJipe 0Ka3aJaoCh POBHO
7 1 BOABI NPU BapMaHTe

(6,12,0) = (0,12,6) = (0,1,17) = (6,1,11) = (0,7,11).
[lpomo/mkate  ocTaBuiyiocsi  clipaBa  BeTBb  [epeBa  HeT

Iar
1
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HeoOXOIMMOCTH.

Haubonbluee 3HaueHMe n, NMPHM KOTOPOM [0OC/Ie HECKONbKHMX
nepeaMBaHmii B KakoM-1100 BeJpe oKasbiBaeTca 7 /1 BOIBI, paBHO
17.

Oteet: a) Jla. 06) Hert. B) 17.

Bapuanrt 42

Y PoMBI HET MCTOUHMKA BOJIbI, HO €CTh TPU Belpa PasINUHbIX
00BEMOB, B OBYX MX KOTODBIX €CTb Bofa. 3a oaMH war Poma
nepenuBaeT BOJAY M3 Bejpa, B KOTOPOM OHa eCTh, B IPyroe Bepo.
[lepenuBanue 3aKaHuMBaeTcsd B TOT MOMEHT, KOrja WM IepBoe
BeJIpO OIyCTeeT, WIN BTOPOE Beapo 3amnojJHUTCA. BouiMBaTh BOOY
M3 BeJlep 3anpenaeTcs.

a) Mor i Poma yepes HeCKOJIbKO 1Iaros MojJyuuTh B OJHOM M3
BEMlep POBHO 4 J1 BOJIbI, €C/IM CHauaja y Hero Obuiu Befpa oObeéMaMu
371 1 8 n, MoONHLBIe BOJBI, a TAKKe MMycToe Bepo o0béMoM 9 n?

0) Mor nu Poma uepe3 HeCKOJbKO ILIATOB MOJYUMTh paBHbIe
o0bEMBI BOJIbI BO BCEX Bejipax, ec/iM cCHauala y Hero ObUIM Bejpa
oO0bémammu 8 n1 u 10 5, nMonAHbIe BOABI, a TaKkKe MYCTOe Beapo
o0bémom 11 n?

B) CHauana y Pombl Oblin Begpa oObémamm 4 1 u 8 11, nosiHbie
BOJIbl, & TaKe IycToe Bejjpo oObéMoOM n . Kakoe Haubonbllee
HATYypa/lbHOE 3HAUEeHMEe MOXET MPUHMMATL n, ecJiM M3BeCTHO, UTO
yepes HeCKOJIbKO 11aros PoMa cMoXKeT MoJAYUUTh POBHO 5 J1 BOJIbl B
OJIHOM M3 Béfiep?

Pemenne.

[loBTOpsieTca peuieHue BapuaHTa 41 ¢ OPYrMMM UUCTIOBBIMM
NAaHHBIMHM.

Oteer: a) [la, Hanmpumep

(3,8,0) - (3,0,8) = (2,0,9) - (2,8,1) = (3,7,1) = (0,7,4).
0) Her.

B) 11. Hannpumep,

(4,8,0) = (0,8,4) = (0,1,11) = (4,1,7) = (0,5,7) .
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Bapuanr 43

V JKeHM HET MCTOUHMKA BOJbI, HO €CTh TPU Bepa pasINuHbIX
00BEMOB, B JBYX MX KOTOPBIX ecThb Boja. 3a oguH wmar »KeHs
nepenuBaeT BOJY M3 Bejlpa, B KOTOPOM OHa €CTh, B IPyroe Bejpo.
[lepenmBaHMe 3aKaHUMBAETCS B TOT MOMEHT, KOIjla WM MepBoe
BeJIPO OIyCcTeeT, WM BTOpPOE Belpo 3alojHUTCH. BbuiMBaTh BOJY
13 Bejiep 3anpeliaeTcs.

a) Mor nmu JKeHs1 uepe3 HECKOBKO LIArOB MOJYUUTh B OJIHOM U3
B€Jlep POBHO 6 J1 BOJIbI, €C/IM CHauaja y Hero ObuiK Bepa oObeéMaMm
51 u 8 n, nonHbIe BOABI, a TAKKE ITycToe Beapo o0béEMom 9 i1?

0) Mor nu JKeHsa uepe3 HeCKONbKO IIAroB TMOAYUMThH PaBHbIe
00BEMBI BOJIBI BO BCeX BeJipax, ec/lM CHavala y Hero ObUIM Bejpa
oObémamu 7 n1 M 8 51, MoAHBle BOMAbI, a TAKKe IYCTOe BeIpo
obbémom 10 n?

B) CHauana y Xenu Obuin Begpa o0bémamu 5 1 1 10 11, nmonHbie
BOJIbI, a TaKke ITycToe BeApo o0béMoM n . Kakoe HauOGoubllee
HaTypa/ibHOEe 3HaueHHe MOoXKeT NMPUHMMATh n, eI U3BeCTHO, UTO
uepes HeCKOMLKO aros JKeHs cMoXKeT MOJYYMTE POBHO 6 J1 BOJIBI B
OJIHOM M3 Bénep?

Pemenne.

[ToBTOpsAieTCca pelleHMe BapuaHTa 41 ¢ APYTrMMM UMCIOBBIMM
NAHHBIMM.

Otgert: a) /la, Hanpumep

(5,8,0) = (5,0,8) = (4,0,9) = (4,8,1) = (5,7,1) = (0,7,6).
0) Her.

B) 14. Hanpumep,

(5,10,0) - (0,10,5) = (0,1,14) = (5,1,9) = (0,6,9) .

BapuanT 44

Y ButH HeT MCTOUHMKA BOMbI, HO eCTh TPHM Bepa pas/IMuHbIX
00bEMOB, B JBYX MX KOTOpPBIX €CThb Bofa. 3a oauH war Bursa
nepejiMpaeT BOAy M3 Belpa, B KOTOPOM OHA €CTh, B [Ipyroe Bejpo.
[lepenuBaHMe 3aKaHuUMBaeTcsd B TOT MOMEHT, Korja WM Iepeoe
BeJIpo OMycTeeT, WK BTOpoe Belpo 3aloAHMTCH. BblIMBaTh BOOY
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M3 BeJiep 3anpeniaeTcs.

a) Mor a1 Buta uepe3 HeCKO/IbKO IIATOB NMOXYYUTH B OJTHOM U3
BElep POBHO 5 J1 BOJIbI, C/IM cHauaja y Hero Obl/iM Beipa o0bEMaMu
31 M 6 1, MOJNHbIE BOMbI, a TAKXKe MMycToe Beapo o0béMoM 7 1?

0) Mor au Buta uepe3 HeCcKO/NbKO WIATOB TOJAYYMTH PaBHbIe
00bEMBI BOJIBI BO BCeX BeJipax, ec/IM CHauala y Hero OblIM Bejpa
obpéMaMu 6 1 M 9 5, NMonHble BOMAbI, a TAaKKe MYCTOe Beipo
obbéMom 7 n?

B) CHauana y Butu Obuiu Bempa oO0béMamMu 2 1 M 4 J1, NMOJTHbIE
BOJbI, a Takxke ImycTtoe Bejapo o0bémom n . Kakoe Haubonbluee
HATypaJibHOE 3HAUYeHMe MOXeT MPUHMMATh n, eCIM U3BEeCTHO, UTO
yepe3 HeCKOJIbKO HIaroB BUTA cMOKeT MoJIyuuTh POBHO 3 11 BO/IbI B
OJIHOM M3 Bénep?

Pemenmne.

[ToBTOpsieTca peleHue BapuaHTa 41 ¢ APYITMMM UMCIOBBIMM
NaHHBIMM.

Otset: a) [la, Hanpumep

(3,6,0) = (0,6,3) = (0,2,7) = (3,2,4) — (0,5,4).
0) Her.

B) 5. Hanpumep,

(2,4,0) - (2,0,4) = (1,0,5) = (0,1,5) = (2,1,3).

Bapuanr 45

Y Bopu HeT MCTOUHMKA BOJIbl, HO €CTh TPU Bejlpa pasJiuuHbIX
00bEMOB, B JIBYX MX KOTOpPBIX eCcThb Boja. 3a onuH wmar Bops
nepeaupaeT BOAy M3 Belpa, B KOTOPOM OHA eCTh, B [IPyroe BeJipo.
[lepenuBaHMe 3aKaHUMBAETCS B TOT MOMEHT, KOIJa WIM NepBoe
BeJIpo OmnmycTeeT, WK BTOpoe Bellpo 3aloJHUTCA. BblIMBaTL BOOY
U3 BeJlep 3anpenaeTcs.

a) Mor au bops uepes HECKO/IBKO LIATOB MOJAYUYMTh B OJJHOM M3
BEJlep POBHO 2 /1 BOABI, €C/IM CHaua/la y Hero ObLIK Bejpa o0béMamMu
4 11 1 7 1, nonHble BOJbI, a TAKOKe IycToe Befpo obémom 8 n?

0) Mor nu Bops uepe3 HECKONbKO WIATOB MOAYYMTh PaBHbIE
0o0bEMBI BOJIbI BO BCeX Bejipax, ecjau CHavajJa y Hero ObliM Befpa
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o0pémMaMM 5 1 u 7 51, nMonHble BOMAbI, a TaKXKe IYCTOe BeIpo
oObémom 10 n?

B) CHauana y bopu Obiiu Begpa oObéMamMu 3 1 M 6 J1, MOJHbIE
BOJIbI, a Takxe mycroe Befipo o0béMom n . Kakoe HauGonabluee
HaTypa/ibHOe 3HaueHHe MOoXeT NMPUHMMATh n, eCIM U3BEeCTHO, UTo
uepes HeCKOJbKO 1aros bops cMoXeT MoJyuuTh POBHO 4 J1 BOJbI B
OJIHOM M3 Bémep?

Pemenne.

[ToBTOpsieTca peuleHue BapuaHTa 41 ¢ OAPYTMMM UMCIOBBIMM
NIAHHBIMM.

OTeet: a) [la, Hanpumep

(4,7,0) - (4,0,7) - (0,4,7) - (4,4,3) - (1,7,3) = (1,2,8).
0) Her.

B) 8. Hanpumep,

(3,6,0) = (0,6,3) — (0,1,8) = (3,1,5) = (0,4,5) .

Bapuanr 46

JlaHbl MATH PasiIMUHBIX HATYPaJIbHBIX uKces. M3secTHO, yTO MX
npousBegeHue paBHo 6750.

a) MoryT nu Bce nATh uMcesn o0pa3oBbIBATL MeOMeTpPHUECKYIO
nporpeccuio?

6) Moryr au deTrbipe umMcjia M3 3TUX IATH 00pa3oBbIBATH
reoMe TpMUecKy1o Iporpeccuio?

B) Moryr 1M TpM uMcaa M3 ITUX IMSTH  o0pas3’oBbIBATH
reoMeTpHUecKylo nporpeccui?

Pemenmue.

[TopTOpsieTca pelieHue BapuaHTa 37 ¢ mpousseneHuem 6750
BMecTo 792. PaccMOTPUM TO/BKO OKOHYaHME pelleHMus.

[Ipoussenenne ugeHoB MNporpeccMu P JODKHO BXOJAWTH B
COCTaB IMPOM3BeIeHMS BCeX JAaHHBbIX uMcesn 6750, ciemoBaTe/bHO,
upcao 6750 1o/mwKHO MMeTh XOTS Obl OJMH IIPOCTON HenuTelb B

cTerneHu @

M3 pasnoxenns 6750 = 2-3%-5% puaum, uTo MOXeT ObITh
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k(k-1)

k(k-1
TOJIBKO =1lwmm3, Tak 4YTO % <3. Pemmm aTo

m:-n£3 o k—-k-6<0e -2<k<3. Tak

HEpPaBeHCTBO:
Kak k € N, To k < 3.

Tenepb MokeM HaThb OTBeTbl K 3agaue. TpM uuciaa M3 MSTH
NaHHBIX uucen (k =3) moryr o0pa3oBaTb TreoMeTPHUECKYHO
nporpeccuio. Hanpumep, wu3 3% M3BjeueM reoMeTpUUECKYIO
nporpeccuio: 1, 3, 9. Torga, Kak BapuaHT, 5 umcen Oyayr 1, 3, 9, 2,
125. Yerwipe uMcna M3 IASTH MAM BCce TMATh UMCET He MOIYT
00pa3oBaTh reoMeTPUUECKYI0 NPOrpeccHio.

Oteser: a) Het. 6) Her. B) MoryT, Hanpumep, 1, 3, 9, 2, 125.

Bapuanr 47

JlaHbl NATH Pas/IMUHBIX HATYPalbHLIX unces. M3BecTHO, UTO UX
npouspefeHue pasHo 2160.

a) MoryTt i Bce mATb uMcen o0pa3oBbIBATh reoMeTpPUUECcKYIo
nporpeccuio?

G) Moryt nM deThlpe uMciaa M3 3TUX NATH 00pa3oBbIBaTh
reoMeTPUUecKYI0 Iporpeccuio?

B) Moryr M TpM uMciaa M3 ITMX NATH  00pa3oBbIBaTh
reoMeTPUUECKYI0 TIPorpeccuio?

Pemenne.

[ToTOpsieTca peumeHue BapuaHTa 37 ¢ npouspegeHuem 2160
BMecTo 792, PaccMOTpUM TONBKO OKOHUYAHME pelleHus.

[Iponspenenne uileHoB mnporpeccMu P JODKHO BXOOUThH B
COCTaB Tpou3BeieHus BcexX JaHHbIX uucen 2160, cieosaTe/bHO,
yuciao 2160 gomkHo MMeTh XOTs Obl OOMH MPOCTON JeauTelb B

k{k-1)
CTEINeHH 5

M3 pasnoxenus 2160 = 2*-3%.5 BuAMM, UTO MOXET ObITh

TOJIBKO kﬂc—l}=4' 3umml, TaK u4TO @E 4. Pemum 3TO
HepPaBeHCTBO: k{kz_ﬂizl e ki-k-8<0e %(1 -V33) k<
~(1+V33).

Tak kak k € N, 10 k :_:%(1 +1+/33) c:.%(l+6}: 3,5 =2k < 3.
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Tenepr MoXeM OaTk OTBeThl K 3ajgaue. Tpu uMcia M3 NATH
NaHHBIX uucen (k =3) moryr o0pa3oBaTb TreoMeTPHUECKYHO
nporpeccuio. Hampumep, wu3 2% M3BIeUeM TreoMeTPpHUECKYIO
nporpeccuio: 1, 2, 4. Torjga, Kak BapuaHT, 5 uncen oyayr 1, 2, 4, 10,
27. YeTeipe uMcaa M3 NATM WIM BCce MATb UMceJ HE MOIYT
o0pa30BaTh reoMeTPUUECKYI0 IPOrpeccuio.

Otset: a) Het. G) Hert. B) MoryT, Hanpumep, 1,2,4,10, 27.

Bapuanr 48

JIaHbl NMATh PasJIMUHBIX HATYPalbHBIX uMcel. H3BecTHO, UTO UX
npousseneHue pasHo 6000.

a) MoryT nu Bce nATh umcesn o0pa3oBbIBATh MeOMETPHUECKYIO
nporpeccuio?

0) Moryr AM ueTbipe umMc/ia M3 ITHMX NATH 00pa3’oBbIBATH
reoMe TpPMUecKyIo rporpeccuio?

B) Moryr naM TpM uMcaa M3 ITUX NATHM  00pasoBbIBaTh
reoMe TpMUecKyio rmporpeccuio?

Pemenne.

[loBTOpsieTca peuleHue BapuaHTa 37 ¢ npoussegeHuem 6000
BMecTo 792. PaccMOTpPUM TOIBKO OKOHUAaHKe pelleHus.

[IpousBeneHne wieHoB IMporpeccMd P [O/DKHO BXOOUTh B
COCTaB MpousBeaeHUs BceX HaHHbIX umucen 6000, cremosaTelbHO,
yucao 6000 gomkHO MMeTh XOTA Obl OOMH IPOCTOM Je/1UTe/lb B

k(k-1)
CTeINneHH T o

M3 pasnoxenus 6000 = 2*-3-5° BuaumM, uTo MoxeT ObITh

L] k[kz-l} <4, PemiMM 3TO

TOJIBKO

=4, 1unu3, TAK UTO
HepPaBeHCTBO:
M4 ok?-k-8<0 o 1(1-VIB) <k<i(1+V3I)
Tak kak k € N, 10
k<:(14V33)<2(146)=35=>k<3.
Teneppr mMokemM aaTh OTBeThl K 3amaue. Tpu umcaa M3 naTH

NaHHbIX uucen (k=3) moryr oOpa3oBaTh TreoMeTpPUUECKYID
nporpeccuto. Hanpumep, u3 2* u3BjIeueM TreoMeTpUUECKYIO
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nporpeccuio: 1, 2, 4. Torpa, kak BapuanT, 5 uncen 6yayr 1, 2, 4, 6,
125. UYeTwlpe uMciaa M3 NATH WIM BCe NATh UMCE] He MOIYT
o0pa30BaTh reoMeTPMUECKYI0 ITPOrpeccHio.

OTeert: a) Het. 0) Her. B) Moryr, Hanpumep, 1,2,4,6, 125.

Bapuanr 49

Ha fgocke B 0fHY CTPOKY c/leBa HalpaBo HAaMMCAaHbl HECKOJbKO
HeoGsA3aTeIbHO PasIMUHBIX HAaTypaldbHbIX uMcen. M3secTHo, uTo
KayKaoe ciefayiollee uucio, Kpome rnepeoro, wiM Ha 1 Oosblie
npeabIayLIero, Win B 2 pasa MeHsblle Mpebaylero.

a) MokeT /M OKa3aTbCA Tak, UTO nepeoe uucio 12, a cegbmoe
paBHO 2?

6) MoskeT 1M OKasaTbCs Tak, UTO nepsoe uucio pagHo 1200, a
OBALATD MATOE paBHO 637

B) Kakoe HauMMmeHbllee KOIMUECTBO UMCel MOXKeT ObiTh
HamMcaHo Ha JocKe, ecsi nepeoe unciao 1200, a nocaeHee Yuciao
paBHO 5?7

Pemenne.

[lepexon oT umcaa a K caegyouemy uucay b Oyaem
3anuchiBaTh B BUJIE

(:2) (+1)
a — becitma>b,ua — b,ecima< b.

(:2) (:2) (+1) (:2)
a) Ecoim 12 — 6 — 3 —4— 2, TO HeyaauHo: Jo 2 JOLIM

npexjaespeMeHHo. YIUTMHUM MyTh:

(2) (2) (+1) (2) (:2) (+1)
12 - 6 = 3—4—2—1—2

[Tonyumnace cTpoka 12,6, 3,4, 2, 1, 2.

Jlns nyHKTOB 0) M B) paccMOTPMM aITOPUTM KpaTuaiilero
nepexojia OT HaTypaJbHOTO UMC/Ia a K HATYPaJbHOMY UMCy b.

Ecim a < b, To npocto npubasasem 1 1o noayueHus b.

Ecin a > b, To ecThb 1Ba BapMaHTa: a — HEUETHOE MJIM YETHOE.

Ecnu a — HeueTHoe, To BbiOOpa HeT — mpubasnsem 1, mocie
Yero UMcj10 CTAHOBUTCS YETHBIM.

[lyctb a — ueTHoe. [IpubaBaaTh 1 HEe MMeeT cMbIC/A, TaK Kak
UMCI0 CTAHET HEeUETHbIM M NMpPUAETCS K HEMY CHOBa npuOaBuTh 1,
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npM 3ToM YMCIO BO3pacTaeT, a HAM Hal0o YMEHbBIIATE. HDB‘TGIU[}F
nenuM Ha 2 o Tex 1op, MoKa YMC/I0 He CTaHeT paBHbIM b (Torjaa
npolecc 3akoHUeH) WM BNepBbie cTaHeT MeHblne b. Bo BTopom
ciayvae npubasasiem 1 go Tex nop, noka He noayuum b. Ilpu stom
MOKeT OKa3aTbCsl, UTO B Mpolecce AeleHMs Ha 2 MOAYUMJIOChH
HeueTHOe 4uc/I0, a oHO Bee ellle Oonbiie b. Torga npubasisem K
Hemy 1, MojiyueHHOe YeTHOe UKMC/I0 JIe/IMM Ha 2 [ajblle.

[IpuMeHMM ONMCAHHBIN ANTOPUTM K MYHKTaM 0) U B).

(: ) +1) 2 (+1 +1) (#1 +1
6)1200 23 600 3 300 2 150 275 3 762388030 1 403 63

7 uncen 25 4yucen

Bugum, uto 32 — HaMMeHbIIMII BO3MOXHBII HOMep umucia 63 B

CTPOKE 1 MOTOMY 63 He MoXKeT ObITh 25 -M UMCIIOM.

2 2 +1 12 12 1 2 2
8)1200 2 600 2 300 2 150 B 75 ©2 76 2382 1020 2 1025

HaumeHbuee KonuuecTBo umucen 11.
OreeT: a) 12,6,3,4,2,1,2. 0)Her. B) 11.

BapuanTt 50 (noBTopsieTcs:i BapMaHT 49 ¢ APYrMMM UMC/IOBBIMM
IAHHBIMM).
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KoHen 03HaKOMHUTEJIBHOT0 (pparmMeHra.

Texkcr npenocrasieH OO0 «JIutPec».

[IpounTaiiTe 3Ty KHUTY LIEJIMKOM, KYIMB IIOJHYIO JIEraJbHYIO Bepcuio Ha JlutPec.

BesomnacHo onnatuTh KHUTY MOKHO OaHKOBCKOM Kaprtoit Visa, MasterCard, Maestro, co cuera
MOOWIIBHOTO TenepoHa, C TUIaTeKHOro tepMuHana, B catone MTC wm Cesi3Hoii, yepes PayPal,
WebMoney, fAunekc.densru, QIWI Komesnek, 60HyCHbIME KapTaMu WX APYTUM YIOOHBIM Bam crio-
COOOM.
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